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Preface

Since the pioneering works of Frobenius, Schur and Young more than a hun-
dred years ago, the representation theory of the finite symmetric group has
grown into a huge body of theory, with many important and deep connections
to the representation theory of other groups and algebras as well as with fruit-
ful relations to other areas of mathematics and physics. In this monograph, we
present the representation theory of the symmetric group along the new lines
developed by several authors, in particular by A. M. Vershik, G. I. Olshan-
skii and A. Okounkov. The tools/ingredients of this new approach are either
completely new, or were not fully understood in their whole importance by
previous authors. Such tools/ingredients, that in our book are presented in a
fully detailed and exhaustive exposition, are:

—the algebras of conjugacy-invariant functions, the algebras of bi-K-
invariant functions, the Gelfand pairs and their spherical functions;

— the Gelfand-Tsetlin algebras and their corresponding bases;

— the branching diagrams, the associated posets and the content of a tableau;

— the Young—Jucys—Murphy elements and their spectral analysis;

— the characters of the symmetric group viewed as spherical functions.

The first chapter is an introduction to the representation theory of finite
groups. The second chapter contains a detailed discussion of the algebras
of conjugacy-invariant functions and their relations with Gelfand pairs and
Gelfand-Tsetlin bases. In the third chapter, which constitutes the core of the
whole book, we present an exposition of the Okounkov—Vershik approach
to the representation theory of the symmetric group. We closely follow the
original sources. However, we enlighten the presentation by establishing a
connection between the algebras of conjugacy-invariant functions and Gelfand
pairs, and by deducing the Young rule from the analysis of a suitable poset.

xiii



xiv Preface

We also derive, in an original way, the Pieri rule. In the fourth chapter we
present the theory of symmetric functions focusing on their relations with
the representation theory of the symmetric group. We have added some
nonstandard material, closely related to the subject. In particular, we present
two proofs of the Jucys—Murphy theorem which characterizes the center
of the group algebra of the symmetric group as the algebra of symmetric
polynomials in the Jucys—Murphy elements. The first proof is the original one
given by Murphy, while the second one, due to A. Garsia, also provides an
explicit expression for the characters of &,, as symmetric polynomials in the
Jucys—Murphy elements. In the fifth chapter we give some recent formulas
by Lassalle and Corteel-Goupil-Schaeffer. In these formulas, the characters
of the symmetric group, viewed as spherical functions, are expressed as
symmetric functions on the content of the tableaux, or, alternatively, as shifted
symmetric functions (a concept introduced by Olshanskii and Okounkov) on
the partitions. Chapter 6 is entirely dedicated to the Littlewood—Richardson
rule and is based on G. D. James’ approach. The combinatorial theory
developed by James is extremely powerful and, besides giving a proof of the
Littlewood—Richardson rule, provides explicit orthogonal decompositions of
the Young modules. We show that the decompositions obtained in Chapter 3
(via the Gelfand-Tsetlin bases) are particular cases of those obtained with
James’ method and, following Sternberg, we interpret such decompositions
in terms of Radon transforms (P. Diaconis also alluded to this idea in his
book [26]). Moreover, we introduce the Specht modules and the generalized
Specht modules. It is important to point out that this part is closely related to
the theory developed in Chapter 3 starting from the branching rule and the
elementary notions on Young modules (in fact these notions and the related
results suffice). The seventh chapter is an introduction to finite dimensional
algebras and their representation theory. In order to avoid technicalities and
to get as fast as possible to the fundamental results, we limit ourselves
to the operator x-algebras on a finite dimensional Hilbert space. We have
included a detailed account on reciprocity laws based on recent ideas of R.
Howe and their exposition in the book by Goodman—Wallach, and a related
abstract construction that naturally leads to the notion of partition algebra. In
Chapter 8 we present an exposition of the Schur—Weyl duality emphasizing
the connections with the results from Chapters 3 and 4. We do not go
deeply into the representation theory of the general linear group GL(n, R),
because it requires tools like Lie algebras, but we include an elementary
account on partition algebras, mainly based on a recent expository paper of
T. Halverson and A. Ram.



Preface XV

The style of our book is the following. We explicitly want to remain at an
elementary level, without introducing the notions in their wider generality and
avoiding too many technicalities. On the other hand, the book is absolutely
self-contained (apart from the elementary notions of linear algebra and group
theory, including group actions) and the proofs are presented in full details.
Our goal is to introduce the (possibly inexperienced) reader to an active area
of research, with a text that is, therefore, far from being a simple compilation
of papers and other books. Indeed, in several places, our treatment is original,
even for a few elementary facts. Just to draw a comparison against two other
books, the theory of Okounkov and Vershik is treated in a complete way in the
first chapter of Kleshchev’s book, but this monograph is at an extremely more
advanced level than ours. Also, the theory of symmetric functions is masterly
and remarkably treated in the classical book by Macdonald; in comparison with
this book, by which we were inspired at several stages, our treatment is slightly
more elementary and less algebraic. However, we present many recent results
not included in Macdonald’s book.

We express our deep gratitude to Alexei Borodin, Adriano Garsia, Andrei
Okounkov, Grigori Olshanski, and especially to Arun Ram and Anatoly Ver-
shik, for their interest in our work, useful comments and continuous encour-
agement.

We also thank Roger Astley, Clare Dennison and Charlotte Broom from
Cambridge University Press and Jon Billam for their constant and kindest help
at all stages of the editing process.

Roma, 21 May 2009 TCS, FS and FT






1

Representation theory of finite groups

This chapter is a basic course in representation theory of finite groups. It is
inspired by the books by Serre [109], Simon [111], Sternberg [115], Fulton and
Harris [43] and by our recent [20]. With respect to the latter, we do not separate
the elementary and the advanced topics (Chapter 3 and Chapter 9 therein).
Here, the advanced topics are introduced as soon as possible.

The presentation of the character theory is based on the book by Fulton
and Harris [43], while the section on induced representations is inspired by
the books by Serre [109], Bump [15], Sternberg [115] and by our expository
paper [18].

1.1 Basic facts

1.1.1 Representations

Let G be a finite group and V' a finite dimensional vector space over the complex
field C. We denote by G L(V) the group of all bijective linearmaps 7 : V — V.
A (linear) representation of G on V is a homomorphism

o:G— GL(V).

This means that for every g € G, o(g) is a linear bijection of V into itself and
that

® 0(8182) = 0(g1)o(g) forall g1, g € G;
e o(1g) = Iy, where 1 is the identity of G and Iy the identity map on V;
e o(g H=o0(g) 'forallg € G.



2 Representation theory of finite groups

To emphasize the role of V, a representation will be also denoted by the pair
(o, V) or simply by V. Note that a representation may be also seen as an action
of G on V such that o(g) is a linear map for all g € G.

A subspace W < V is o-invariant (or G-invariant) if o(g)w € W for all
g € G and w € W. Clearly, setting p(g) = o(g)|w, then (p, W) is also a rep-
resentation of G. We say that p is a sub-representation of .

The trivial subspaces V and {0} are always invariant. We say that (o, V) is
irreducible if V has no non-trivial invariant subspaces; otherwise we say that
it is reducible.

Suppose now that V is a unitary space, thatis, it is endowed with a Hermitian
scalar product (-, -)y. A representation (o, V) is unitary provided that o (g) is a
unitary operator for all g € G. This means that (o(g)vy, o(g)va)y = (v, v2)y
for all g € G and vy, v» € V. In particular, o(g~') equals o (g)*, the adjoint
of o(g).

Let (o, V) be a representation of G and let K < G be a subgroup. The
restriction of o from G to K, denoted by Res% o (or Res$ V) is the represen-
tation of K on V defined by [Resga](k) =o(k)forallk € K.

1.1.2 Examples

Example 1.1.1 (The trivial representation) For every group G, we define the
trivial representation as the one-dimensional representation (¢, C) defined by
setting t(g) = 1, forall g € G.

Example 1.1.2 (Permutation representation (homogeneous space)) Sup-
pose that G acts on a finite set X; for g € G and x € X denote by gx the g-
image of x. Denote by L(X) the vector space of all complex-valued functions
defined on X. Then we can define a representation A of G on L(X) by setting

(M) f1x) = f(g~'x)

forallg € G, f € L(X) and x € X. This is indeed a representation:

M(g182) f1(x) = f(gy gy %) = [Mg2) f1(gy ' x) = [h(gn)M(g2) F1H(x),

that is, A(g182) = A(g1)A(g2) (and clearly A(1g) = I (x)). A is called the
permutation representation of G on L(X).
If we introduce a scalar product (-, -)1(x) on L(X) by setting

(fi, Lo =Y Aix) falx)

xeX

for all f;, f>» € L(X), then A is unitary.
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Another useful notation is the following. For x € X, we denote by §, the
Dirac function centered at x, which is defined by

1 ify=x
0 ify#ux.
Note that {8, : x € X} constitutes an orthonormal basis for L(X) and, in par-

ticular, f = erx f(x)é; for all f € L(X). Moreover, A(g)8, = d,, for all
geGandx € X.

Example 1.1.3 (Left and right regular representations) This is a particular
case of the previous example. Consider the left Cayley action of G on itself:
gori £80, &, &0 € G. The associated permutation representation is called the
left regular representation and it is always denoted by A. In other words,
[A(8)£1(80) = f(g"g0) forall g, go € G and f € L(G).

Analogously, the permutation representation associated with the right Cay-
ley action of G onitself: gy N 208", g, g0 € G, is called the right regular rep-
resentation and it is always denoted by p. In other words, [p(g) f1(g0) = f(gog)
forall g, go € G and f € L(G).

Example 1.1.4 (The alternating representation) Let &, be the symmet-
ric group of degree n (the group of all bijections, called permutations,
m:{1,2,...,n} = {1,2,...,n}). The alternating representation of G, is the
one-dimensional representation (¢, C) defined by setting

1 if 7 is even
e(mw) =
—1 if 7 is odd.

Remark 1.1.5 Every finite dimensional representation (o, V') of a finite group
G is unitarizable, that is, it is possible to define a scalar product (-, -) on V
which makes ¢ unitary.

Indeed, given an arbitrary scalar product (-, -) on V, setting

(v, v2) = Y (0()v1, 7 (g)v2)
geG
we have that

(o(g)v1, 0(2v2) = Y (a(h)o(g)vr, o()o(g)v2)

heG
(s :=gh) =Y (o(s)v1,0(s)v2)
seG

= (v, 12).



4 Representation theory of finite groups

By virtue of this remark, from now on we consider only unitary representa-
tions.

1.1.3 Intertwining operators

Let V and W be two vector spaces. We denote by Hom(V, W) the space of
all linear maps 7 : V — W.If (o, V) and (p, W) are two representations of a
group G and T € Hom(V, W) satisfies

To(g) = p(@T (1.1)

for all g € G, we say that T intertwines o and p (or V and W) or that T is
an intertwining operator. We denote by Homg(V, W) (or by Homg (o, p)) the
vector space of all operators that intertwine o and p.

If o and p are unitary, then

Homg(o, p) — Homg(p, o)

TH—T* (1.2)

is an antilinear (that is, (T} + BT>)* =Ty + BTy, for all o, B € C and
Ti, T, € Homg(o, p)) isomorphism. Indeed, taking the adjoint of both sides,
(1.1) is equivalent to

o(g HT* =T*p(g™ ")

and therefore T € Homg (o, p) if and only if 7* € Homg(p, o).

Two representations (o, V) and (p, W) are said to be equivalent, if there
exists T € Homg(o, p) which is bijective. If this is the case, we call T an
isomorphism and we write o ~ p and V = W; if not, we write o # p. If in
addition o and p are unitary representations and 7 is a unitary operator, then
we say that o and p are unitarily equivalent.

The following lemma shows that for unitary representations the notions of
equivalence and of unitary equivalence coincide. We first recall that a bijective
operator 7 € Hom(V, W) has the following, necessarily unique, polar decom-
position: T = U|T|, where |T| € GL(V) is the square root of the positive
operator T*T and U € Hom(V, W) is unitary, see [75].

Lemma 1.1.6 Suppose that (p, V) and (o, W) are unitary representations of
a finite group G. If they are equivalent then they are also unitarily equivalent.

Proof Let T € Homg(V, W) be a linear bijection. Composing with T* €
Homg (W, V), one obtains an operator 7*T € Homg(V, V) N GL(V). Denote



1.1 Basic facts 5

by T = U|T| the polar decomposition of 7. Then, for all g € G,
o(g DITPo(g) =a(g T Ta(g) = T*p(¢ Hp()T = T°T = |T|?

and, since [0(g™")|T|o(g)]* = (g~ ")|T|*0(g), the uniqueness of the polar
decomposition implies that

a(g HITlo(g) =TI,
in other words, |T| € Homg(V, V). It then follows that
Uo(g) =TIT| 'o(g) = To(®ITI™" = p(e)U
forall g € G, and therefore U implements the required unitary equivalence. O

Definition 1.1.7 We denote by Irr(G) the set of all (unitary) irreducible repre-
sentations of G and by G= Irr(G)/ ~ the set of its equivalence classes. More
concretely, we shall often think of G as a fixed set of irreducible (unitary)
pairwise inequivalent representations of G.

1.1.4 Direct sums and complete reducibility

Suppose that (o, V;), j=1,2,...,m, m €N, are representations of a
group G. Their direct sum is the representation (o, V) defined by setting

V=@, V;and, forv=>}"_,v; € V(withv; € V;)and g € G,

a(@v =) o;(@v;.
j=1
Usually, we shall write (o, V) = (@, 0;, @'_; V).
Conversely, let (o, V) be a representation of G and suppose that V =
@?:1 V; with all V;’s o-invariant subspaces. Set, for all g € G, 0;(g) =
0(g)lv,. Then o is the direct sum of the representations o;’s: o = @;’;1 oj.

Lemma 1.1.8 Let (o, V) be a finite dimensional representation of a finite group
G. Then it can be decomposed into a direct sum of irreducible representations,
namely,

V= EB v (1.3)
j=1

where the V;’s are irreducible. Moreover, if o is unitary, the decomposition
(1.3) can be chosen to be orthogonal.

Proof By virtue of Remark 1.1.5, we can reduce to the case that ¢ is unitary.
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If (o, V) is not irreducible, let W < V be a non-trivial o -invariant subspace.
We show that its orthogonal complement W+ = {v € V : (v, w)y = 0 for all
w € W}is also invariant. Indeed, if g € G and v € W+, one has

(0(g)v, w)y = (v,0(g Hw)y =0

for all w € W, because o(g " H)w € W and v € W+. Thus o(g)v € Wt. In
other words, we have the orthogonal decomposition

v:w@wi.

If both W and W+ are irreducible we are done. Otherwise we can iterate
this process decomposing W and/or W+. As dimW, dimW+* < dimV, this
procedure necessarily stops after a finite number of steps (the one-dimensional
representations are clearly irreducible). O

1.1.5 The adjoint representation

We recall that if V is a finite dimensional vector space over C, its dual V' is
the space of all linear functions f : V — C. If in addition V is endowed with
a scalar product (-, -)y, then we define the Riesz map

Vovi6,eV (1.4)

where 6,(w) = (w, v)y forall w € V. This map is antilinear (that is, Oy g =
@b, + B6,,) and bijective (Riesz representation theorem). The dual scalar prod-
uct on V'’ is defined by setting

(0, O)y = (w, v}y (1.5)

forallv, w € V.If{vy, vy, ..., v,}is an orthonormal basis of V, the associated
dual basis of V' is given by {0,,, 6,,, ..., 6,,}. Note that it is characterized by
the following property: 6,,(v;) =, ;.

Suppose now that (o, V) is a representation of G. The adjoint (or conjugate,
or contragredient) representation is the representation (¢, V') of G defined by
setting

[0'(8) f1v) = f(o(g” ) (1.6)
forallg € G, f € V' and v € V. Note that we have
[0/(8)0,]1(v) = O,,(c (g~ V)
= (o(g" v, why
= (v, 0(g)w)y

- a(g)w(v)v
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that is,

o' (8)0w = O (g (1.7)
for all g € G and w € V. In particular, o is irreducible if and only if o’ is
irreducible.

1.1.6 Matrix coefficients
Let (o, V) be a unitary representation of G. Let {vy, vy, ..., v,} be an orthonor-

mal basis of V (n = dimV'). The matrix coefficients associated with this basis
are given by

0i j(g) = {o(Qvj, vi)y

g€G,i,j=1,2,...,n. We now present some basic properties of the matrix
coefficients.

Lemma 1.1.9 Ler U(g) = (go,-'j(g))l’.‘,j=1 € M, ,(C) be the matrix with entries
the matrix coefficients of (o, V). Then, forall g, g1, g» € G we have

1) U(g182) = U(gnU(g2);
(i) Ug™H =U(®)*;
(i) U(g) is unitary;
(iv) the matrix coefficients of the adjoint representation o’ with respect to the
dual basis 0,,, 6,,, ..., 0,, are

(0'(8)0u;, 0u) v = 1, (8).

Proof All these properties are easy consequences of the fact that U(g) is the
representation matrix of the linear operator o(g) with respect to the basis
v]a v27 ) vn-

(1) We have

n

o(gv; = Z(U(gz)vj, Vi) v Uk

k=1

and therefore

¢i,j(8182) = {o(go(g2)v;, vi)y

= (0(g2)v). ve)v - (o (g1)vk. vi)y

k=1

= Z ©i k(8P j(82)-

k=1
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(i) We have

@i (g = (o(g vy, vy
= (vj, 0(gHvi)y
(@(g™)=0()") = (o(@vivj)v
=9;.(g).
(iii) This is an immediate consequence of (i) and (ii).
(iv) Recalling (1.5) and (1.7) we have

(Ul(g)evj s 91)1 > V= (90(g)v_,- s eu,- ) 14

= (vi,0(8v;)v

= (o (g)vj, vi)v. -

We shall say that the ¢; ;(g)’s are unitary matrix coefficients and that g
U (g) is a unitary matrix realization of o (g).

1.1.7 Tensor products

We first recall the notion of tensor product of finite dimensional unitary spaces
(we follow the monograph by Simon [111] and our book [20]).

Suppose that V and W are finite dimensional unitary spaces over C. The
tensor product V Q) W is the vector spaces consisting of all maps

B:VxW-—C

which are bi-antilinear:

B(ajv) + a2, w) = a1 B(vy, w) + a2 B(v2, w)

B(v, cqwy + aawr) = a1 B(v, wy) + @2 B(v, wy)

forall oy, ar € C,v1, v2,v € Vand wy, wo, w € W.
For v € V and w € W we define the simple tensor v ® w in V Q W by

setting
[v® wl(vy, v2) = (v, vi)v(w, wi)w.
The map

VxW—->VRW
(v,w) — vRw
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is bilinear:
2
(@1v) + o) @ (Biw) + fown) = Z a;iBjvi @ w;
ij=1
for all a1, a3, By, B2 € C, vy, v, € V and wy, wp, € W.

The simple tensors span the whole V & W: more precisely, if By =
{vy, v, ..., v,} and By = {w;, wo, ..., w,} are orthonormal bases for V and
W, respectively, then

{vi @ w;}i=1.2...n (1.8)
j=12,...m
is a basis for V Q) W. In particular, dim(V Q) W) = dimV - dimW. Indeed,
if BeVQRW, v=3 v eV adw=>3"_ pjw; €W, then (v; ®
w;)(v, w) = & B, and therefore

B(v, w) = Zza_iﬁ_jB(via w;)

i=1 j=I
n m

= ZZB(U[, w;)v; @ w; | (v, w)

i=1 j=I

so that B = Z?:l Z;n:l B(v;, w_,~)v,~ ® w;.
Moreover, one introduces a scalar product on V (X) W by setting

(Vi @ wi, v; @ W)y @w = (Vi, Vj)v - (Wi, we)w

v;, vj € By, w, we € By, and then extending it by linearity. It then follows
that (1.8) is also orthonormal.

Finally, if T € Hom(V, V) and S € Hom(W, W) one defines a linear
action of T ® S on V® W by setting (T @ S)(v ® w) = (Tv) ® (Sw) for
all v € By and w € By, and extending it by linearity. This determines an
isomorphism Hom(V Q) W) = Hom(V, V) @ Hom(W, W). Indeed, we have
T®S=0if and only if T =0 or S =0. Moreover, dimHom(V ® W) =
dim[Hom(V, V) @ Hom(W, W)] = (dimV)*(dimW)?.

Suppose now that G| and G are two finite groups. Let (o;, V;) be arepresen-
tationof G;,i = 1, 2. The outer tensor product of o and o, is the representation
o1 Mo, of G; x G, on V| ® V, defined by setting

[o1 K arl(g1, &2) = 01(g1) ® 02(g2)

forall g; € Gy and g; € G».
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With the notation above, if G| = G, = G, we define a representation o; ®
oy of G on V| @ V, by setting

[01 ® 02](g) = 01(g) ® 02(8)
for all g € G. This is called the internal tensor product of o and o,. Note that
o1 Q0 = RCSgXG(O'] X 02)

where G = {(g1,82) € G x G : g = g»} is the diagonal subgroup of G x G
and Res denotes the restriction as in the end of Section 1.1.1.

1.1.8 Cyclic and invariant vectors

Let (o, V) be a unitary representation of G. A vector v € V is cyclic if the
translates o (g)v, with g € G, span the whole V. In formule: < o(g)v: g €
G > = V.Forinstance, if G acts transitively on X, then every §,, withx € X, is
cyclic in the permutation representation A of G on L(X) (indeed, A(g)dx = 8g).
Note that, if W is a proper o-invariant subspace of V, then no vector w € W
can be cyclic.

On the other hand, we say that a vector u € V is o-invariant (or fixed)
if 0(g)u = u for all g € G. We denote by V¢ = {u € V : o6(g)u = u for all
g € G} the subspace of all o-invariant vectors.

Lemma 1.1.10 Suppose that u € VS is a non-trivial invariant vector. If v € V
is orthogonal to u, namely (u, v)y = 0, then v cannot be cyclic.

Proof Indeed, v is contained in the orthogonal complement < u >, which is
a proper o-invariant subspace of V (o is unitary). O

The following result will be useful in the study of the representation theory
of the symmetric group.

Corollary 1.1.11 Suppose that there exist a cyclic vector v eV, g € G and
L e C, A # 1, such that o(g)v = Av. Then VC = {0}.

Proof Letu € VY, so that 0(g)u = u. As u and v admit distinct eigenvalues
w.r. to the unitary operator o (g), they are orthogonal. By the previous lemma,
u=0. d

Exercise 1.1.12 Show that if dimV ¢ > 2 then V has no cyclic vectors.

[1.1.12 Hint. fu, w € V¢ are non-trivial and orthogonal, then forv € V \ V¢
one has dim < u, w, v >= 3 and therefore there exists up €< u, w >C V,
with uy # 0, such that < ug, v >=0.]
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For instance, if G acts transitively on X, then dimL(X )¢ = 1 because for
f € L(G)one has A(g)f = f forall g € G if and only if f is constant on X.
Moreover, as we remarked before, the vectors §,, x € X, are cyclic.

1.2 Schur’s lemma and the commutant

Let G be a finite group.

1.2.1 Schur’s lemma

Lemma 1.2.1 (Schur’s lemma) Let (o, V) and (p, W) be two irreducible rep-
resentations of G.

(1) If T € Homg (o, p) then either T = 0 or T is an isomorphism.
(ii) Homg(o, o) = Cly.

Proof (1) If T € Homg(o, p), then KerT < V and ImT < W are G-invariant.
Therefore, by irreducibility, either KerT = V, so that T = 0, or Ker7T = {0},
and necessarily Im7 = W, so that T is an isomorphism.

(ii) Let T € Homg(o, o). Since C is algebraically closed, T has at least
one eigenvalue: there exists A € C such that Ker(7 — AIy) is nontrivial. But
T — Aly € Homg(o, o) so that by part (i), necessarily T — Aly = 0, in other
words T = Aly. O

Corollary 1.2.2 If o and p are irreducible representations of G then

1 ifo~p

0 ifo #p.

Corollary 1.2.3 If G is an Abelian group then every irreducible G-
representation is one-dimensional.

dimHomg (o, p) = {

Proof Let (o, V) be an irreducible representation of G. For gy € G we have

0 (go)o(g) = o(g)o(go)

for all g € G, thatis, 0(g9) € Homg(o, o). It follows from Lemma 1.2.1.(ii),
that o (go) = x(go)lv, where x : G — C. This implies that dimV =1 as ¢ is
irreducible. O

Example 1.2.4 Let C,, =< a > be the cyclic group of order n generated by
the element a. A one-dimensional representation of C,, is justamap x : C, —
T :={z € C: |z| = 1} such that x(a*) = x(a)* for all k € Z. In particular,
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x(a)* = 1,thatis, x(a) is an nth root of 1. Thus there exists j € {0, 1,...,n —
1} such that x = x;, where

X 2wl .
xj(a") = exp ka

for all k € Z. It follows that xo, xi, ..., xn—1 are the irreducible representa-
tions of C,. Indeed they are pairwise inequivalent as two one-dimensional
representations are equivalent if and only if they coincide.

In particular, the irreducible representations of C; = G, are the trivial rep-
resentation ¢ (see Example 1.1.1), and the alternating representation & (see
Example 1.1.4).

1.2.2 Multiplicities and isotypic components

First of all, we recall some basic facts on projections.

Let V be a vector space. A linear transformation £ € Hom(V, V) is a
projection if it is idempotent: E* = E. If the range W = ImE is orthogonal to
the null space KerE, we say that E is an orthogonal projection of V onto W.
It is easy to see that a projection E is orthogonal if and only if it is self-adjoint,
thatis, E = E*.

Let now (V, o) be a representation of G and suppose that

vV=m,w,

is an orthogonal decomposition of V into irreducible sub-representations (see
Lemma 1.1.8). This means that J is a set of inequivalent irreducible represen-
tations, and that, for p € J, m, W, is the orthogonal direct sum of m, copies
of W,.

More precisely, there exist I, 1, Iy 2, ..., Ip,m, € Homg(W,, V), necessar-
ily linearly independent, such that

m,W, =D 1, ;W,. (1.9)
j=1

my

Any vector v € V may be uniquely written in the formv = ) pel > P21 V.o
with v, ; € I, ;W,. The operator E, ; € Hom(V, V) defined by setting
E, j(v) = v, ; is the orthogonal projection from V onto I, ;W,. In partic-
ular, Iy = Yo, Y, Ep .

. m m

Observe thatif v =73 ;> " v, theno(gv =73 ;> " 0(g)v, ;.
Aso(g)v,,; € 1, ;W,, by the uniqueness of such a decomposition we have that
E, jo(gv=0(g)v,; =0(8)E, jv. Therefore, E, ; € Homg(o, o).
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Lemma 1.2.5 The space Homg(W,, V) is spanned by 1, 1, 1,2, . .., Ipm, In
particular, m, = dimHomg(W,, V).

Proof If T € Homg(W,, V), then

my

T=IT=Y % EpT.

oeJ k=1

Since ImEy , = Iy Wp, if follows from Corollary 1.2.2 that, if 6 # p, then
Eg T = 0. Moreover, again from Corollary 1.2.2, one deduces that E, ;T =
oy 1, i for some o € C. Thus,

I’I’Z/J I’I’Z/J
T = Z E T = Zaklp,k. 0
k=1 k=1

Corollary 1.2.6 IfV = P pel’ m;Wp is another decomposition of V into irre-
ducible inequivalent sub-representations, then necessarily J' = J, m; =m,
andm,W, = m,W, forall p € J.

Proof Just note that if & ¢ J and T € Homg(6, o), then, arguing as in the
proof of the previous lemma, one deduces that 7 = 0. O

By applying (1.2) we also get the following.
Corollary 1.2.7 With the above notation we have m, = dimHomg(W,,, V).

Exercise 1.2.8 Prove the above corollary directly using the same arguments of
Lemma 1.2.5.

Clearly, the decomposition of m, W, into irreducible sub-representations is
not unique: it corresponds to the choice of a basis in Homg(W,,, V).

Definition 1.2.9 The positive integer m, is called the multiplicity of p in o
(or of W, in V). Moreover, the invariant subspace m,W, is the p-isotypic
component of pino.

Suppose again that V = pes MpW, is the decomposition of V' into irre-
ducible sub-representations. Also let I, x and E, x be as before.

For all p € J and 1 < j, k < m, there exist non-trivial operators T,: ;€
Homg(V, V) such that

po_
Im7; ;= LW,

KerT/, =V ol, ;W,
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and

T T, = 8,00, T¢,. (1.10)

k,j"s,t

We may construct the operators Tk‘f ; in the following way. Denote by / }
the inverse of I, ; : W, — I, ;W, < V. Then we may set

S LI v ifvel,;W,
kg 0 ifveVol,;W,.
In particular,
Tj!,)j = Ep,j-

Moreover, by Corollary 1.2.2 we have that
Homg(1, jW,, 1, W,) = (CT,fj.

We shall use these operators to study the structure of Homg (o, o). But first
we need to recall some basic notions on associative algebras.

1.2.3 Finite dimensional algebras

An (associative) algebra over C is a vector space A over C endowed with a
product such that: A is a ring with respect to the sum and the product and the
following associative laws hold for the product and multiplication by a scalar:

a(AB) = (¢A)B = A(aB)

forallao € Cand A, B € A.

The basic example is End(V) := Hom(V, V) with the usual operations of
sum and product of operators, and of multiplication by scalars.

A subalgebra of an algebra A is a subspace B < A which is closed under
multiplication.

An involution is a bijective map A — A* such that

e (@A + BB)" =aA* + BB*
e (AB)* = B*A*

foralla, 8 € Cand A, B € A.

For instance, if A = Hom(V, V), then T — T* (where T* is the adjoint of
T) is an involution on A.

An algebra A is commutative (or Abelian) if it is commutative as a ring,
namely if AB = BA forall A, B € A.

An algebra A is unital if it has a unit, that is there exists an element / € A
such that Al = 1A = A for all A € A. Note that a unit is necessarily unique
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and self-adjoint. Indeed, if I’ is another unitin 4, then I = I’ = I'. Moreover,

and therefore I = I*.
An algebra with involution is called an involutive algebra or x-algebra.
Given an algebra A, its center Z(A) is the commutative subalgebra

Z(A)={BeA: AB = BAforall A € A}. (1.11)

Let A, and A; be two involutive algebras and let ¢: A; — A, be a map.
One says that ¢ is a *-homomorphism provided that

o ¢p(¢A+ BB)=a¢p(A)+ Bop(B) (linearity)
o $(AB) = ¢(A)¢p(B)  (multiplicative property)
o ¢p(A*) =[¢p(A)]*  (preservation of involution)

foralla, B € Cand A, B € A;. If in addition ¢ is a bijection, then it is called
a x-isomorphism between A; and A,. One then says that A; and A, are
*-isomorphic.

On the other hand, ¢ is a *-anti-homomorphism if the multiplicativity prop-
erty is replaced by

¢(AB) = ¢(B)p(A) (anti-multiplicative property).

forall A, B € A;. Finally, ¢ is a *-anti-isomorphism if it is a bijective *-anti-
homomorphism. One then says that .4, and A, are *-anti-isomorphic.

Let Ay, Ay, ..., Ay, k > 2, be associative algebras. Their direct sum,
denoted by A; & A> @ - - - @ Ay, is the algebra whose vector space structure
is the direct sum of the corresponding vector spaces endowed with the product

(A1, Az, ..., AR )(B1, By, ..., By) = (A1 By, AyBy, ..., A By)

forall A;, B; € A;.

Let A be an algebra and let 5 C A be a subset. The algebra generated by B,
denoted by < B >, is the smallest subalgebra of .A containing 5. Equivalently,
< B > is the set of all linear combinations of products of elements of 5.

An algebra A is finite dimensional if the corresponding vector space is finite
dimensional. If this is the case, denoting by ey, e;, ..., ¢, a linear basis of A,
the d* (structure) coefficients ¢;. jk € Csuch that

d
ee; = E Ci,j.k€k
k=1

uniquely determine the product in .A.
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Example 1.2.10 Let V be a unitary space. Then the space End(V) =
Hom(V, V)= {T: V — V, Tlinear} is a unital *-algebra with respect to the
composition of operators. Moreover, if (o, V) is a unitary representation of a
finite group G, then the subalgebra Homg(V, V) of Hom(V, V) is also a unital
x-algebra.

Example 1.2.11 Letm > 1and denote by M,, ,,(C) = {(ai,j)lln’j:l}the algebra
of m x m complex matrices (product is just the ordinary rows by columns
multiplication). A linear basis is given by the matrix units namely, by the
matrices ¢; ; where 1 is the only nonzero entry in the position (i, j), 1 <i, j <
m. The product is given by

e jere =0 e

and the involution is given by

This algebra is unital with unit / = e; | + €22 + - - - + e, . Note that setting
V = C™ we clearly have M,, ,,(C) = Hom(V, V) (cf. the previous example).

Example 1.2.12 A finite dimensional commutative algebra of dimension m
is isomorphic to C" = @], C. The center of the matrix algebra M, ,,(C) is
isomorphic to C: it consists of all scalar matrices A/ with A € C. A maximal
Abelian subalgebra A of M,, ,,(C) is isomorphic to the subalgebra consisting
of all diagonal matrices, so that 4 = C™.

1.2.4 The structure of the commutant

Definition 1.2.13 Let (o, V) be a representation of a finite group G. The alge-
bra Homg(V, V) is called the commutant of (o, V).

In the following theorem we shall use the operators Tk‘f ; constructed at the
end of Section 1.2.2.

Theorem 1.2.14 The set
{Tk/fj ipeld, 1<k, j<m,) (1.12)
is a basis for Homg(V, V). Moreover, the map

Homg(V, V) — D ,c; M, m,(C)

P
T = @pej (O‘k,_i kil
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where the a; ;’s are the coefficients of T with respect to the basis (1.12), that
is,

mp

T=) ) of,T

ped k,j=1

is an isomorphism of algebras.

Proof Let T € Homg(V, V). We have

mp g
T=nLTly=|YYEux|T|> ) Eo,

ped k=1 get j=1

mpy my

DY EpuTE;.

p.0el k=1 j=1

Observe that ImE, T Eg ; < 1,3W,, and the restriction to I ;Wp of
E, T Ey, ; is an intertwining operator from Iy ; Wy to I, W,. From Corol-
lary 1.2.2, it follows that E, ;T Ey ; = 0if 0 * p, while,if p ~ 0, E, T Ey ;
is a multiple of T}/ j» that is, there exist ay ; € Csuch that

— o’ T
EpiTEe ;= oy Ty ;-

This proves that the 7, ;s generate Homg(V, V). To prove independence,
suppose that we can express the 0-operator as

0= Z Xp: alf,kal.,)j'

pel k,j=1

If 0 # v € I, ;W, we obtain that 0 = Y, & ;T; ;v and this in turn implies

that oz,fyj =0forallk=1,2,...,m,, as Tk'?’jv and T,fjv belong to indepen-
dent subspaces in V if k # k’. The isomorphism of the algebras follows from
(1.10). O

Corollary 1.2.15 dimHomg(V, V) =) _, m>.

Definition 1.2.16 The representation (o, V') is multiplicity-free if m, = 1 for
all p € J.

Corollary 1.2.17 The representation (o, V) is multiplicity-free if and only if
Homg(V, V) is commutative.
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Observe that

j=1 j=1

is the projection from V onto the p-isotypic component m, W, It is called the
minimal central projection associated with p.

Corollary 1.2.18 The center Z = Z(Homg(V, V)) is isomorphic to C’. More-
over, the minimal central projections {E, : p € J} constitute a basis for Z.

Exercise 1.2.19 Let (o, V) and (1, U) be two G-representations. Suppose that
V = GBPGJ m,W, and U = @peK n,W,, J, K C G, are the decompositions
of V and U into irreducible sub-representations. Show that

HOI’I]G(U, V) = @ Mn/,,mﬂ(C)

peKNJ

as vector spaces.

1.2.5 Another description of Homg (W, V)

In this section, we present an alternative and useful description of Homg (W, V).
First of all, we recall the canonical isomorphism

W ®V = Hom(W, V)

1.13
PRV Ty» ( )

where T, , € Hom(W, V) is defined by setting
Ty, w = @(w)v (1.14)

forallw € W.
Suppose that (o, V) and (p, W) are two G-representations. We define a
G-representation n on Hom(W, V) by setting

()T = p(g)Ta(g™") (1.15)
forall g € G and T € Hom(W, V).

Lemma 1.2.20 The isomorphism (1.13) is also an isomorphism between ¢’ ®
o and n.

Proof Forg e G,9 € W,v €V and w € W we have

[6'(g) ® p(&)g ® v) = [0'(8)e] ® [p(&)V] = Toi(g)p.p(e)w (1.16)
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and
To(g)p.penW = [0(g)pl(w) - p(g)v
= (o (g Hw) - p(g
= p(@)lg(o(g™Hw) - v]
= p()T,.00(g Hw,
that is,
Tygyp.ptenw = P& Tp00 (™) = (&) Ty (1.17)
Then (1.16) and (1.17) ensure that the map ¢ ® v > T, , is an isomorphism
between o’ ® p and 5. O

Definition 1.2.21 Let (p, V) be a G-representation and K < G be a subgroup
of G. We denote by

VE ={veV:pkwv=v, forallk € K}

the subspace of all K -invariant vectors in V.
In other words, VX is the (g -isotypic component in Resg V, where (g is the
trivial representation of K.

As a consequence of Lemma 1.2.20 we have the following.
Corollary 1.2.22 Homg(W, V) = [Hom(W, V)]¢ = Homg (g, 0’ ® p).

Proof Homg(W, V) and [Hom(W, V)]¢ coincide as subspaces of Hom(W,
V). Indeed, T € Homg(W, V) if and only if n(g)T = p(g)To(g™) =T.
Since Hom[(W, V)] is the ig-isotypic component of 7, the isomorphism
[Hom(W, V)¢ = Homg(ig, 0’ ® p) follows from Lemma 1.2.20 and Lemma
1.2.5. O

1.3 Characters and the projection formula

1.3.1 The trace

Let V be a finite dimensional vector space over C. We recall that the trace is a
linear operator tr : Hom(V, V) — C such that

() tr(TS) = tr(ST), forall S, T € Hom(V, V);
(i) tr(Iy) = dimV.

Moreover, tr is uniquely determined by the above properties. In particular, if
V is endowed with a Hermitian scalar product (-, -) and vy, vy, ..., v, iS an
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orthonormal basis, then

n

tr(T) =Y (Tv;.v))

J=1

for all T € Hom(V, V).
Let W be another vector space. It is easy to check that

tr(T ®S) =tr(T)tr(S) (1.18)
for all T € Hom(W, W) and S € Hom(V, V). Indeed, if wy, w,, ..., w, and
Vi, V2, ..., U, are orthonormal bases for W and V, respectively, then w; ® v;,
i=1,2,...,mand j = 1,2, ..., nisan orthonormal basis for W ® V so that

(T @)=Y (T®SHw ®v)), w: v wav
i=1 j=1

:ZZ(Tw,-,w,-)W(Svj,vj>v

i=1 j=1
= tr(T)tr(S).

1.3.2 Central functions and characters

Definition 1.3.1 A function f € L(G) is central (or is a class function) if
f(8182) = f(g2g1) forall g1, 82 € G.

Lemma 1.3.2 A function f € L(G) is central if and only if it is conjugacy
invariant, that is,

(g 'sg) = f(s)

forall g, s € G. In other words, a function is central if and only if it is constant
on each conjugacy class.

Proof 1If f is central, then, for all g, s € G,
f(g7'se) = flsgg™) = f(s),
while, if f is conjugacy invariant, then, for all g;, g» € G,
f@1g) = f(giggigr) = f(g280). O

Definition 1.3.3 Let G be a finite group and (o, V) a G-representation. The
character of (o, V) is the function x° : G — C given by

x°(g) =1r(c(g)
forall g € G.
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The elementary properties of the characters are summarized in the following
proposition.

Proposition 1.3.4 Let (0, V) and (p, W) be two G-representations and let x°
and x” be their characters.

() x°(1g) = dimV.
(i) x7(g™") = x°(g), forall g € G.
(iii) x° € L(G) is a central function.
(v) If o = 01 ® 0y then x° = x°' + x*
V) If G = G| x Gyand o = o1 M oy, with o; a G;-representation, i = 1, 2,
then Xalgaz — Xalxaz
(vi) If o’ is the adjoint of o, then x° (g) = x°(g) forall g € G.
(vii) X797 = x7x”.
(viil) With nasin (1.15), we have x" = x° x°.
Proof (i) and (iv) are trivial.
(>i1) Let {vy, vy, ..., vy} be an orthonormal basis in V; then
d

d
X7 = o v v) =) (v, o) =Y (o, vi) = x° ().
i=1

i=1

QU

i=1

(iii) is a consequence of the defining property of the trace and (v) follows
from (1.18).

(vi) Let {vy,vs,...,vg} be an orthonormal basis in V and let
{6y,, 6y, ..., 0,,} be the corresponding dual basis. Then, from (1.5) and (1.7)
it follows that

d

trlo’ (@] =Y (0'(&)0y. )

i=1

= Z(ea(g)v,- s 9v;>V
i=1
d
= (v, o(@ui)v
i=1
d —
=Y (o(@wi, vily
i=1

= x°(8)-
(vii) is a consequence of (v).
(viii) follows from Lemma 1.2.20, (vi) and (vii):

p'®c __ O =50

x"=x =x"x" =x"x
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1.3.3 Central projection formulas

Following the monograph of Fulton and Harris [43], we deduce several impor-
tant properties of the characters from a simple projection formula. We recall
thatif £ : V — V is a projection, then

dimImE = tr(E). (1.19)

Lemma 1.3.5 (Basic projection formula) Letr (o, V) be a G-representation
and K a subgroup of G. Then the operator

E=E =—Z (k)

keK

is the orthogonal projection of V onto VX,

Proof Forv € V we have Ev € VX Indeed,

o(ky)Ev = ﬁ Zo(k k)v = Ev,
keK

for all k; € K. Moreover if v € VX then
(kv = — v=nv.
|K| Z |K|

Therefore E is a projection from V onto VX. It is orthogonal because o is
unitary:

1 1
E* = ok =—Y o(k"H=E.
K] £ Z K] ,; -
Corollary 1.3.6 dlmVK = %(XReS?O’ s LK)L(K)'

Proof From (1.19) and the previous lemma we get

. 1 )
dimVX = tr |:m Zﬁ(k):| |K| ZX (k )_ Res%g, LK) L(K)-
keK

d

Corollary 1.3.7 (Orthogonality relations for the characters of irreducible
representations) Ler (o, V) and (p, W) be two irreducible representations of
G. Then

1
1G]

1 ifo~
—(x°, X>L(G):{O ;;Z%f).
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Proof We have

| R

1
@(XG, XV = |G_|<XPXG’ LG)L(G)

1
(by Proposition 1.3.4.(viii)) = |G_|<Xn’ LG L(G)

(by Corollary 1.3.6) = dimHom(p, 0)¢
(by Corollary 1.2.22) = dimHomg(p, o)
, 1 ifo~p

(by Schur’s lemma) = {O ito o+ p.

Corollary 1.3.8 Let (o, V) be a representation of G and let 0 = @pcjm,p
be its decomposition into irreducible sub-representations (cf. Corollary 1.2.6).
Then

@) m, = ﬁ(xp, X7y forall p € J.

(i) 7 (X% X7 L) = X pey M-
(iii) %MXU’ X%V = 1 ifand only if o is irreducible.

Note that this gives another proof of the uniqueness of the multiplicity m,,.
Moreover, it also shows that ¢ is uniquely determined (up to equivalence) by
its character.

Lemma 1.3.9 (Fixed points character formula) Suppose that G acts on a
finite set X and denote by (A, L(X)) the corresponding permutation represen-
tation. Then

x'(g)=1{x € X : gx = x}I.

Proof Take the Dirac functions {§, : x € X} as an orthonormal basis for L(X).
Clearly,

1 ifgly=x
1 ifg7ly#x
that is A(g)8, = d,, forall g € G and x € X. Thus,

[M(£)8:1(y) = 8.:(g'y) = { = 842 (¥),

xM(8) =D _(M@)x. 8:) L)

xeX
= Z(ggx» 8x>L(X)
xeX

=|{x e X:gx =x}|. 0
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Again, a very simple formula has deep consequences.

Corollary 1.3.10 The multiplicity of an irreducible representation (p, V,) in
the left regular representation (A, L(G)) is equal to d, = dimV,, that is,

L(G) =D d,V,.
pe

In particular, |G| = }_ .5 dg.

Proof The character of A is given by:

Aoy — Gl ifg=1 _
@)= Ith e G:gh=h) = {0 S =161
and therefore
1 .
—|G|<XP,X'\)L(G)=xp(lc)=d1mVp. a

We shall also use the following version of the fixed points character formula,
specialized to the case of a transitive action.

Corollary 1.3.11 Suppose that G acts transitively on a finite set X and denote
by K the stabilizer of a point xg € X (so that X = G/K as G-spaces). If C
is a conjugacy class of G and gy € C then the character of the permutation

representation ) of G on X is given by
A | X
x"(go) = —ICNK].
IC|

Proof First note that for all x € X one has
HgeC:gx=x}={heC:hxy=x}|=I|CNK].

Indeed, if s € G is such that sxo = x, then the map g — h = s~ 'gs yields a
bijection implementing the first equality above. Also, applying the fixed points
character formula we get, for gy € C,

x*(g0) = |{x € X : gox = x}|
_ {(x,g) e X xC:gx =x}|

IC]
ZZI{gGC:gx=x}I
xeX |C|
[X|
=__|CNK]|. O
IC|

Note that C N K is a union of conjugacy classes of K.
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Definition 1.3.12 (Fourier transform) Let (o, V) be a representation of G
and f € L(G). The operator

o(f)= Z f(g)o(g) € Hom(V, V) (1.20)
geG
is called the Fourier transform of f ato.
Lemma 1.3.13 (Fourier transform of central functions) Suppose that f €
L(G) is central and let (p, W) be an irreducible representation. Then
1 _
p(f) = d—(X’O, e Iw.
]
Proof We first show that p(f) € Homg(W, W). For gg € G we have
p(£)p(g0) = F(8)p(gg0)

geG

=) feg n(e)

geG

(f is central) = Z flgo'e)o(e)

geG

=Y f(2)p(20g)

¢€G
= p(go)p(f).
Therefore, by Schur’s lemma there exists ¢ € C such that
o(f) =cly.
As
trip(A = tr)_ fF@p@] =Y f(@)x"(@) = (X’ Pro)

geG geG
and
tricly] = cd,

we immediately deduce that ¢ = dl x*, f) L(c) and the statement follows. O
P

From the orthogonality relations for the characters (see Corollary 1.3.7) we
deduce the following.

Corollary 1.3.14 Let (o, V) and (p, W) be two irreducible representations.
Then
IGI if o ~
o(x7) = ! alv fo~r

0 otherwise.
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We now give an explicit expression formula for the minimal central projec-
tions E, € Homg(V, V) (see Corollary 1.2.18).

Corollary 1.3.15 (Projection onto an isotypic component) Let (o, V) and
(p, W) be two representations, with p irreducible. Then

E, = d—o(x/’)
|G|

is the orthogonal projection onto the p-isotypic component of V.

Proof If o = @,., meb is the decomposition of ¢ into irreducible sub-
representations then

Lo (x7) = Z mebGP) = L mop (i) = myly, = By 0
|G| G| = G

We now determine the number of irreducible pairwise nonequivalent rep-
resentations of G, that is, the cardinality of G (see Definition 1.1.7). For this
purpose, we use the following elementary formula:

f =21, (1.21)
Indeed

£=)_ (@8 =Y f(@M1, = A(f)s1,.

geG geG

Corollary 1.3.16 The characters x”, p € G form an orthogonal basis for
the space of central functions of G. In particular, |G| equals the number of
conjugacy classes of G.

Proof From the orthogonality relations for the characters (Corollary 1.3.7) we
havethat{x” : p € G } is an orthogonal system for the space of central functions
in L(G). We now show that it is complete. Suppose that f is central and that
(f, x") o) =0forall p € G. Then, from Corollary 1.3.10 and Lemma 1.3.13
we have

M) = dp(f)=0

peG

(observe that x? = x*' by Proposition 1.3.4.(vi)). From (1.21) we deduce that
f=0.

Denoting by C the set of all conjugacy classes of G, we have that the
characteristic functions 1¢, C € C, form another basis for the space of central
functions. Therefore the dimension of this space is equal to |C| and thus |§| =
IC|. O
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Theorem 1.3.17 Let G| and G, be two finite groups. Then
G xG23(p1,p) > pi M s € Gy x Gy

is a bijection.
Proof From (v) in Propos1t10n 1.3.4 we know that x 1% = yP1 ¥ Therefore,
if p1,01 € Gl and p,, 0y € Gz, we have, by Corollary 1.3.7,

1
|G x G|

1 1

L(G1xGy) = m(x”‘, x° )L(G|)|G |

Moy o1 Xaz)

. X (X, x)LGy)

= 5,01,61 8pz,trz-

Another apphcatlon of Corollary 1.3.7 and (iii) in Corollary 1.3.8 ensure that
{p1Xpr:p € Gl, JoRS G2} is a system of pairwise inequivalent irreducible
representations of G; x Gj.

Finally, |Gm2| equals the number of conjugacy classes of G| x G,
which clearly equals the product of the number of conjugacy classes of G| and
the number of conjugacy classes of G,. By Corollary 1.3.16, the latter in turn
equals the product |(/;\1| . |é\2|, and this ends the proof. O

1.4 Permutation representations

1.4.1 Wielandt’s lemma

Let G be a finite group. Suppose that G acts on a finite set X and denote by A
the permutation representation of G on L(X) (see Example 1.1.2).
We may identify Hom(L(X), L(X)) with L(X x X) via the isomorphism

L(X x X) — Hom(L(X), L(X))

1.22

where

(Trf)x) =Y Flx, »)f ()

yeX

forall f € L(X)and x € X. In other words, we may think of L(X x X) as the
space of X x X-matrices with coefficients in C. Indeed, if F, F;, € L(X x X),
then

Tr T, = TR F,
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where the product F; F, € L(X x X) is defined by setting
(FiR)(x, y) =Y Fi(x, 2)F:(z, )
zeX

for all x, y € X. In particular, this shows that (1.22) is in fact an isomorphism
of algebras.
The group G acts on X x X diagonally, that is,

g(x,y) = (gx, gy),

forallg e Gandx,y € X.

In particular, L(X x X)Y is the set of all F € L(X x X) which are G-
invariant: F(gx, gy) = F(x,y)forallg € Gandx,y € X. Thus, F € L(X X
X) is G-invariant if and only if it is constant on the G-orbits on X x X.

In the present situation, Corollary 1.2.22 has the following more particular
form.

Proposition 1.4.1 Homg(L(X), L(X)) = L(X x X)°.
Proof Taking into account (1.22), we have

MOTr 1) =) F e, f =Y Fg'x,g7'»fg™y

yeX yeX
and
[TeM@) f1x) =Y Fx, y)f(g™'y)
yeX
for all g€ G, F e L(X x X), f € L(X) and x € X. Therefore TpA(g) =
A(g)Tr if and only if F is G-invariant. a

Exercise 1.4.2 Show that the permutation representation of G on L(X x X) is
equivalent to the tensor product of the permutation representation L(X) with
itself.

Exercise 1.4.3 Suppose that G acts on another finite set Y. Show that
Homg(L(X), L(Y)) = L(X x Y)C°.

In the same notation as Exercise 1.4.3, an incidence relation between X
and Y is just a subset Z € X x Y. If 7 is G-invariant (that is, (gx, gy) € Z
whenever (x, y) € 7 and g € G), the Radon Transform associated with Z is
the operator R € Homg(L(X), L(Y)) given by:

Rz )= Y fx)

xeX:
(x,y)eT



1.4 Permutation representations 29

forall y € Y and f € L(X). Clearly, 7 is G-invariant if and only if it is the
union of orbits of G on X x Y, and Exercise 1.4.3 may be reformulated in the
following way: the Radon transforms associated with the orbits of Gon X x Y
form a basis for Homg (L(X), L(Y)).

Corollary 1.4.4 (Wielandt’s lemma) Let G act on a finite set X and let . =
D pesm,p be the decomposition into irreducibles of the associated permutation
representation. Then

Zmi = |orbits of G on X x X|.

peJ

Proof On the one hand,
dimHomg(L(X), L(X)) = dimL(X x X)¢ = |orbits of G on X x X]|

because the characteristic functions of the orbits of G on X x X form a basis
for L(X x X)C.

On the other hand, dimHomg(L(X), L(X)) = ZPEJ m%, by Corollary
1.2.15. O

Example 1.4.5 Let G = &, act in the natural way on X = {1,2,...,n}.
The stabilizer of n is &,,_;, the symmetric group on {1,2,...,n — 1}, and
X =6,/6,-1.In L(X) we find the invariant subspaces V}, the space of con-
stant functions, and V; = {f € L(X): Z?zl f(j) = 0}, the space of mean-
zero functions. Moreover, the orthogonal direct sum

LX)=Voo W (1.23)

holds. On the other hand, &,, has exactly two orbits on X x X, namely ¢y =
{G,):i=1,2,...,n} and Q, ={(G, j):i# j,i,j=1,2,...,n}. There-
fore, Wielandt’s lemma ensures that (1.23) is the decomposition of L(X) into
irreducible G,,-sub-representations.

Exercise 1.4.6 Suppose that a group G acts transitively on a space X.
Denote by Vj the space of constant functions on X and by V|, = {f € L(X):
> ex J(x) = 0} the space of mean-zero functions. Show that L(X) = Vo, @ V|
is the decomposition into irreducible G-sub-representations of L(X) if and only
if the action of G on X is doubly transitive, that is, for all x, y, z, u € X such
that x # y and z # u there exists g € G such that g(x, y) = (z, u).

Exercise 1.4.7 In the same notation as Exercise 1.4.3, suppose that @, m, o
is the decomposition of the permutation representation of G on L(Y). Show
that X ,cjnsm,m, = |orbits of G on X x Y.
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1.4.2 Symmetric actions and Gelfand’s lemma

We say that an orbit Q of G on X x X is symmetric if (x,y) € Q implies
(y, x) € Q. Also, the action of G on X is symmetric if all orbits of G on X x X
are symmetric. Finally a function F € L(X x X) is symmetric if F(x,y) =
F(y,x)forallx,y € X.

Proposition 1.4.8 (Gelfand’s lemma; symmetric case) Suppose that the
action of G on X is symmetric. Then Homg(L(X), L(X)) is commutative and
the permutation representation of G on L(X) is multiplicity-free.

Proof First observe that if the action of G is symmetric then any F € L(X x
X)%, being constant on the G-orbits on X x X, is clearly symmetric. Thus,

(FiR)(x, y) =Y Fi(x, ) F(z, )

zeX

=Y Fi(z, 0)F(y, 2)

zeX

= (F2F)(y, x) = (F2F1)(x, y)

(F,Fyisin L(X x X)9),forall F>, F| € L(X x X)° andx, y € X. This shows
that L(X x X)Y is commutative. To end the proof, apply Proposition 1.4.1 and
Corollary 1.2.17. O

Observe that if A is a subalgebra of M,, ,(C) such that all A € A are sym-
metric, then A is commutative, indeed

AB = ATBT = (BA)T = BA

forall A, B € A.

1.4.3 Frobenius reciprocity for a permutation representation

In what follows, we assume that the action of G on X is transitive. We fix xy € X
and denote by K = {g € G : gxo = xo} < G its stabilizer. Thus, X = G/K,
that is, we identify X with the space of right cosets of K in G. Note also, that

1
Y fn= X > flgxo)
xeX geG
forall f € L(X).

Definition 1.4.9 Suppose that G acts transitively on X. If the corresponding
permutation representation is multiplicity-free, we say that (G, K) is a Gelfand



1.4 Permutation representations 31

pair. If in addition, the action of G on X is symmetric, we say that (G, K) is a
symmetric Gelfand pair.

Example 1.4.10 Let G, be the symmetric group of all permutations of the set
{1,2,...,n}. Fix 0 < k <n/2 and define €2, as the set of all subsets of
{1,2,...,n} of cardinality k, that is,

Qi ={AC{1,2,...,n}: |A| =k}

(we also say that A € 2,,_ x is a k-subset of {1, 2, ..., n}). The group S, acts
on 2,y forme S,and A € Q. thenmA ={n(j):j € A}.

Fix A € Qu_kr and denote by K its stabilizer. Clearly, K is isomor-
phic to &, x &, where the first factor is the symmetric group on A° =
{1,2,...,n}\ A and the second is the symmetric group on A. As the action is
transitive, we may write 2, x = 6,/(S,—_r x Gy).

Note that (A, B) and (A, B') in Q,_x X Qu—ix are in the same S,-orbit
if and only if |A N B| = |A’ N B’|. The “only if” part is obvious; conversely, if
|A N B| =|A’ N B’|, then using the decomposition

(1,2,...,n} =(AUB)C]_[[A\(AmB)]]_[[B\(AmB)]]_[(AmB)
= (A'UB)C ]_[[A’ \ (A" N B ]_[[B’ \ (A" N B ]_[(A’ N B
we can construct 7 € &, such that

e T(ANB)=A'NB
o T[A\(ANB)] = A\ (A'NB)
e 7[B\(ANB)] =B \(A'NB)

sothat (A, B) = (A’, B).
Setting

O; ={(A,B) € Qi X Qi |ANB| = j}

we have that
k
Rk X Lk = ]_[ O;
=0
is the decomposition of €2, x X 2,k into S, -orbits.

Observe that every orbit ®; is symmetric: |[A N B| = |B N AJ, so that
(6,1, 6,k x By)isasymmetric Gelfand pair. Moreover, since there are exactly
k 4 1 orbits of G, on Q,_j x X 2,_kk, by Wielandt’s lemma (Lemma 1.4.4)
we deduce that L(£2,_ ) decomposes into k + 1 irreducible inequivalent G,,-
representations.
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Exercise 1.4.11 (1) Show that, if 0 <h <k <n/2, then &, has precisely
h + 1 orbits on 2, x X 2p_p.p-

(2) Suppose that L(€2;) = @];:o Vi, j 1s the decomposition of L(£2) into
irreducible representations (see Example 1.4.10). Use (1) and Exercise 1.4.7
to show that it is possible to number the representations Vi o, Vi1, ..., Vi i in
such a way that V,, ; ~ Vy ;forall j =0,1,...,hand0 < h <k < n/2.
[Hint. Every representation in L(€2,_p, ;) is also in L(€2,—¢ x).]

Suppose that (p, W) is an irreducible representation of G. Set d, = dimW
and suppose that WX (the subspace of K -invariant vectors in W) is non-trivial.
For every v € WX, we define a linear map 7, : W — L(X) by setting:

d
(Tyu)(gxo) = ﬁ(u, p(2)V)w (1.24)

forallg € Gandu € W.Since G is transitive on X, this is defined forallx € X.

Moreover, if g1, g2 € G and g1xg = g2xo, then gl_lgz € K and therefore (v is
K -invariant)

d
(Tou)(gaxo) = ﬁw, p(g)p(gr g)v)w = (Tu)(g1x0)-

This shows that 7T, u is well defined.

Theorem 1.4.12 (Frobenius reciprocity for a permutation representation)
With the above notation we have the following.

(i) 7, € Homg(W, L(X)) for allv € WX,
(ii) (Orthogonality relations) For all v,u € WX and w, z € V we have

(T, w, TvZ)L(X) = (w, Z)w (v, u)w.
(iii) The map

WX — Homg(W, L(X))

L T (1.25)

is an antilinear isomorphism. In particular, the multiplicity of p in the
permutation representation on L(X) equals dimW¥X .
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Proof (i) This is trivial: if g, go € G and u € W, then

[M()Tyul(gox0) = [Toul(g ™" goxo)

d,
‘/Wﬁupwlm@ww

= [T, p(g)ul(goxo).

(ii) This is another application of Lemma 1.3.5. For u, v € WK define a
linear map R, , : W — W by setting R, ,w = (w, u)wv, forall w € W. Note
that

tr(Ryv) = (v, u)w. (1.26)
Indeed, taking an orthonormal basis wy, ws, ..., wy, for W we have
d, d,
tr(Ruw) = 3 (Ruwwj, wj)w Zw,zwmzmm.
j=1 j=1

Also, with the notation in (1.14), we have R, , = Ty, ,. In general, R, ,
does not belong to Homg (W, W), but its projection (see the first equality in
Corollary 1.2.22 and Lemma 1.3.5)

Xh@>uw@‘> (127)

el por

does. Since W is irreducible, R = cIy for some ¢ € C. We now compute c by
taking traces on both sides of (1.27). Clearly tr(clw) = cd,, while, by (1.26)
and (1.27) we have

tr(R) = lGl}:wux@me@‘m
geG

=——§)d&ﬂ

geG

= (U, M)W.

We deduce that ¢ = dl (v, u)w and therefore

1
R=—(,u)wly. (1.28)
d,
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Then, for w, z € W we have:

1 _
(Tow, To2) L) = — Y _(Taw)(gx0)(T,2)(8%0)

K1 =
d N
=2 (w, p(@u)w(z. p(v)w
Gl =
d
= 1G] 2 PR hw. 2w
geG
= dp(Rw, Z)W

= <w7 Z)W(vv M)W,

where the last equality follows from (1.28).

(iii) It is obvious that the map v > 7, is antilinear. We now show that it is also
bijective. Suppose that T € Homg(W, L(X)). Then W 2 u + (Tu)(xg) € Cis
a linear map, and therefore there exists v € W such that (T'u)(xo) = (u, v)w,
for all u € W. Then we have

[Tul(gxo) = [A(g~")Tul(xo)
(T € Homg(W, L(X)) = [Tp(g™ " ul(xo)
= (p(g™u, v)w
= (u, p(g)V)w.

r= Y.
dp

Clearly, v € WK:if k € K then

(1.29)

that is,

(u, p(kyv)w = (Tu)kxo) = (Tu)(xo) = (u, v)w

for all u € W, and therefore p(k)v = v.

Moreover, it is obvious that the vector v in (1.29) is uniquely determined,
so that (1.25) is a bijection.

Finally, the multiplicity of p in the permutation representation on L(X) is
equal to dimHomg(W, L(X)) (see Lemma 1.2.5) and therefore to dimWX. O

Corollary 1.4.13 (G, K) is a Gelfand pair if and only if dimWX < 1 for every
irreducible G-representation W. In particular, dimWX = 1 if and only if W is
a sub-representation of L(X).
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1.4.4 The structure of the commutant of
a permutation representation

In this section, we give, for a permutation representation, an explicit form for
the operators Tk’? ; constructed at the end of Section 1.2.2 (see also Theorem
1.2.14).

Suppose that L(X) = @pej m,W, is the decomposition of L(X) into
irreducible sub-representations. For every p € J let {v,v5, ..., v} } be an
orthonormal basis for WX and denote by ij € Homg(W,, L(X)) the inter-
twining operator associated with vf (cf. (1.24)).

Corollary 1.4.14

10 = DTV,

pel j=1

is an explicit orthogonal decomposition of L(X) into irreducible sub-
representations and every ij is an isometric immersion of W, into
L(X).

Let v, v}, ..., vy, beasbefore. Forp € Jandi, j =1,2,...,m, set, for
g, hegq,
o dp P P
¢; j(gx0, hxo) = m(ﬁ(h)v_i > PV )w, - (1.30)

Then ¢! j € L(X x X) is well defined as v/ and vf are both K -invariant.
Moreover it is G-invariant (¢f j € L(X x X)9):

d
@7 ;(sgxo, shxo) = ﬁ(p(S)p(h)vf . p()p(®IV])w, = @7 ;(gx0, hxo).

Thus, we can define @f ;€ Homg (L(X), L(X)) as the operator associated
with the G-invariant matrix (¢f j (x, ¥))x,yex, namely,

(@, ) =D ¢! (x. ) (131)

yeX

forall f € L(X)and x € X.
We now present two elementary identities relating the operators CDf ;€
Homg(L(X), L(X)) and ij € Homg(W,,, L(X)).

Lemma 1.4.15 For g € G and f € L(X) we have:
() (97, 11(g30) = e TP (Y e () Fxo)v! (0.

(i) [0, F1(gx0) = e (£, T7 ()0 o
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Proof (i) We have

d,
(7, f1(gx0) = ﬁ D {phw?, p()v] Y, f (hxo)
heG

Ve o P
= T p(h h
\/|7|K| hEEG[ p(h)v;1(gxo) - f(hxo)

s |
~ VXK

The proof of (ii) is similar and it is left to the reader. d

> p(h) f (hxo)v! } (8%0)-

heG

We now show that, in the present situation, the operators be ; coincide with
the operators 7”; in Theorem 1.2.14.

Theorem 1.4.16 For every o,pecJ, i,j=1,2,...,m, and s,r=
1,2,...,my, we have:

(i) Im®7, = T"W,
(i) Ker®!, = L(X) & T/'W,
(iil) @7 DY, =8,8p.0P!

Proof (i) This is an immediate consequence of (i) in Lemma 1.4.15.
(ii) If in (ii) of Lemma 1.4.15 we take f = 77w, with w € W,,, then we
have

d
[®] 7,7 wl(gxo) = ]/G? (T7w, T/ p()v] ) 1x)

and this is equal to zero if o # p orif o = p butr # j. Note that (ii) may also
be deduced from (i) and (iii).
(iii) Arguing as in the proof of Lemma 1.4.15, we get, forall g, h € G,

d,d;
[®7;7,1(8x0. hxo) = —2 2= 3 (p(eW". p(e)o])w, (o (W] . o (] Y,

XPIK| =
= O S i Ve T e i)
teG
d,dy
= \/D(T(T"p(h)v, ST (V] ) Lix)
d
=) 80,0 —= (W, V) w, (p(V!, p(&)V])w,

|X|
= 85,5858} (8X0, hxp),
where () follows from Theorem 1.4.12 and Corollary 1.4.14. |
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Corollary 1.4.17
(i) @ i is the orthogonal projection onto T" W,.
) > ;4 CDZ ; 18 the orthogonal projection onto the isotypic component m,W,,.

1.5 The group algebra and the Fourier transform

1.5.1 L(G) and the convolution

In this section we study the left regular representation (A, L(G)) of a finite
group G (see Example 1.1.3). This is a particular case of the theory developed
in the previous section.

For fi, f>» € L(G) we define the convolution f| x f, € L(G) by setting

[fi % £21(@) =) filgh™) fh).
heG
Equivalently,
Lfix ol = D A LG =) AW HKE ).
s&;ig: heG
A third way to write the convolution is the following
fixfr="" fllorh) fo.
heG

In particular, ¢, * 8,, = 84,4, = A(g1)J,, and
8o f =g f (1.32)
for all gi, g2, g € G and f € L(G). Similarly, one has
frdg=pg)f (1.33)
forall g € G and f € L(G). It follows that

p(g1A(g2) = AM(g2)p(g1) (1.34)

forall g|, g» € G, thatis, the left and the right regular representations commute.

The vector space L(G), endowed with the multiplication * becomes an
associative algebra, called the group algebra (or the convolution algebra) of
G. It has a unit, namely the function §;, and it is commutative if and only if G
is commutative. Moreover, the map L(G) 3 ¥ — ¥ € L(G), where v/(g) =
Y(g~") for all g € G, is an involution. We only check the anti-multiplicative
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property:
[V ¥21(8) = Y di(gs)¥als ™)

seG

=Y (s g )

seG
= [y xYnl(g™h)
=2 * Y11 (9)
for all ¥, Y, € L(G)and g € G.
Remark 1.5.1 A function f is in the center of L(G) (cf. (1.11)) if and only

if fx8, =20, fforallg € G, thatis, f(g~'h) = f(hg=")forall g, h € G,
i.e., if and only if f is central (cf. Definition 1.3.1).

The group algebra is a fundamental notion in the representation theory of
finite groups, as the following proposition shows.

Proposition 1.5.2 For every € L(G) define a linear map T, : L(G) —
L(G) by setting
Tyf=1f=v,
forall f € L(G). Then the map
L(G) 3 ¢ = Ty, € Homg(L(G), L(G))

is a x-anti-isomorphism of algebras (here, Homg(L(G), L(G)) is the commu-
tant (cf. Definition 1.2.13) of the left regular representation of G).

Proof This is just a specialization of Proposition 1.4.1 for the left regular
representation.

Suppose that F € L(G x G)°, that is F(ggi, gg2) = F(g1, g2) for all
g, 81,8 € G. Then, F(g1, 82) = F(g28, ' 81, &) = F(g; g1, lg), thatis

F(g1, )= V(g 'g1) (1.35)

where W(g) = F(g, 1g) forall g € G.
Conversely, if F is of the form (1.35) then clearly F € L(G x G)°.
Moreover, assuming (1.35), for every f € L(G) and g € G we have

(Tu f)(g) =Y fFMW(h"g) =" F(g, h)f(h) = (Tr f)g)

heG heG

where T is as in (1.22).
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We now show that the map T +— Ty is a x-anti-isomorphism. Indeed, for
Yy, U, and f € L(G) we have

Ty,(Ty, )= (f * W) x* W = [ (W *x W) = Ty, f,

that is, Ty, Tw, = Ty,«w, (anti-multiplicative property). Moreover, for fi, f2
and ¥ € L(G), we have

(Tufi. Py =Y _ Y filgn)¥(s™ ) flg)

g€G seG
(setting t = gs) = ZZfl(I)‘I’(Sfl)fz(fS_l)
teG seG
= (/1. Ty [2) L6)s
thatis (Ty)* = Ty,. O

Exercise 1.5.3 Give a direct proof of the above proposition by showing that if
T € Homg(L(X), L(X)),then Tf = f % ¥, where ¥ = T (;,)-

Letnow (p, W) be an irreducible representation of G. Note that the stabilizer
K of 15 (that plays the same role of xg), for the left action of G on itself reduces
to the trivial subgroup {14}. This means that the space of K-invariant vectors
is the whole space W. Therefore, as in (1.24) we can define, for every v € W,
an operator 7, : W — L(G) by setting

d
[Toul(g) = || % (u, p(&)V)w,
|G
forall u € W and g € G. Then, the Frobenius reciprocity theorem (Theorem
1.4.12) now becomes:

Theorem 1.5.4

(1) The map W > v — T, € Homg(W, L(G)) is an antilinear isomorphism.
(i) (Orthogonality relations) For all v, u, w, z € W we have:

(Taw, Tyz) L) = (W, Ywlv, u)w.

From now on, we suppose that G is a fixed complete set of irreducible,
pairwise inequivalent representations of G. We know (cf. Corollary 1.3.16)
that |6 | equals the number of conjugacy classes in G.

For every p € G, fix an orthonormal basis vy, .., vgp} in the repre-
sentation space W,. For simplicity of notation, denote by ’ij the operator 7 ’;.
Then we have the following more explicit version of Corollary 1.3.10. ’
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d . -
Corollary 1.5.5 L(G) = D, DL, ’ij W, is an explicit orthogonal decom-
position of L(G) into irreducible sub-representations of the left regular
representation. Moreover, every ’]}p is an isometric immersion of W, into

L(G).

In correspondence with the orthonormal basis {v}, v}, ..., vﬁp }, we define
the unitary matrix coefficients

¢! (&) = (o], vf)w,.
The coefficients of the G-invariant matrix (cf. (1.30)) now become
4 dp P 0
¢; (8, h) = |G_|<p(h)vj L PV ) w,
and therefore

|G|

ol () = d_¢fj(lcvh)-
P

Moreover, the associated intertwining operators (cf. (1.31)) now have the form

d -
P _ Y p
CDl.’j = @f*wj,i’ (136)
as one easily verifies from the definitions (see also (1.35)) and the trivial identity
ol ;™) = ¢l ().

From Theorem 1.4.16 we immediately deduce the following.

Theorem 1.5.6 For every o,p € G, i,j=12,...,d, and s,r=
1,2,...,ds; we have:

(i) Im®?, = T"W,
(ii) KerCDZj =L(G)S ijWp
(iii) CD;?jd)g,r = 51"‘?5%,,0@5#

In Lemma 1.1.9 we have given the basic properties of the matrix coefficients.
We now add some specific properties that hold in the case the representations
are irreducible.

Lemma 1.5.7 Let p and o be two irreducible representations of G.

(i) (Orthogonality relations) (¢, 97 ,) ) = %Sp,a(si,sgj,r
— 1G]

(i) @f; % 0, = 7'80.08;5001
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Proof (i) With the same notation of Theorem 1.5.4 we have

o Gl 1G] o &
((pfj, @5 L©G) = d_p Z(Z Us »ijvﬂL(G)
by Th 1.5.4.(ii —|G|8 8i 58
(by Theorem 1.5.4.(i))) = 7 Opo0isOir-
P
(ii)
(9 * 97 Ig) = Z(ﬂf,(gh)wf,t(h‘l)
heG
dﬂ
(by Lemma 1.1.9) =Y "> "¢’ (2)of ;(h)g7,(h)
heG k=1
. |G|
(by (1)) = d_ap,a‘sj,s‘p[p,;(g)-
7]

Alternatively, (ii) is just a reformulation of (iii) in Theorem 1.5.6.

Corollary 1.5.8 The set
ol peG.ij=12..4d,)

is an orthogonal system in L(G) which is also complete.

41

(1.37)

Proof From Corollary 1.3.10 we have that dimL(G) = Y _& d* and therefore

peG “p
it is equal to the cardinality of (1.37).

O

We observe that Corollary 1.4.17, in the setting of the left regular represen-
tation, can be completed with the following expression for the projection onto

the isotypic component:

d
2 d _
q)ipi =L fxxP
Z ’ |G|

i=1

where x” is the character of the representation p (see (1.36)).
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1.5.2 The Fourier transform

We begin this section by observing that, in the notation of Definition 1.3.12,
for a representation (o, V) of G and f, f» € L(G), we have

o(fi* f) =Y [fi* frll®)o(g)

geG
=33 filgh) foth ™Mo (ghyo (h™) (1.38)
g€G heG
= o(fi)o(f2).
In what follows, we set A(G) = @pe@ Hom(W,, W,).

The Fourier transform is the linear map

F: LG —» AG)
Y (139)

peG

In other words, F f is the direct sum of the linear operators p(f) : W, —
W,, p € G. The Hilbert—Schmidt scalar product on A(G) is defined by setting

1 *

<@T ,@Sﬂ> = @detr[TpSp], (1.40)
peG oeG HS peG

where T,,, S, € Hom(W,, W,) forall p € G.

Exercise 1.5.9 Prove that (1.40) defines a scalar product.

Recall that if {v], v}, ..., v[’jp} is an orthonormal basis for W,, then

dﬂ
tr(T, 851 = > (Tv%, Spv8)w,.
j=1
We now define the map
F' AG) - L(G)
by setting

1
FIUPT || ©= Gl > dptr [p(e)T,],
peG

peG

forall @ .57, € A(G)and g € G.
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Forall p € G and i,j=1,2,...,d, we define the element T[f)j € A(G) by
setting, if w € W,,0 € G,

T jw = 8, o (w, v)w, v/ .
In other words, the operator Tlp ; 1s trivial on the complement of

Hom(W,,, W,) and on this space it coincides with the linear operator associated

with the tensor product 91»;’ ® vip € W/’) ® W,(= Hom(W,, W,)); see (1.13).
Similarly to Corollary 1.5.8, we have:

Lemma 1.5.10 The set {Ti"oj 1p € 6 i,j=12,...,d,} is an orthogonal
basis for A(G) and

70 dp
(T, T ) s |G|5p06”8 (1.41)
Proof Indeed,
dl’

dp
(T Tdns = 1gidoe )T T,
k=1

|G|p0281k8tk i S W,

= ﬁ&o,aai,x‘s]‘,t

and clearly dimA(G) = Y 5 d>. O

peG %p-

Theorem 1.5.11 The Fourier transform F is an isometric *-isomorphism
between the algebras L(G) and A(G). Moreover, F1is the inverse of F
and we have:

G|

Fof Tp 1.42
(ply] dp ( )
and
d -
j-“*lT.{’. =L (p[’j. (1.43)
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Proof From the multiplicative property of F (see (1.38)) one immediately gets
that 7 is a homomorphism of algebras. Also

(p(Pywr, waw = (Y [(@)p(@w, wa)w

geG
= () fle Dp@wi, wa)w
geG
(settings = g7!) = (Zm)p(s_l)wl, wa)w
seG
= (w1, Y f()p(s)wa)w
seG

= (wy, p(SHw2)w

for all f € L(G) and w;, wy € W. We deduce that p(f) = p(f) forall f e
L(G), that is, F preserves the involutions.

Moreover, since ||@! y 12 1) = |Gl/d, (the orthogonal relations, Lemma
1.5.7)and || Tp ||HS =d, /|G| by (1.41), to end the proof of the whole statement
we just need t(ﬂlow (1.42) and (1.43).

Recall tl}flt (pfj = <pip’;, where p’ is the adjoint of p (see Lemma 1.1.9). Now,
for o, p € G we have

ol )= o)l ()
geG

and therefore

(0@ e v, = Y o (&) (vf . v )w,

geG
: . |G|
(by the orthogonality relations) = d—&,, 00is8j1
=, im0,
d, E
and this shows (1.42). We now prove (1.43).
[F'T1(e) = —tr[p(g)* ]
|G|
d
dp < p p
= Gl (T} ;vi 7L (@] )w,
=1
d,
= (v, p(e))w,
e
d,
—L? (3. O

|Gl
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Corollary 1.5.12 LetC be a conjugacy class of G, 1¢ its characteristic function
and Ty, the associated convolution operator (that is, Ty, f = f *1¢ for all
f € L(G)). Then for each p € G the isotypic component d,W,, in L(G) is an
eigenspace of Tr, and the associated eigenvalue is

x"(g)

C
||dp

where x”(g) does not depend on the particular element g € C.

Proof Tt is an immediate consequence of Theorem [.5.11 and Lemma
1.3.13. O

Corollary 1.5.13 For f € L(G), the operator @ ,.¢p([) is self-adjoint (resp.
normal) if and only if f = f (resp. f % f = f = f).

Corollary 1.5.14 (Fourier inversion formula) For every f € L(G) we have

f© =15 Zd trip(g)*p(f)].

peG

Corollary 1.5.15 (Plancherel formula) For f|, f» € L(G) we have

(i, Al = Zd trip(fp(f)].

pEG

1G]

From Lemma 1.3.13, the fact that the characters span the space of central
functions, and the Fourier inversion formula we get:

Corollary 1.5.16 (Characterization of central functions) A function f €
L(G) is central if and only if the Fourier transform p(f) is a multiple of
the identity Iy for all irreducible representations (p, W) € G.

‘With the choice of an orthonormal basis {v] s v2 Vi d, }in each irreducible
representation W,, p € G, we associate the max1mal commutative subalgebra
B of L(G) = A(G) (by the Fourier transform, see (1.39)) consisting of all
J € L(G) whose Fourier transform @ ,.50(f) is a diagonal operator in the
given basis. In other words, f € L(G) belongs to B if and only if each vector
v;’, j=1,2,...,d,,1is an eigenvector of p(f), forall p € G.

The primitive idempotent associated with the vector vf is the group algebra
element ¢/, given by

d -
—L(p(gw], wh)w, (1.44)

d,
Q)= Lgl (9) = Gl

|G|
forall g € G.
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The following proposition is an immediate consequence of the previous
results.

Proposition 1.5.17
(i) The set{ 1p € G Jj=1,2,...,d,} is a (vector space) basis for BB;

(11)e x e _(Spg”e for all poeG j=12,...,d, and i=
1 2,...dy;

(iii) o(ef)v;’ = (Sp,grSj,,-ef, for all p,o € G, j=12,...,d, and i=
1,2,...d,; in particular, p(ep ) : W, — W, is the orthogonal projection
onto the 1-dimensional subspace spanned by v

(iv) let f € Band p(f)v] = 1[vf, with 1] € C, p e Gand] =1,2,...,d,
then

d,
E E Ael (Fourier inversion formula in BB)
bt =1

and
P _ PP
f*ej —Ajej.

Exercise 1.5.18 (1) Show that a function ¥ € L(G) belongs to ’E” W, (see
Corollary 1.5.5) if and only if ¥ *e] = &,,8;;¥, for all 0 € G and i =
1,2,...,d,.

(2) Show that a function f € L(G) belongs to B if and only if each subspace
7] ”W, is an eigenspace for the associated convolution operator Try = ¥ * f;
moreover, if f =3 _; > 2y A€l then the eigenvalue of T associated with
T/ W, is precisely A/.

1.5.3 Algebras of bi-K -invariant functions

In this section we shall continue the analysis of the structure of the algebra L(G).
Now, we express some results in Section 1.4 in the group algebra setting.

Let G be a group acting transitively on a (finite) set X. Fix xp € X and
denote by K the stabilizer of xo. Then X = G/K.

Let S be a set of representatives for the double cosets K\G/K of K in G.
This means that

G = ]_[KsK,

ses
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with disjoint union. In other words, {KsK : s € S} are the equivalence classes
for the relation

g~h< ki, ky e K:g=kihk,

forg,h € G.
For s € S, set Q; = {ksxp:k € K} = Ksxo(= KsKxg) C X and O, =
{(gx0, g5x0) : § € G} = G(xp, sx0) C X x X.

Lemma 1.5.19 With the previous notation, we have:

() X =[] c5 Qs is the decomposition of X into K -orbits.
() X x X =[],
the diagonal action: g(x,y) = (gx, gy), forx,y € X and g € G.

Oy is the decomposition of X x X into the G-orbits under

Proof () If g € G, then KgKxy = Kgx is the K -orbit of gxo. Moreover, if &
is another element of G, we have
Kgxo = Khxg < Jk; € K s.t. gxg = k1hxg
< 3k, ky € K s.t. g = k\hks.
Therefore, if S is a system of representatives for K\G /K, then {ksxy : k € K},
s € §, are the K-orbits on X.
(i) We first note that any G-orbit on X x X is of the form G(xy, gxo) for

a suitable g € G. Indeed, if x, y € X, say x = goxo with gy € G, and we take
g € G such that gxg = g, 'y, then

G(x, y) = G(goxo, 808y ' y) = G(xo, gX0).

Moreover, if g, h € G, then

G()C(), gX()) = G(X(), hX()) <= Elkl S K S.t. (X(), ng) = (X(), kth())
< Jky, ky € K s.t. g = kihk,. 0

Exercise 1.5.20 For every orbit 2 of K on X, set Og = {(gxo, gx): g €
G, x € Q}. Show that the map 2 > ®g is a bijection between the K -orbits on
X and the G-orbits on X x X.

Definition 1.5.21 Let G be a finite group and let K < G be a subgroup. A
function f € L(G) is right (resp. left) K -invariant when f(gk) = f(g) (resp.
f(kg) = f(g))forallg € Gandk € K. Afunction f € L(G)is bi-K -invariant
if

fkigka) = f(g)
forall k;,k, € K and g € G.
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We denote by L(G/K) and by L(K\G/K) the subspaces of right K invariant
and bi-K -invariant functions on G, respectively. Note that if f; is left K-
invariant then f} * f is left K-invariant and, symmetrically, if f, is right K-
invariant, then f x f, is right K-invariant, for all f € L(G). In other words,
L(G/K)is aleft-ideal in L(G) and, cf. (1.32), it is invariant with respect to the
left regular representation, while L(K\G/K) is a two-sided ideal.

Recall that L(X x X)© denotes the set of all functions on X x X which are
constant on the G-orbits.

Theorem 1.5.22
(i) Forevery f € L(X) define the function f € L(G) by setting

F(g) = f(gx0)
forall g € G. Then the map f +— fis a linear isomorphism between L(X)
and L(G/K). Moreover, it intertwines the permutation representation of G
on L(X) with the restriction to L(G/K) of the left regular representation
of G on L(G).
(i) Forevery F € L(X x X)© define the function Fe L(G) by setting

~ 1
F(g) = — F(xo, gxo)
IK|

forall g € G. Then Fe L(K\G/K) and the map

L(X x X)¢ - L(K\G/K)
F > F

is an isomorphism of algebras.

Proof (1) This is trivial: X is the same thing as the space of all right cosets
G/K of K in G.

(ii) It is easy to see that Fe L(K\G/K) and that the map F F is an
isomorphism of vector spaces (cf. Lemma 1.5.19). Now suppose that Fy, F, €
L(X x X)9 and set

F(x,y) =) Fi(x,2F( )

zeX

for all x, y € X. Then, for all g € G,

Flg) = — 3 Filxo, hxo) Pa(hxo, gxo)
8) = K2 1(X0, 1X0) 121 X0, 8X0
heG
1 -1
= &P hX(; Fy(xo, hxo) Fa(xo, h™' gx0)

= [F, * F)(g). O
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Denote by L(X)X the space of K-invariant functions on L(X), that is,
f € L(X)X if and only if it is constant on the K -orbits on X.

Combining Lemma 1.5.19 and Theorem 1.5.22, we have the following
isomorphisms:

L(X x X)° 2 L(K\G/K) = L(X)X.

As the first two spaces above are algebras, L(X)X can be endowed with a
structure of an algebra as well. From Theorem 1.5.22, Corollary 1.2.17 and
Proposition 1.4.1 we also have the following.

Corollary 1.5.23 (G, K) is a Gelfand pair if and only if the algebra
L(K\G/K) is commutative. |

Note that the above is usually taken as the definition of a Gelfand pair. We end
this section by presenting Gelfand’s lemma (cf. Proposition 1.4.8) in its general
form.

Proposition 1.5.24 (Gelfand’s lemma) Let G be a finite group and let K < G
be a subgroup. Suppose there exists an automorphism t of G such that g~ €
Kt(g)K forall g € G. Then (G, K) is a Gelfand pair.

Proof If f € L(K\G/K) we have f(1(g)) = f(g~") forall g € G. Then, for
fi, f»r € LIK\G/K) and g € G we have:

Lfi % fal(r(@) = Y fiz(gh) fo(x(h™")

heG

=" Algh)™) fa(h)

heG

=Y HW G

heG
=[fa* fillg™)
=[f2* fil(z(8)
and therefore L(K\G/K) is commutative. O
Exercise 1.5.25 Show that (G, K) is a symmetric Gelfand pair (see Definition

1.4.9) if and only if g~! € KgK for all g € G. Note that this corresponds to
the case 7(g) = g for all g € G in the previous proposition.

We also say that (G, K) is a weakly symmetric Gelfand pair when it satisfies
Gelfand’s lemma (Proposition 1.5.24) for some automorphism t.

Example 1.5.26 G x G acts on G as follows: (g1,82)-¢g = glggz_l, for
all g1, g2, g € G. The stabilizer of 1 is clearly the diagonal subgroup
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G = {(g,8): g € G} <G x G. Therefore, G = (G x G)/é. We now show
that (G x G, G) is a weakly symmetric Gelfand pair. Indeed, the flip automor-
phism defined by 7(g1, g2) = (g2, g1) gives

e =@ e =G e N ae ' e ") € Gt(gr, 82)G,

forall g1, 8, € G.

—1

A group G is ambivalent if g~ is conjugate to g for every g € G.

Exercise 1.5.27 Show that the Gelfand pair (G x G, CN?) is symmetric if and
only if G is ambivalent.

Let (G, K) be a Gelfand pair and let L(X) = @ pes Wo be the (multiplicity
free) decomposition of L(X) into G-irreducible sub-representations. For each
W, let v” be a K-invariant vector in W), such that ||v”|w, =1 (recall that
dimW[f{ = 1; see Corollary 1.4.13). The spherical function associated with W,
is the bi- K -invariant matrix coefficient

©o(8) = (v, p(g)v”)w,.

Consider the isomorphism L(X) > f +— fe L(G/K) (see Theorem 1.5.22).
Let ¢, € L(X) denote the K-invariant function defined by setting ¢,(x) =

©o(g) if gxog = x. Then ¢, = ¢,,.

Exercise 1.5.28 (1) Show that the set {¢, : p € J} is an orthogonal basis for
L(K\G/K) and that ||¢, |1} ¢, = |G|/dimW,.
(2) Let x” be the character of W, and set d, = dimW,. Show that

e
(&) = > xv(gh)

keK
and that
o dp  (h-Toh)
()= o D wo(hIgh).
heG
Hint. Take an orthonormal basis wy, wa, ..., wy, in W, such that w; = v?,

the K -invariant vector, and use Lemma 1.3.5 and the orthogonality relations in
Lemma 1.5.7.

For more on spherical functions, the spherical Fourier transform, and their
applications (in the finite setting), see our monograph [20] and Terras’ book
[117].
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1.6 Induced representations

1.6.1 Definitions and examples

Let G be a finite group, K a subgroup of G and (p, V) a representation of K.

Definition 1.6.1 (Induced representation) The representation induced by
(p, V) is the G-representation (o, Z) defined by setting

Z={f:G— V:f(gh)=pk"f(g), forallg € G,k € K} (1.45)
and

[0(g)f1(g2) = f(g'g2),  forallgi, g€ Gand f € Z. (1.46)

Note that o(g)f € Z for all g € G and f € Z. One denotes ¢ and Z by
Ind§ p and Ind§ V, respectively.

We now give an alternative description of Ind{V. Suppose that G =
[[,cssK, that is, S is a system of representatives for the set G/K of right
cosets of K in G. For every v € V define the function f, : G — V by setting

p(g v ifgek

gy = { 0 otherwise. (147)

Then f, € Z andthe space V' = {f,, : v € V}is K-invariant and K -isomorphic
to V. Indeed, o (k) f, = fou)» for all k € K. Moreover, we have the following
direct decomposition:

Z= @a(s)v’. (1.48)

ses
Indeed, forany f € Z ands € S setvy, = f(s). It is immediate to check that
f=Y 0f, (1.49)

ses

and that such an expression is unique (this is just a rephrasing of the fact that
f € Z is determined by its values on S as indicated in (1.45)). Moreover, if
we fix g € G, for every s € S we can define 7, € S and k; € K as the unique
elements such that gs = 7,k;. We then have

o) f =Y 0@ fy, =Y ook fo, =D 0 fot,-  (1.50)
ses ses seS
Conversely we have:

Lemma 1.6.2 Let G, K < G and S as above and let (t, W) be a representation
of G. Suppose that V < W is a K-invariant subspace and that the direct
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decomposition

W:@r(s)v (1.51)

ses

holds. Then the G-representations W and Indg V are isomorphic.

Proof Defining V' as above, from (1.48) we have that Z = Indgv and W are
G-isomorphic. Indeed, if w € W and w = Z;es T(s)vy, with vy € V, then, as
in (1.50), we have t(g)w = )" ¢ T(#;)[T(ks)v], that is, under the map w +— f
we also have t(g)w — 7(g)f. a

Exercise 1.6.3 Let K be a subgroup of G and let S be a set of the represen-
tatives of the right cosets of K in G, so that G = ]_[SE$ sK.Let (w, W) be a
representation of G, suppose that V < W is K-invariant and denote by (p, V')
the corresponding K -representation.

Show thatif W =< m(s)V : s € S >, then there exists a surjective map that
intertwines 7 and Ind$ p.

Hint. Setting o = Ind$ p, the required surjective intertwiner is the linear
extension of o (s)v — mw(s)v,s € Sand v € V. Indeed, if g € G and gs = tk,
with s, € S and k € K, then

o(lo(s)v] = o(lplk)v] = (@) (k)v] = m(g)lm (s)v].
We observe that the dimension of the induced representation is given by
dim(Ind$ V) = [G : K]dim(V) (1.52)

as immediately follows from the previous lemma and from [S| =[G : K] =
|G/K]|.

Example 1.6.4 (Permutation representation) Suppose that G acts transi-
tively on a finite set X. Fix a point xop € X and denote by K = {g € G : gxo =
Xo} its stabilizer; thus X = G/K is the set of right cosets of K. Denote by
(¢, C) the trivial (one-dimensional) representation of K. Then Indg(C is noth-
ing but the space {f : G — C: f(gk) = f(g),Vg € G,k € K} of all right
K-invariant functions on G. As the latter coincides with L(X) (see (i) in
Theorem 1.5.22) we have:

Proposition 1.6.5 Let G be a group, K < G be a subgroup andlet X = G /K.
The permutation representation of G on L(X) coincides with the representation
obtained by inducing the trivial representation of the subgroup K.
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1.6.2 First properties of induced representations

One of the first important properties of induction is transitivity.

Proposition 1.6.6 (Induction in stages) Let G be a finite group, K < H < G
be subgroups and (p, V') a representation of K. Then

Ind% (Ind? V) = Ind§ v (1.53)
as G-representations.
Proof By definition we have
Ind?V =(f': H— V: f'(hk) = p(k"")f'(h), Yh € H,k € K}
and, setting o = Ind¥ p,
Indfj(Indf V) = {f: G — Ind{V : f(gh) = o (h™")f(g),¥g € G, h € H).
Thus Ind% (Ind¥ V) may be identified with the function space

U={F:GxH—V:F(gh hk)
= p(k"")F(g,hh'), Vg € G,h,h' € H, k € K}
by setting F(g,h) =[f(g)](h) for all g€ G and h € H. If F € U, then

F(g,h) = F(gh, 1), so that F is uniquely determined by its values on
G x {15}. Thus, setting F(g) = F(g, lg) we have that F : G — V and

F(gk) = F(gk, 16) = F(g, k) = p(k ) F(g, 16) = p(k ") F(g)

and {F : F e U} is G-isomorphic to Indgv. This completes the proof: the
isomorphism is F +— F. O

Theorem 1.6.7 (Frobenius’ character formula for induced representa-
tions) Let (p, W) be a representation of K and denote by x” its character.

G
Then the character x 9% ®) of the induced representation is given by
G
KOy = 3 g7 g, (1.54)
ses:
sTlgsekK

where S is any system of representatives for G /K.

Proof Let {ej, e, ...,e,} be an orthonormal basis for W and set f;; =
o(s)fe;» where f, isasin (1.47),0 = Ind%p and G = [licssK (asin (1.48)).
Then {f;;:5€S8,j=1,2,...,n} isabasisforIndi.
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Now suppose that g, go € G, with go = sk where s € S and k € K. Then
there exist s; € S and k € K such that g~

[0(8) fs,;1(80) = fs,;(8 " 80) =
= f.j(s1kk) =
= 8,5,k Dpk Ve;.

s = s1k and therefore

But k = sl_lg’ls and we have s = s if and only if g~'s € sK, that is, if and
only if s~'gs € K. Hence we can write

p(k’l)p(s’lgs)ej ifs lgs e K

1.
0 otherwise. (1.55)

[o(8) fs,;1(80) = {

The coefficient of f; ; in 0(g) f,; is equal to the coefficient of f; ;(go) in
[o(g) fs,j1(g0). In particular, from (1.55) it follows that it is equal to zero if
sTlgs ¢ K.

Moreover, if k = s 'g~'s € K and

p(kNe; =" ay (ke
r=1
then

[0(8) fr.j1(80) = Y ar j(R)p(k e,

r=1
(fur(80) = fo, (k) = o j(K) fr(20)
r=1

and the coefficient of f; ;(go) in [0(g) fs,1(go) equals «; ; (%).

Since x?(k~!) = > a,»,.,.(’/E) and k! = s~ gs, we have

X@= Y D= Y x’s'gs) O

seS: j=1 ses:
sTlgsek sTlgsek

Exercise 1.6.8 Prove that the right-hand side of (1.54) does not depend on the
choice of S.

The following lemma is a prelude on the connection between induction and
restriction.
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Lemma 1.6.9 Ler (0, V) be a representation of a group G and (o, W) a rep-
resentation of a subgroup H < G. Then we have the following isomorphism of
G-representations

V @ Ind§ W = Ind%[(Res§ V) @ W1. (1.56)

Proof First of all, the right-hand side in (1.56) is made up of all functions
F:G — V ®W such that F(gh) =[0(h"") @ c(h")]F(g), for all h € H
and g € G. Moreover, the left-hand side is spanned by all products v @ f
where ve V and f: G — W satisfies f(gh) =o(h~")f(g), for all h € H
and g € G.

It is easy to see that the map ¢ : V ® Ind§W — Ind§[(Res$ V) ® W]
defined by setting [¢p(v ® f)I(g) = 0(g~")v ® f(g) is a G-equivariant linear
isomorphism. O

Corollary 1.6.10 If (8, V) is a representation of a group G, H is a subgroup
of G and X = G/H then

Ind%Res$V =V ® L(X) (1.57)
as G-representations.

Proof Apply Lemma 1.6.9 with 0 = ¢, the trivial representation of H. In this
case, Indi = L(X) and (Resg VIQW = (Resg VeC= Resgv. O

1.6.3 Frobenius reciprocity

The following fundamental result of Frobenius provides another relation
between the operations of induction and restriction.

Theorem 1.6.11 (Frobenius reciprocity) Let G be a finite group, K < G a
subgroup, (o, W) a representation of G and (p, V) a representation of K. For
every T € Homg(W, Indg V) define T : W — V by setting, for every w € W,

Tw = [Twl(lg). (1.58)
ThenT € Homg (Resg W, V) and the map

Homg(W, Ind$ V) — gomK(Resg W, V)
T—T

is a linear isomorphism.
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Proof We first check that T e HomK(Resg W,V).Fork e Kand w € W we
have:

To(kyw = [T (o (k)w)l(lc)
=y [t(k)(Tw)](1g)

= [TwIk™) (1.59)
=) PO Tw(16)]
= ,o(k)?w

where T = Indgp and the starred equalities depend on the following facts: )
because T is an intertwiner; xx) by the definition of the action of G on Indg Vv,
* * %) by the defining property of the elements in Ind§ V. On the other hand, for
U € Homg (Res{ W, V) we can define U:W— Ind$ V by setting, for every
weWandg e G

[Owl(g) = Ua(g Hw.
Again, it is easy to check that Ue Homg (W, Indg V). Moreover from
[Twl(g) = [(¢” ) Tw)] (1) = [To(g Hwl(le) =To(g Hyw  (1.60)

one deduces that the maps T — T and U — U are one inverse to the other
and therefore we have established the required isomorphism. O

In particular, from Lemma 1.2.5 we deduce:

Corollary 1.6.12 In the case that the representations W and V are irreducible
we have that the multiplicity of W in Ind$V equals the multiplicity of V in
Res{W. O

In the case of the trivial representation versus the permutation representation,
namely Example 1.6.4, T € Homg (W, C) and it can be expressed in the form

Tw = [Twl(xo),

where xo € X is the point stabilized by K. In this case, any element 6 €
Homg (W, C) may be uniquely expressed in the form

O(w) = (w, wo)w

where wy is a K-invariant vector in W. Therefore, if T € Homg (W, L(X)) and
wy is the K -invariant vector corresponding to 7', we have Tw = (w, wo)w and

[Tw](gxo) = (w, o(gwo)w VgeG,weW, (1.61)
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that is, in the notation of (1.24), we have

X
|CZ_|TIU[)'

T

1.6.4 Mackey’s lemma and the intertwining number theorem

Let G be a finite group, H, K < G two subgroups and (p, W) a representation
of K. Let S be a system of representatives for the double cosets in H\G/K so
that

G = ]_[HsK.

seS
For all s € S, consider the subgroup G, = sKs~' N H and define a represen-

tation (o5, Wy) of Gy, by taking W, = W and setting p,(#)w = (s~ 'ts)w, for
allt € Gy, and w € W;.

Exercise 1.6.13 Identify H\G/K with the set of H-orbits on X = G/K and
prove that the subgroup G is the stabilizer in H of the point x;, = s K (compare
with Lemma 1.5.19).

Theorem 1.6.14 (Mackey’s lemma) The representation Res$Ind$ p is iso-
morphic to the direct sum of the representations Indgl ps, S €S, ie.

Res$Ind$ p = @Indgs 0s. (1.62)
seS
Proof Let Zg ={F : G — W s.t. F(hs'k) = 8, yp(k~")F(hs), Yh € H,k €
K and s’ € S}. Then, recalling (1.45), Z, coincides with the subspace of func-
tions in Z = Ind$ W which vanish outside HsK . Clearly

7 = @ Z. (1.63)
seS
For F € Z;, we can define f; : H — W by setting f;(h) = F(hs), for all
h e H.Ift € Gy, then we have s~ 'ts € K and therefore
fs(ht) = F(hts) = pls~'t~'s]1F (hs) = ps(t™") fi(h)

so that f; € Indgd_ W;.
Vice versa, given f € Indgd_ W, we can define F; : G — W by setting
Fy(hs'k) = 859 p(k™") f(h), fork € K,h € H and s’ € S. F; is well defined:
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indeed if hsk = hysky, then t := skk;'s™' = h~'h; € G, and thus

plky ) f(h) = pk™DlpGs ™ A hs) f ()]
= p(k™los@) f ()]
= pk™D) ft™")
= ptk™ N f(h).
Also with g = hs'k’ we have Fy(gk) = Fy(hs'k'k) = 859 p(k k') f(h) =
p(k~")Fy(hs'k') = p(k~")F,(g) so that F, € Zj.
This shows that the representation of H on Z; is isomorphic to the repre-

sentation obtained by inducing o, from G to H. Combining this with (1.63),
we end the proof. O

We now express Mackey’s lemma in the setting of a permutation repre-
sentation. Let H and K be two subgroups of G. Denote by X = G/K the
homogeneous space corresponding to K. Let xo € X be a point stabilized by
K and S a set of representatives for the double cosets of H\G/K. As in
Exercise 1.6.13, for s € S we have that G is the stabilizer of sx, and, setting
Q, = {hsxo 1 h € H} = Hsxy, then X = [ [ ¢ S, is the decomposition of X
into H-orbits.

Let now p = tx be the trivial representation of K. Then p; is the trivial rep-
resentation of G and Indg"v s 1s the permutation representation of H on L(£2).

Therefore, Mackey’s lemma reduces to the decomposition

Res§ L(X) = @D L(Q,). (1.64)
seS

The following is a very important application of Mackey’s lemma.

Theorem 1.6.15 (Intertwining number theorem) In the same hypotheses of
Mackey’s lemma, assume that (o, W) is a representation of H. Then

dimHomG(Indgo, Indgp) = Z dimHomg, (ResgA a, Pg).

ses

Proof We have
dimHomg (Ind% o, Ind$ p) =) dimHom (o, Res$ Ind$ p)

= Z dimHomgy (o, Indgs Os)

ses
=@ Z dimHomg, (ResgA o, Py)
ses

where =, follows from Frobenius’ reciprocity (Theorem 1.6.11) and the
remaining one from Mackey’s lemma. O
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The theory of Gelfand-Tsetlin bases

In this chapter we develop the theory of Gelfand-Tsetlin bases for group
algebras and permutations representations. A peculiarity of our approach is
the description of the algebra of conjugacy invariant functions in terms of
permutation representations, so that a commutative algebra may be related to a
suitable Gelfand pair.

2.1 Algebras of conjugacy invariant functions

2.1.1 Conjugacy invariant functions

The algebras of conjugacy invariant functions in this section were considered
in [10], [118] and by A. A.-A. Jucys [71] and E. P. Wigner in [124] and [125].
A generalization to the compact case was presented in [74].

Let G be a finite group and let H < G be a subgroup. A function f € L(G)
is H-conjugacy invariant if

f(h~'gh) = f(g) forallh e Handg € G.

We denote by C(G, H) the set of all H-conjugacy invariant functions defined
on G. It is an algebra under convolution: if fj, f> € C(G, H) then f| x f, €
C(G, H). Indeed, for g € G and h € H we have

Lfi % £ gh) =) fi(h™" ghs) fo(s™")
seG

(t=hsh™") =" filgh folt™")

teG
= [f1 * f21(8).
If H = G, then C(G, H) is the usual algebra of central functions on G.

59
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We now consider the action of G x H on G defined by

(g, h)-go = ggoh™" 2.1

for all g, go € G and h € H. The associated permutation representation, that
we denote by 7, is given by

[n(g, B f1(g0) = f(g 'goh), (22)
forall f € L(G),g,80€ Gandh € H.

Lemma 2.1.1

(i) The stabilizer of 1 under the action (2.1) is the (G x H)-subgroup H=
{(h,h):h e H}.

(i1) Denote by L(I-NI\(G X H)/I-NI) the algebra of bi-ﬁ-invariamfunctions on
G x H. Then the map

®: L(H\(G x H)/H) — C(G, H)
given by
[P(F)I(g) =|HI|F(g, 15)
for all F € L(ﬁ\(G X H)/ﬁ) and g € G, is a linear isomorphism of
algebras. Moreover,
1Pl = VIHIF | Loxm)- (2.3)
Proof (i) It is obvious that (g, h) - 16 = lg ifandonlyif g =h € H.
(ii) Observe that F € L(G x H) is bi-H-invariant if and only if
F(highy, hihhy) = F(g, h)
for all g € G and h, hy, h» € H. Therefore, if F € L(H\(G x H)/H) and
f = ®(F), we have
f(h™'gh) = |H|F(h™'gh,h™'h) = |H|F(g, 16) = f(g)

showing that f € C(G, H). Moreover,

_ _ 1 _
F(g, )= F(gh™'h,h) = F(gh™', 1) = T 8h h,
and F is uniquely determined by f.
Conversely, if f € C(G, H), then the function F € L(G x H) defined by
setting F(g, h) = #f(gh"), is clearly bi- H-invariant.
This shows that @ is a bijection. Linearity is obvious and (2.3) is left to the
reader.
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We are only left to show that & is multiplicative. Let F;, F, € L(ﬁ \(G x
H)/H). Then

[D(F * F2)I(g) = |H|[F1 x F21(g, 16)
=H|) Y Filgs,HF(s~" h™)

seG heH
=|H|Y Y Fi(gsh™, 1c)Fa(hs ™, 16)
seG heH
sh™ =1 =|H?Y Fi(gt, 16)F(™", 16)
teG
= [®(F1) * P(F2)](8). O

We now decompose the permutation representation 1 (cf. (2.2)) into
(G x H)-irreducible sub-representations. Recall (see Theorem 1.3.17) that any
irreducible representation of G x H is of the form o X p for some irreducible
representations o and p of G and H, respectively. Note also that the adjoint of
Res% o is precisely ResGo”.

Theorem 2.1.2 Let (o, V) € G and (p, W) e H and denote by (p', W) e H
the adjoint representation of (p, W). Given T € Homgx g (o X p, 1), define

T : W — V' by setting
[Twl) = [T @ w)l(le) 2.4)
forallveVandw € W. Then T e Hompy(p, Resfla/) and the map

Homg (o ® p, n) — Hompy(p, Resfjo”)
T—T

is a linear isomorphism.
Proof First of all, note that a linear map 7 : V ® W — L(G) belongs to
Homgx (o X p, n) if and only if
{T(0(g)v) ® (p(Mw)1}(go) = [T (v ® w)I(g™' goh) (2.5)
forallg,go e G,he Hyve Vandw € W.
Therefore, if this is the case, and T is defined as in (2.4), we have
[T p(Hywl(v) = {T[v ® p(Wywl}(1s)
(by (2.5)) =[T(v® w)](h)
(again by (2.5)) = {T[o(h " ® wl}(lc)
= Tw)o(h™" ]
(by (1.6)) = [0’ ()T w](v)
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for all h € H, v € V and w € W. This means that, for all » € H, o’(h)f =
T p(h), thatis T € Homg(p, Resgo’). Note also that again by (2.5), we have

[T ®wlg) = (Tlo(g e wlile) = [Twle@E H). (26
so that T is uniquely determined by T. This shows that the map T +— T is
injective.

It remains to show that this map is also surjective. This follows from the fact

that (2.6) is its inversion formula, that is, given T e Homg (p, Resga’), if we
define T € Hom(V ® W, L(G)) by setting

[T ® w)l(go) = [Twl(o(g;"Hv) 2.7)

forgoe G,ve Vandw € W,then T € Homgxy(c X p, n).
Indeed, if (2.7) holds, we have

(Tl ()v) ® (p(yw)]}(go) = [T p(hywl(o (g5 ' g)v)
(since T € Homy(p, Res$o”)) = [0/ (T wl(o(gy " g)v)
= [Twlc(h "' 9)v)
= [T(v ® w)l(g~'goh)
forallg e G,h € H,v e Vand w € W, thatis (2.5) is satisfied and therefore
T € Homgy (o X p, n). a
From Lemma 1.2.5 we get:
Corollary 2.1.3 The multiplicity of o R p in 1 is equal to the multiplicity of p
inRes%o’.
Giveno € G and pE H, denote by m, , the multiplicity of p in Resga’ (that

is, m, , = dimHomg(p, Res%o’)).

Corollary 2.1.4 The decomposition of n into irreducible sub-representations
is given by

n= @@m/},a(o— X p).
0eG peH

Suppose that H = G. Observe that now (n, L(G)) is a representation of
G x G. We already know that (G x G, CN}) is a Gelfand pair (see Example
1.5.26). We now present the corresponding decomposition into irreducible
sub-representations.

Remark 2.1.5 We can give to (2.7) a more explicit form. Let wy, wa, ..., Wy,
be a basis in W and take v; € V such that9,, = Tw;, j =1,2,..., m, where
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6 is the Riesz map (as in (1.4)). Then (2.7) becomes
[Tw;l(e (g5 " v) = 6,,(0(gy Iv) = (v, 5(g0)v;)-

That is, the set of all matrix coefficients of this form spans a subspace of L(G)
isomorphic to o X p. See also Corollary 2.1.6 and Exercise 2.1.8.

Corollary 2.1.6 ([40]) Suppose that H = G. Then

n=Er Rp.

peCG

Moreover, the representation space of p' X p is M, the subspace of L(G)
spanned by all matrix coefficients ¢(g) = (p(g)v, w)w,, with v,w € W,. In
other words, we have L(G) = @peG M,. In particular, this gives another
proof that (G x G, G) is a Gelfand pair (see Example 1.5.26).

Proof In our setting we have

dimHomg(p, ") Lo
m, , = dimHomg(p, 0’) = )
e 0 otherwise.

Moreover, taking o = p’ and T = Iy, in (2.6), we get T € Homg g (p' X
P, ). Also,

[T©®, ® w)(g) = [p'(g”" )0 1(w)
Gv[p(g)w]
= (p(gw, v)
forallv,w € W, and g € G,sothat T(6, ® w) € M,,.

Since dimM,, = dg (a basis for M, is given by the matrix coefficients (pf i
1 <i, j <d,,see Corollary 1.5.8), then T(W, ® W,) = M,,. O

Exercise 2.1.7 Show that the spherical functlons of the Gelfand pair (G x
G, G) are the normalized characters, namely T —x",p € G.

Exercise 2.1.8 (1) Give a direct proof, by using the properties of the matrix
coefficients, that M, = W/’, ® W, and deduce Corollary 2.1.6.
(2) From (1) deduce Corollary 2.1.4.

Hint. (1) Expand <p,~,j(g_lg0) and ¢; ;j(gog) by means of Lemma 1.1.9.
(2) Analyze Resgig(p’ X p).
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2.1.2 Multiplicity-free subgroups

Definition 2.1.9 Let H bea subgroup of G. We say that H is a multiplicity-free
subgroup of G if for every o € G the restriction ResY, Ho is multlphclty free,
equivalently, if dimHomg (p, Res Ha) <lforallp e Hando €G.

Theorem 2.1.10 The following conditions are equivalent:

(1) The algebra C(G, H) is commutative.
(i) (G x H, H) is a Gelfand pair.
(iii) H is a multiplicity-free subgroup of G.

Proof The equivalence between (ii) and (iii) follows from Corollary 2.1.4 and
from the definition of Gelfand pair. The equivalence between (i) and (ii) follows
from Lemma 2.1.1 and Corollary 1.5.23. O

The equivalence between (i) and (iii) was estabilished by Wigner in [124].
Another proof of this equivalence will be presented at the end of Section 7.4.6.

Remark 2.1.11 (a) When H = G the conditions in the previous theorem
always hold true. Indeed C(G, G) is the space of central functions, that is,
the center of the algebra L(G) (cf. Remark 1.5.1) and therefore it is com-
mutative. (ii) corresponds to Example 1.5.26, while (iii), namely that G is a
multiplicity-free subgroup of itself, is trivially satisfied.

(b) On the other hand, when H = {15}, the conditions in the previous
theorem are equivalent to G being Abelian. Indeed L(G) is commutative if
and only if G is commutative. Moreover, one has C(G, {15}) = L(G) and
L{(1g, 1c)I\(G x {1})/{(1g, 16)}) = L(G). Finally, (iii)) amounts to say
that all irreducible representations of G are one-dimensional; this is clearly
equivalent to the algebra A(G) (and therefore, by Theorem 1.5.11, to L(G))
being commutative.

Proposition 2.1.12 (G x H, H ) is a symmetric Gelfand pair if and only if for
every g € G there exists h € H such that hgh™" = g~ (that is, every g € G is
H -conjugate to its inverse g~'). Moreover, if this is the case, then C(G, H) is
commutative and H is a multiplicity-free subgroup of G.

Proof The pair (G x H, ﬁ) is symmetric if and only if forall (g, h) € G x H
there exist i, hy € H such that
= hihh,

(2.8)
gil = /’llg/’lz.

Taking i = 1 we get hy = h;' and therefore g~ = h gh "
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Conversely, suppose that every g € G is H-conjugate to g~'. Then, for
(g,h) € G x H,lett € H be such that (gh~")~! = t(gh~")¢t~'. We can solve
the system (2.8) by setting &y = h~'t and hy = h= 't~ 0

Exercise 2.1.13 Show that if (G x H, H) is a Gelfand pair, then the spherical
function associated with the representation o X p is given by

1 -
Po.(8) = Th > x7(ghy- x*(h)
heH

(we identify the double cosets in H \(G x H)/ H with the H -conjugacy classes
in G; note that the right hand side does not depend on the particular element g
but only on its H-conjugacy class).

[Hint. Use Exercise 1.5.28.]

2.1.3 Greenhalgebras

In this section, we present a generalization of the theory of subgroup-conjugacy-
invariant algebras and the related Gelfand pairs. Following Diaconis [27], we
call them Greenhalgebras, since they were studied in A. Greenhalgh’s thesis
[53]. They were also considered by Brender [11] (but Greenhalgh considered
a more general case).

Definition 2.1.14 Let G be a finite group and suppose that K and H are two
subgroups of G, with K I H < G. The Greenhalgebra associated with G, H
and K is

G(G,H,K)={f € L(G) :f(h~"gh) = f(g) and f(kigk) = f(g),
VgEG, hGH, kl,kQGK}.

In other words, G(G, H, K) is the set of all functions defined on G that are
both H-conjugacy invariant and bi-K -invariant.

Set X = G/K. Then the group G x H acts on X by the following rule:
(g.h) - oK = ggoh™' K (2.9)
(note that, if g, go € G, h € H and k € K, then

(g.h) - gokK = ggoh™'hkh™'K = ggoh™'K,
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forallg € G and h € H, because K < H and therefore (2.9) does not depend
on the choice of gy € goK). This clearly generalizes the case K = {15}
considered in Section 2.1.1. We still denote by 7 the associated permutation
representation:

[n(g, W) f1(goK) = f(g ' gohK)

with f € L(G/K),g, 80 € Gandh € H.
Also, Lemma 2.1.1 generalizes as follows:

Lemma 2.1.15

(1) The stabilizer of K € G/K under the action of G x H is the group B =
(K x {IG})ﬁ = {(kh,h): ke K,h € H}.

(i1) The map

@ : L(B\(G x H)/B) — G(G, H, K)
given by
[®(F)](g) = |HIF(g, 15)
forall F € L(B\(G x H)/B)and g € G, is a linear isomorphism of alge-

bras. Moreover,

1)) = VIHIIFllLxm)- (2.10)

Proof (i) We have (g, h)K = K if and only if gh~!' € K, that is if and only if
(g, h) = (kh, h) for some k € K.

(ii) The proof is the same as that in (ii) of Lemma 2.1.1 with the same
correspondence . Just note that if f = ®(F) then F satisfies F'(k; gk, h) =
F(g, h) if and only if f satisfies f(k;gk,) = f(g), forall g € G, h € H and
kl, k2 e K. O

Now we determine the multiplicity of an irreducible representation o X 6 €
GxH=GxH (see Theorem 1.3.17) in the permutation representation 7.
First we examine the case G = H. To this end, we introduce a new notion:
if y is a representation of the quotient group H/K, its extension to H is the
representation y given by:

y(h) =y (hK)

for all # € H. In other words, we have composed y with the projection 7 :
H — H/K:

y=yn:H> H/K 5 GL(V,).
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Clearly, is irreducible if and only if y is irreducible. Moreover, if we set
H xk={pe€ H : Res? x P = (dimp)tx } (where (g is the trivial representation of
K), then

ﬁ( d ﬁ[(
y BV
is clearly a bijection.

Proposition 2.1.16 Denote by a the permutation representation n in the case
G = H. Then the decomposition of « into irreducible (H x H)-representations

is given by
o= EB (o X p").

Peﬁk
Proof Start with Corollary 2.1.6 applied to the group H/K: if 8 is the permu-
tation representation of (H/K) x (H/K) on L(H/K) defined by setting

[B(hi K, oK) fI(hK) = f(hy'hh2K)
forall hy, hy,h € H and f € L(H/K), then

P vry)

yeH/K

is its decomposition into irreducible representations (note that for this decom-
position one may give a proof that does not use Theorem 2.1.2; see Exercise
2.1.8). The extension of B to H coincides exactly with «, and this yields
immediately the proof. O

Now we are in position to deal with the general case G > H. We recall that
given a representation p we denote by p’ the corresponding adjoint represen-
tation (see Section 1.1.5).

Theorem 2.1.17 Foreveryo € 6andp € ﬁK, denote bym,, , the multiplicity
of p' in Resgo. Then the decomposition of 1 into irreducible representations is

n= @ @ mp,(r(a X p)-

066 pGﬁK
Proof First note that the stabilizer of K € H/K under the action of H x
H coincides with the stabilizer of K € G/K under the action of G x H: in

both casesitis B < H x H < G x H. Then applying transitivity of induction
(Proposition 1.6.6) and Example 1.6.4 we can write

dGXH

n:In G dGXHIndHXH

tg =Indj; L =Indng(x
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Note also that, by Frobenius reciprocity (Theorem 1.6.11), we have

Ind% o' = @m[,,go

0eG

for all p € Hy. Switching p with p’ (p € Hx < p’ € Hg) we can write the
decomposition in Proposition 2.1.16 in the form

a= P X
Péﬁk
and therefore
')Z@ @mp,a(agp) g
0eG peHy

Exercise 2.1.18 Give a proof of Theorem 2.1.17 along the lines of Theorem
2.1.2 and Corollary 2.1.3.

Theorem 2.1.19 The following conditions are equivalent:

(1) The algebra G(G, H, K) is commutative;

(ii)) (Gx H,B)isa Gelfandpalr
(iii) for everyo € G and pE HK, the multiplicity of p in RCSHO' is<1;
(iv) for everyo € G and pE Hy, the multiplicity of o in Ind%, ppis < 1.

Proof The equivalence of (ii) and (iii) follows from Theorem 2.1.17 (noting
again that p € ﬁK if and only if p’ € ﬁK). The equivalence of (i) and (ii)
follows from Lemma 2.1.15. Finally (iii) and (iv) are equivalent by virtue of
Frobenius reciprocity (Theorem 1.6.11). O

Exercise 2.1.20 Suppose that G(G, H, K) is commutative. Show that the
spherical function associated with the representation o X p has the follow-
ing expression:

0rp(8: 1) = re H| Z > x°(gkn) - x? ().
teH keK
Compare with Exercise 2.1.13.

We end this section by examining the symmetric Gelfand lemma (see Proposi-
tion 1.4.8) in the present context.

Proposition 2.1.21 (G x H, B) is a symmetric Gelfand pair if and only if for
any g € G there exist ki, ky € K and hy, € H such that

¢ =kihighy k.
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Proof The proof is the same of that of Proposition 2.1.12: just replace g~!

highy with g_1 = kihgkyho, t with k1h; and =1 with h;lkg. O

2.2 Gelfand-Tsetlin bases

2.2.1 Branching graphs and Gelfand-Tsetlin bases
Let G be a group. A chain

GIZ{IG}SGZS"'SGn—IfGnS"’ (2.11)

of subgroups of G is said to be multiplicity-free if G,_; is a multiplicity-free
subgroup of G, for all n > 2. Note that, by Remark 2.1.11.(b), if (2.11) is
multiplicity-free, then G is necessarily Abelian.

The branching graph of a multiplicity-free chain (2.11) is the oriented graph
whose vertex setis Gy [ [G2[]---]] Gny [1G,]]--- and whose edge set is

{(p,0):p € (/?;,cr € (Tn: s.t.o < Resgqu,n =2,3,...}L

We shall write p — o if (p, o) is an edge of the branching graph.

From Theorem 2.1.10 we have that (2.11) is multiplicity-free if and only if
the algebra of G,_;-conjugacy invariant functions on G, is commutative. Let
(p,Vy) € é\n If (2.11) is multiplicity free then

Gy _
ResGH V, = @ Vs
0€G,1:
p—>0
is an orthogonal (by multiplicity freeness) decomposition. Iterating this decom-
position we obtain that if o € G,_; then the decomposition

is again orthogonal.

Continuing this way, after n — 1 steps (the last one corresponding to restrict-
ing from G, to G), we get sums of one-dimensional trivial representations. To
formalize this, denote by 7 (p) the set of all paths T in the branching graph of
the form:

T =(p=py— pn-1—> Pu—2 —> -+ —> p2—> 1) (2.12)
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where p, € G, fork =1,2,...,n — 1. Then we can write
Vp= @ Voo = @ @ Voo =1 = @ Vo (2.13)
pn—lea:: pn—lea:: p/x—ZEEr:—\Z: TeT(p)
P—> Pn—1 P—>Pn-1  Pn—1">Pn-2

In the last term of (2.13) each space V,, is one dimensional. We thus choose,
for each T' € T (p), a vector vy in the corresponding space V,, with [vr| =1
(note that vy is defined up to a scalar factor of modulus one). Thus, (2.13) may
be rewritten in the form

V,= @ <vr>, (2.14)
TeT(p)

that is, {vy : T € 7 (p)} is an orthonormal basis of V. It is called a Gelfand—
Tsetlin basis of V,, with respect to the multiplicity-free chain (2.11). Note that if
0 e 5; ,1 <k < n — 1, then the multiplicity of 6 in Resgz p equals the number
of paths from p to 6 in the branching graph. Moreover, the procedure in (2.13)
gives an effective way to decompose the Vjy-isotypic component in Resg:p
into orthogonal Gy-irreducible sub-representations (each isomorphic to Vjp).
Indeed, with each path from p to 6 one associates a unique component Vj of
V,; moreover, for distinct paths, the corresponding components are mutually
orthogonal.

For j = 1,2, ..., nwedenote by 7;(p) the set of all paths S in the branching

graph of the form:
S=(p=0, —> 041 > Oy —> -+ —> Tjy| —> 0}) (2.15)

where o} € (/?\k fork=j,j+1,...,n— 1. In particular, 7;(p) = 7 (p). For
T € T(p) of the form 2.12 we denote by T; € 7;(p) the path

Ti =(0=pPu = Pn-1~—> Pp2—> "+~ Pj+1 —> ;Oj)~ (2.16)

We call T; the jth truncation of T.
For1 < j <nand S € 7;(p) we set

Vs= @ V,. (2.17)

TeT(p):
T;=S

Note that if we set

ps = [Res¢ pllv (2.18)
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then (ps, Vs) is G j-irreducible and, in fact pg ~ p;. Also, Vr = Cur, for all
T € 7(p). Finally, we have

V,= P vs (2.19)
SeT;(p)
and (2.13) becomes
V,= @@ vr= P Cor. (2.20)
T€T(p) TeT(p)

Let je{l,2,...,n}andlet S € Tj(p) and T € 7 (p). Then S = T if and
only if vy € Vs.

2.2.2 Gelfand-Tsetlin algebras

Let H be asubgroup of G. For f € L(H)we denote by fg € L(G) the function
defined by

G flg) ifgeH
= 2.21
Ji(8) 0 otherwise. ( )
Note that if H < K < G then (ff)% = £S, (fi * /)5 = (A1) * (LG

and (o1 fi + 02 £2)§ = a1(f1)% + aa( )% for all f, fi, f» € L(H) and «y,

oy € C.
Moreover,
P =) [5(@p(@) =) f(pth) =) f()Resfp(h) = (Resf;p)(f)
geG heH heH

2.22)
for all p € G and f € L(H). This way, we regard L(H) as a subalgebra of
L(G). By abuse of notation, unless otherwise needed, we shall still denote by
f its extension f.

Definition 2.2.1 We denote by Z(n) the center of the group algebra L(G,),
that is, the subalgebra of central functions on G,.. The Gelfand-Tsetlin alge-
bra G Z(n) associated with the multiplicity-free chain (2.11) is the algebra
generated by the subalgebras

Z(), ZQ), ..., Z(n)
of L(G,).

Theorem 2.2.2 The Gelfand—Tsetlin algebra GZ(n) is a maximal Abelian
subalgebra of L(G,). Moreover, it coincides with the subalgebra of functions
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f € L(G,) whose Fourier transforms p(f), p € é:, are diagonalized by the
Gelfand-Tsetlin basis of V,,. In formulas:

GZn) ={f € L(G): p(f)vr € Cvr,forall p € @ and T € T(p)}.
(2.23)

Proof First of all we have that GZ(n) is commutative and it is spanned by the
products

Jirx fask-ox f
where f; € Z(k) forall k =1,2,...,n. Indeed, if f; € Z(i) and f; € Z(j),
with i < j, then f; x f; = f; * f; as f;, € L(G;) C L(G;) and f; is in the
center of L(G ).
Denote by A the right-hand side of (2.23). From the multiplicativity property

of the Fourier transform (cf. (1.38)) it immediately follows that 4 is an algebra.
For f; € Z(j),p € G,and T € T(p), set S = T;. Then

p(fvr =Y fi(@)p(@)vr

geG

(because f; € L(G})) = Y fi(®)Resg pl(g)vr
geG/-

(because vr € Vs and by (2.18)) = > f;(g)ps(g)vr

geG/-

= ps(fjvr
(by Lemma 1.3.13) = «avr,

(2.24)

where @ = ay 5, € C. This shows that Z(j) € A so that GZ(n) € A.

To end the proof it suffices to show that A C GZ(n). Let p € é; and
let T € T(p),say T = (p = py —> Pu_1 —> -+ —> p1). By virtue of Theorem
1.5.11 we can choose f; € L(G;), j =1,2,...,n, such that

o(fj) = {IV/G ifo =p;

0 otherwise

forallo € é\J Arguing as in (2.24), we have that the function

Fri=fix fox---xf,
satisfies
%8 ifS=T

(Fr)vs = (2.25)
PETIUS {0 otherwise

forall S € 7(p).
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It follows that {Fr : T € T(p), p € é\n} is a basis for A, and therefore
A C GZ(n).

In view of Example 1.2.12, A is a maximal Abelian subalgebra of L(G,)
because (Theorem 1.5.11)

L(G,) = €D Hom(V,. V,) = @ My, .4,(O). -

0eG, peG,

Corollary 2.2.3 Every element vy, T € T(p), in the Gelfand-Tsetlin basis
of V, (see (2.14)) is a common eigenvector for all operators p(f) with f €
GZ(n). In particular, it is uniquely determined, up to a scalar factor, by the
corresponding eigenvalues.

Proof The last statement follows immediately from the existence of the func-
tions Fr in G Z(n) such that (2.25) holds. O

Denote by 7, : V, — L(G) the intertwining operator associated with the
vector vy, as in Theorem 1.5.4. Using Exercise 1.5.18, prove the following
alternative characterization of G Z(n).

Exercise 2.2.4 The Gelfand-Tsetlin algebra G Z(n) is isomorphic to the alge-
bra of all convolution operators W, f € L(G), such that for all p € E};
and T € 7(p), 7,,(V,) is an eigenspace of W; (where Wr¢ = ¢ x f for all
¢ € L(G)).

Now suppose that f|, f2, ..., f, belong to GZ(n), and denote by X; the
convolution operator associated with fi: X;¢ = ¢ * f; for all ¢ € L(G) and
i=1,2,...,n.Clearly, forall p € é\,,, T € T(p)and 1 <i < n, there exists
o, 1 € Csuch that p(f;)v) = a, 1,7, where v} is the GZ-vector associated
with the path T € 7(p). From Exercise 2.2.4 and Exercise 1.5.18.(2), we
deduce that this is equivalent to the following condition: ¢, 7 ; is the eigenvalue
of X; relative to 7,,,(V,).

When the map

(0, T) > (0t 7,1, Qp, T2 -+ -1 0p T.0)

with p € é\,, and T € T (p) is injective (this means that the values (c, 7,i)!_,
uniquely determine p and T'), we say that fi, f>, ..., f, separate the vectors
of the GZ-bases {v} : p € G,, T € T(p)}, or that they separate the subspaces
in the decomposition into irreducibles

LG = D Ty

0€G,, T€T(p)
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Exercise 2.2.5 Prove that if the functions fi, f, ..., f, € GZ(n) separate the
vectors of the GZ-bases then the set {81, fi, f2, ..., fa) generates GZ(n) as
an algebra.

Hint: for p € (/;; and T € 7(p), we define F, 7 as the convolution of all
functions of the form:

fi — 5561,
b

®p,T,i — Qg,58,i

forallo € é\,,, S € 7T (o) such that (o, S) # (p, T)and all 1 < i < n such that
Qg,5,i 7 Op 1,i- Show that F, 7 is as in (2.25).

Remark 2.2.6 In general, we must add 6;, to fi, f2, ..., f, in order to get a
generating set. For instance, we may have a pair (o, T') such that o, 7; =0,
fori =1,2,...,n, and in this case no polynomial in fi, f, ..., f, (without
81,) could give a function with the properties of F, 7.

We end this section by showing that the Gelfand—Tsetlin algebra GZ(n) of a
multiplicity-free chain (2.11) contains the algebra of G,,_;-conjugacy invariant
functions on G,,.

Proposition 2.2.7 Let G| < G, <--- < G,_1 < G, be a multiplicity-free
chain of groups. Then GZ(n) 2 C(G,, G,_1).

Proof First note that f € C(G,, G,—1) if and only if f %8, = §, * f for all
h € G,_;. This implies that if p € G, then

p(Mp(f) = p@n* ) = p(f * &) = p(flph),
that is,
p(f) € Homanl(Resg’n’ilp, Resg:qp).
Since Resgll p is multiplicity-free,
p(fHVe € Vs (2.26)

forall f € C(G,, Gy_1)and o € G,_y, with V, < V.

Observe now that if f € C(G,, G,_1), then f € C(G,, Gi) forallk =n —
2,n —3, ..., 1. Therefore, iterating the above argument, the relation (2.26),
when o € é\l , implies that every vector vy of the Gelfand-Tsetlin basis is
an eigenvector of p(f). This shows C(G,, G,,_1) C A (the right-hand side of
(2.23)) and by the previous theorem this completes the proof. d
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2.2.3 Gelfand-Tsetlin bases for permutation representations

Let G be a finite group, K < G a subgroup and set X = G/K. Denote by (g
the trivial representation of K, so that Ind§ (x is the permutation representation
of G on L(X).

We say that a subgroup H with K < H <G is multlpllaty -free for the
pair (G, K) if for every irreducible representation 6 € H contained in Ind¥k,
the induced representation IndG 6 is multiplicity-free. By Frobenius reciprocity
(Theorem 1.6.11), this condition on 6 is equivalent to the following: for every
o€ 6, the multiplicity of 6 in Resga is <1 (and it suffices to check this
condition for those o € G that contain non-trivial K -invariant vectors).

For H = K we have that K is multiplicity-free for (G, K) if and only if the
latter is a Gelfand pair; for K = {15}, H is multiplicity-free for (G, {15}) if
and only if H is a multiplicity-free subgroup of G.

A multiplicity-free chain for the pair (G, K) is a chain of subgroups

G=H,>H, >--->H>H =K (2.27)

such that H; is a multiplicity-free subgroup for the pair (H;yi, K), j =
1,2,...,m — 1. In particular (H,, K) is a Gelfand pair.

Denote by H; the subset of H; formed by those irreducible representations
containing non-trivial K -invariant vectors (with H; = {tx}). The Bratteli dia-
gram associated with the chain (2.27) is the oriented graph whose vertex set is
the disjoint union [ [, {; and whose edge set is

m—1
H.:
[ [{0,6) € Hjp1 x H; : 6 <Res,/" o).
j=1
We also write ¢ — 0 to indicate that (o, 0) is an edge. For every p € H,, (this

means that p € G and it is contained in IndgL k) let 7(p) be the set of all paths
of the form

T =(p=pn—> Pu-1—>Pu-1—> Pm—2-""—> P2 —> p1 = {tx}).
By transitivity of induction, we may consider the following chain:
Ind$ix = Indjy" Indg" - Indjyi. (2.28)

Ateach stage, the induction of a single irreducible representation is multiplicity-
free. Then, for p € H,, and T € 7,, we can construct the following sequence
of spaces: V,, r = Cis the space of tx; V., 7 is the subspace of Inde*' Vo, T
that corresponds to pj, j =1,2,,...,m — 1. We set Vr :=V, . Clearly, if
T\, T, € T(p) and T| # T», then V7, is orthogonal to Vy, (at some stage of
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(2.28), they come from inequivalent orthogonal representations) and

@ Vr (2.29)

TeT(p)

is the orthogonal decomposition of the p-isotypic component of L(X) (with
X =G/K).
On the other hand we have the reciprocal chain:

G _ H) Hj Hy,
Resg V, = ResyResy, ---Resy" V),

where V, is the space of p (here we think of V), as an abstract space, it is not
contained in a homogeneous space).
Again, if T € 7T (p), we can construct a chain of subspaces of V,,

V=V 2V 1 2Vy22---2WV 2V (2.30)

by requiring that V; is the subspace of Rest*' Vi1 corresponding to pj,
j=m—1,m—2,...,1. Then we can choose a unitary vector wr € V|
(which is one-dimensional) and this is clearly a K-invariant vector in V,,.
Moreover the set {wy : T € 7(p)} is an orthogonal basis for VpK (the sub-
space of K-invariant vectors in V,). It is called the Gelfand—Tsetlin basis (or
adapted basis) for VpK associated with the multiplicity-free chain (2.27). The
associated decomposition of L(X) (see Corollary 1.4.14) is the Gelfand—Tsetlin
decomposition of L(X).

Clearly, the Gelfand-Tsetlin basis is strictly connected with the decompo-
sition (2.30); to obtain the connection we need a preliminary lemma. For the
moment, suppose that G > H > K. Set X = G/K and identify Z = H/K
with a subset of X this way, if xo € X is a point stabilized by K then xo € Z
and K is also the stabilizer of x¢ in H. Suppose that S is a system of represen-
tatives for H in G, so that G = | [, _¢ s H (and therefore X = | [ _¢sZ). Note
also that L(X) = IndZL(Z ), by transitivity of induction.

Let (o, V) be an irreducible representation of G and W an H -invariant,
irreducible subspace of V. Denote by (8, W) the irreducible H-representation
Resga restricted to the space W. If wy € W is K-invariant, then, by means
of (1.24), we can form two distinct intertwining operators: S, : W — L(Z)
(H-invariant) and 7,,, : V — L(X) (G-invariant). In other words,

d
(Suyw)(hxp) = I79|<w, O(h)ywo) w
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forallh € H and w € W and

(Tw,w)(gxo) = %(v, o(g)wo)y

forallg e Gandv € V.

By Lemma 1.6.2, Inngwo(W) is a well-defined subspace of L(X)=
IndgL(Z ). Namely, if A is the permutation representation of G on L(X), then
we have L(X) = [ [,.q *(s)L(Z) and

ses

Ind§;S,,, (W) = @D A5)Su, (W). (2.31)

ses

Lemma 2.2.8 The operator T, intertwines V with the subspace Inngwo(W).
In particular, T,,,(V) is contained in InngwO(W).

Proof Denote by Py : V — W the orthogonal projection onto W. Suppose
that x € X and x = shxg, withs € Sand h € H. By (1.24), forany v € V we
have

(o8

(Toy0)(x) = (T v)(shxo) = (v, o ()0 (h)wo)y
(o (s~ v, B(ywe)v

(Pwo (s, O(hywo)w

Z\d, _
= i (SulPuots™ul} o)
(x =shxp) = :}Z('ff;;-{Ms)[Sm(Pwo(s*l)v)]}(x),

that is, 7,0 € A(5)Sy,(W). By (2.31), this shows that 7,,,v € Ind%S,,(W). O

Lemma 2.2.8 may be summarized by the following diagram (where the sym-
bol — means inclusion); the content of the Lemma is precisely the inclusion
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Ty (V) = Ind$ S, (W):
Ty
V —> T (V) Ind$ S,,,, (W) L(X)

Tlndg Tlndf,

wy € WKC w = Suy(W)— L(2).

(9]

Returning to the multiplicity-free chain (2.27), we have:

Theorem 2.2.9 For T € T (p) let St be the intertwining operator associated
with the K -invariant vector wr.Then St(V,) = Vy,where Vris as in (2.29).

Proof This may be proved by a repeated application of Lemma 2.2.8. Let
Vin 2 Viu—1 2 --- 2 Vj be as in (2.30). Denote by S(Tj) :V; — L(H;/K) the
intertwining operator associated with wr (which is a K-invariant vector in
all subspaces in (2.30)), j =1,2,...,m. Then Lemma 2.2.8 ensures that
S(Hl)(VJH) C Ind ’“S(J)(V ). But th1s is precisely the definition of V, _, r.
Certainly, at the first step we have S( )Vl = V,, r and therefore S(] ) Vi=Vyr
for j =2,3,...,m. The case j = m is exactly what we had to prove. O



3
The Okounkov—Vershik approach

This chapter is based on the papers by Okounkov and Vershik [99, 100] and
Vershik [120]. For a nice short presentation we refer to [104]. We have also
benefited greatly from the book by Kleshchev [73]. Our exposition is just a
slightly more detailed treatement of the orginal sources, though we have also
added a new derivation of Pieri’s rule (Corollary 3.5.14) and Young’s rule
(Section 3.7.2 and Section 3.7.3).

3.1 The Young poset

In this section, we introduce some basic algebraic and combinatorial tools
necessary for the representation theory of the symmetric group.

3.1.1 Partitions and conjugacy classes in G,

Let G, be the symmetric group of degree n, that is, the group of all permutations
of the set {1,2,...,n}.

We recall some basic facts on G,, and its conjugacy classes (see the books
by Herstein [59], Hungerford [61] and Lang [76]).

A permutation y € S, is called a cycle of length ¢, and we denote it by
y=(a,a,...,a),withl <a; #a; <nforl <i#j<t,if

via) =ar, y(@) =as,...,y(a-1) = a;, y(a) = a
and
y(b)=0b ifbe{l1,2,...,n}\{a1, a, ..., a).

79
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Two cycles y = (ay,az,...,a,) and 6 = (b1, by, ..., by) with {ay,ay, ...,
ayN{by, by, ..., by} =0 are said to be disjoint. It is clear that two disjoint
cycles y and 6 commute: y6 = 0y.

Remark 3.1.1 Another useful notation for the cycle (aj, az, - .., a;) is
(ay = ay — -+ — a, = ay).
It will be widely used in Section 3.2.2.

A transposition is a cycle of length 2.
Every m € G, may be written as a product of disjoint cycles:

w=(ai,ay,...,a,)b1,by,....by,)---(c1,¢2,...,Cu)

where the numbers ay, as, ..., a,,,b1,b2,...,b,,,...,c1,C2,...,cy form
a permutation of 1,2, ..., n. We may suppose that u; > u, > --- > up >0
(and clearly g + o + - - - + px = n).

Givenapermutationt € G,,,anelementi € {1, 2,...,n}suchthatz (i) =i
is called a fixed point for w. Note that if i is a fixed point for 7, then in the
cycle decomposition of i, i appears in a cycle of length one.

If o is another permutation in &,, then

omo ! = (o(a1),0(az),...,o(a, ) o), o(b),...,0(by,)) -
c(oler),o(c2), ... 0(cy)). (3.1)

We think of permutations as bijective functions m,o0 : {1,2,...,n} —
{1,2,...,n}, so that the cro~!-image of a is oo~ (a).

From (3.1) it follows that two elements 7, 7’ € G,, are conjugate if and only
if they have the same cycle structure, that is, if and only if

7'[’=(ai,aé,...,ail)(b/,b;,...,b;z)'u(c’l,c’z,...,c;h)
withh =kand A; = yu; foralli =1,2,...,k.

Definition 3.1.2 Let n be a positive integer. A partition of n is a sequence
A= (A1, A2, ..., Ay) of positive integers such that Ay > X, > --- > A, and
A+ X+ -+ A, = n. We then write A - n.

From the above discussion we have:

Proposition 3.1.3 The conjugacy classes of S,, may be parameterized by the
partitions of n: if A = n, then the conjugacy class associated with A consists of
all permutations m € &, whose cycle decomposition is of the form

T = (ahaZ’ -'~sa)»1)(b1’b2’ ~~-7bk2)"'(cl302’ "'70)\.]1)‘
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3.1.2 Young frames

LetA = (Aq, A2, - .., Ap) be a partition of n. The Young frame associated with A,
also called the Young frame of shape 1., is the array formed by n boxes with / left-
justified rows, the ith row containing exactly A; boxes foralli =1,2,..., h.
In particular, such a Young frame has exactly A columns.

For example, the Young frame associated with the partition A = (4,3, 1) - 8
is shown in Figure 3.1.

Figure 3.1

The rows and the columns are numbered from top to bottom and from left
to right, like the rows and the columns of a matrix, respectively. This way, we
have a system of coordinates for the boxes as in Figure 3.2.

(1,1) [ (1,2) | (1,3) | (1,4)

Figure 3.2

In the Young frame associated with the partition A = (Ay, Ao, ..., Ap) F 1,
the box of coordinates (i, j) is said to be removable if in the positions (i + 1, j)
and (i, j + 1) there is no box; equivalently, eitheri < h and j = A; > X;4, 0r
i = h and j = X;. This means that, removing such a box, the corresponding
reduced frame is still a Young frame, associated with a partition A’ - n — 1.

Similarly, we say that the position (i, j) is addable if ., = j — 1 < A;_; or
i =h+1and j = 1. This means that if we add a box in position (i, j), then
we obtain a Young frame associated with a partition of n + 1 (see Figure 3.3).

3.1.3 Young tableaux

Let A F n be apartition of n. A (bijective) Young tableau of shape A is a bijection
between the boxes of the Young frame of shape XA and the set {1,2,...,n}. It
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Figure 3.3 The X denote the removable boxes, the * the addable boxes.

is represented by filling the above boxes with the numbers 1, 2, ..., n, each
number in exactly one box. For instance, in Figure 3.4 we present a Young
tableau of shape (4, 3, 1).

3151216
41811
7

Figure 3.4

A Young tableau is standard if the numbers filled into the boxes are increas-
ing both along the rows (from left to right) and along the columns (from top
to bottom). The Young tableau in Figure 3.4 is not standard, while the one in
Figure 3.5 is.

112 /5|7
3146
8 |

Figure 3.5

We observe that in a standard Young tableau, the number 1 is always in
position (1, 1), while n is always in a removable box.
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For any partition A - n, we denote by Tab(A) the set of all standard tableaux
of shape X. Finally we set

Tab(n) = U Tab(L).
An

3.1.4 Coxeter generators

A distinguished set of generators for the symmetric group &, consists of the
adjacent transpositions

si=G,i+1) i=12...,n—1. (3.2)

These are also called the Coxeter generators of G,,; the fact that they generate
G,, will be proved in Proposition 3.1.4.

Let 7 be a Young tableau of shape A and take w € &,. Then, we denote by
7 T the tableau obtained by replacing i with w(i) foralli = 1,2, ...,n. Asan
example, if 1 = (316784)(25) € Gg, then, denoting by T the Young tableau in
Figure 3.4, we have that 7 T is the (standard) Young tableau in Figure 3.5.

If T is standard, we say that an adjacent transposition s; is admissible for T
if s; T is still standard. It is easy to see that s; is admissible for T if and only if
i and i + 1 belong neither to the same row, nor to the same column of 7.

Given w € G, an inversion for & is a pair (i, j) with i, j € {1,2,...,n}
such thati < j and 7 (i) > 7 (j). We denote by Z(rr) the set of all inversions
in 7 and by

) = |Z(m)]

the number of inversions of 7.
The Coxeter length of 7 is the smallest integer k such that 7 can be written

as a product of k Coxeter generators, that is, w = s;,8;, - - - 8j, -

Proposition 3.1.4 The Coxeter length of 1 € S,, equals (7).

Proof We first observe that for any w € &, one has

tors) !ﬂ(n) —1 ifG,i+1) eI 53
Uy + 1 ifG,i+1) ¢ I(n).

For,if k € {1,2,...,n}and k # i, i + 1, then there are three possibilities:

o (k) <min{m (i), 7(i + 1)} =:i_
o w(k) > max{n(@), 7( + D} =iy
o i <mk) <is.
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Therefore each of the pairs (k, i), (k, i + 1), (i, k),and (i + 1, k) is an inversion
for 7 if and only if it is an inversion for ms;. On the other hand, it is obvious
that (i,7 + 1) € Z(zw) if and only if (i, + 1) ¢ Z(rws;).

This shows that the Coxeter length is bounded from below by £(rr). Indeed,
if m = s;,8, ---s;, 1s a minimal representation of 7 as a product of Coxeter
elements, then by (3.3)

L) = L(si i, -85, ) £ 1< U(si 80, -85, )+1=<--- < k.

We now show that 7w can always be expressed as the product of () adjacent
transpositions.
Let j, € {1,2, ..., n}be such that 7 (j,) = n. Set

Tp = TS, 8j,+1 """ Sn—1
so that r,,(n) = n. We have that
Umy) = () — (1 — Jn). (3.4)

Indeed, by (3.3), €(7r,5,—1) = £(7,) + 1. For the same reason, £(7,,8,—18,—2) =
L(mysp—1) + 1 = £(,) + 2. Continuing this way, one finally gets (3.4).

Now observe that denoting by ¢; the number of inversions relative to Sy
(acting on {1, 2, ..., k}) we have that £,(c) = {;(o) for all 0 € G, such that:
o()=ifori=k+1,k+2,...,n.

By induction, we have that , can be expressed as a product of ¢, _; ()
adjacent transpositions and by (3.4) we are done. O

For A = (A1, Az, ..., Ax) F n we denote by T the standard tableau of shape
A, shown in Figure 3.6,

A+ +2 - e A+

Figure 3.6

wherexk_l :)Ll +)\.2+"‘+)\.k_1 + 1.
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If T € Tab(A) we denote by ny € G, the unique permutation such that
7TTT = T)L.

Theorem 3.1.5 Let T € Tab()\) and set£ = £(xy). Then there exists a sequence
of £ admissible transpositions which transforms T into T*.

Proof Let j denote the number in the rightmost box of the last row of T'. If
Jj = n, then, as this box is removable, we can consider the standard tableau 7"’
of shape A" = (A1, A2, ..., Ax — 1) F (n — 1) obtained by removing that box.
Then applying induction to 7’ one finds a sequence of £’ = ¢(7r7/) admissible
transformations which transform T’ into T*'. It is clear that the same sequence
transforms 7 into 7% and that ¢ = ¢. Suppose now that j # n. Clearly, s; is

admissible for 7. Similarly, s;; is admissible for s;T,..., s,— is admissible
for s,—p---5j415;T. Now, s,_15,—2 - - - s; T contains n in the rightmost box of
the last row of T and one reduces to the previous case. O

Corollary 3.1.6 Let T, S € Tab()). Then S may be obtained from T by apply-
ing a sequence of admissible adjacent transpositions.

Remark 3.1.7 In the proof of the above theorem, we have obtained a stan-
dard procedure to decompose 77 as a product of £(77) admissible adjacent
transpositions. We shall use it in what follows.

3.1.5 The content of a tableau

Let T be a Young tableau of shape A = (A, Az, ..., Ax) - n. We denote
byi:{1,2,....,n} = {1,2,...,k}and j : {1,2,...,n} = {1,2,..., A} the
functions defined by setting i(#) and j(¢) to be the row and the column of T
containing ¢, respectively. For instance, for the tableau in Figure 3.4 we have
i(6) =1 and j(6) = 4, while for the tableau in Figure 3.5 we have i(6) = 2
and j(6) = 3.

The content of T is the vector in Z" given by

CT) =M —i), j2) =i, ..., j(n) —in)). (3.5)

For instance, for the tableau 7T in Figure 3.4, C(T) = (1, 2,0, -1, 1,3, =2,
0) while, for the tableau 7’ in Figure 3.5, C(T’) = (0,1, —1,0,2, 1, 3, —=2).
Note that, in both examples, the components of the respective contents are the
same, modulo an exchange of positions.

In other words, given a box of the Young frame with coordinates (i, j)
we define the quantity c(i, j) := j —i. Also, we denote by (i(k), j(k)) the
coordinates of the box of the tableau 7 containing the number k. Then
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we have

C(T) = (c(i(D), j(1)), c(i(2), j(2)), ..., ci(n), j(n))).

For instance, the partition A = (4, 3, 1) determines the numbers c(i, j) shown
in Figure 3.7.

0123
—-1{ 0|1
=2

Figure 3.7

The choice of a particular tableau T of shape A determines the order in
which the numbers c(i, j) appear in the vector C(T'). Note also that the Young
frame of shape A = (A, A2, ..., Ax) may be divided into diagonals, numbered

—k+1,-k+2,...,0,1,..., 4 — 1.

The diagonal numbered % consists of those boxes with coordinates (i, j) such
that c(i, j) = h.

Definition 3.1.8 Let Cont(n) be the set of all vectorsa = (ay, as, ..., a,) € C"

such that

(1) a; =0;

(2) {ag+1,a, — 1} N{ay,az,...,a4-1} #9, forallg > 1;

(3) ifa,=a, for some p <q then {a, — 1,a, + 1} C {ap41,apt2, ..., ay—1}.
3.6)

Observe that Cont(n) € Z". For instance, Cont(1) = {0} and
Cont(2) = {(0, 1), (0, —1)}. (3.7

Given «, 8 € Cont(n) we write o ~ 8 if B can be obtained from o by
permuting its entries, i.e. there exists 7 € &, such that 78 = «. Clearly, ~ is
an equivalence relation in Cont(n). Note however that given « € Cont(n) there
are permutations 7 € &, such that ra ¢ Cont(n). For example, ifo = (0, 1) €
Cont(2) (see (3.7)) and w = (1,2) € G,, then 7 = (1, 0) ¢ Cont(2).

We now show that conditions (2) and (3) in (3.6) have immediate stronger
consequences.

Proposition 3.1.9 Let o = (a1,as,...,a,) € Cont(n). Then, for p,q €
{1,2,..., n} we have the following:
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() if ag >0 then a; —1€{ay,as,...,a4-1}; if a;g <0 then a;+1¢€
(a1, a2, ..., a41};

(i) ifp<q,ap=a,and a, #a, forallr =p+1,p+2,...,q9 —1, then
there exist unique s_,sy € {p+1,p+2,...,q9 — 1} such that a; =

a; — landa;, =a, + 1.

Proof (i) Suppose that, for instance, a, > 0. Then we can use (1) and (2)
in (3.6) to construct a sequence a,, = ay, dy,, . . ., dg, = 0 such that sp = g >
s> - > 85 > 1, with a5, >0 and |a,, —ay,,, | =1 for all h=0,1,...,
k — 1. Then, as h varies, a;, attains all integer values between 0 and a,; in
particular it attains the value a, — 1. For a; < 0 the argument is analogous.
(i1) The existence of s_ and s is guaranteed by (3) in (3.6). Their uniqueness
follows from the fact that if there is another s” such thatay = a, — 1, say with
s_ < s’_, then, again by condition (3) in (3.6) there exists s between s_ and s’
such that a;, = (a, — 1) + 1 = a,, contradicting the assumptions. O

Theorem 3.1.10 For any T € Tab(n) we have C(T) € Cont(n) and the map

Tab(n) — Cont(n)
T — C(T)

is a bijection. Moreover, if a, B € Cont(n), say o = C(T) and B = C(S), with
T,S € Tab(n), then a =~ B if and only if T and S are tableaux of the same
shape.

Proof Let T be a standard tableau and let C(T) = (a;, as, . . ., a,) be its con-
tent. Clearly, a; = 0 because i(1) = j(1) =1. If g € {2,3,...,n} is placed
in position (i, j), so that a, = j —i, then we have i > 1 or j > 1. In
the first case, consider the number p in the box of coordinates (i — 1, j)
(namely the next upper box). We then have p < ¢, as T is standard, and
ap=j—i+1=a,+ 1. Similarly, if j > 1 we consider the number p’ in
the box of coordinates (i, j — 1) (namely the next left box). We then have
p' < gq,asT isstandard, and ay = j — 1 —i = a, — 1. Therefore (2) in (3.6)
is satisfied.

Now suppose that a, = a, with p < g. This means that p and g are placed
in the same diagonal. Thus, if (7, j) are the coordinates of the box containing
g, then i, j > 1 and denoting by g_ and ¢, the numbers (in {p + 1, p +
2,...,q — 1} because T is standard) placed in the boxes of coordinates (i —
1, j) and (i, j — 1), by the same argument above, we have a,, = a, — 1 and
a,_ = a, + 1 as in Figure 3.8.
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7th column

!

ag+1

ith row — aq —1 aq

Figure 3.8

This proves that (3) in (3.6) is satisfied and therefore C(7T") € Cont(n).

We now prove that the map 7 +— C(T) is injective. Indeed, if C(T) =
(a1, an, ...,a,), then the diagonal i in T is filled with the numbers g €
{1,2, ..., n} such that a, = h from up-left to down-right, as in Figure 3.9.

Qg

Figure 3.9

Here g1 < gy <---<q;, ag, =ag, =---=ag =h and a;, #h if q ¢
{g1,q92, ..., q:}. Thus, if Tj, T, € Tab(n) have the same content, namely
C(Ty) = C(T,), then they have the same diagonals and, therefore, must
coincide.

It remains to show that the map T +— C(T) is surjective. We prove it by
induction on n. For n = 1 and 2 this is trivial. Suppose that the map Tab(n —
1) — Cont(n — 1) is surjective. Leta = (ay, ay, .. ., a,) € Cont(n). Theno’ =
(a,an, ...,a,—1) € Cont(n — 1) and by the inductive hypothesis there exists
T’ € Tab(n — 1) such that C(T’") = o’. We now show that adding the lower-
rightmost-diagonal box in the diagonal a,, of T’ and placing n in this box, yields
atableau T € Tab(n) such that C(T) = «.
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If a, ¢ {a1,as, ...,a,_1}, then we add a box on the first row (if @, — 1 €
{ai, as, ..., a,_1}) or on the first column (if a, + 1 € {a;, as, ..., a,_1}).
Ifa, € {ai, az, ..., a,-1} and p is the largest index < n — 1 such thata, =

ay, then if the coordinates of the box containing p are (i, j), we place n in the
new box of coordinates (i + 1, j + 1). This is an addable box: indeed, (ii) in
Proposition 3.1.9 ensures the existence (and uniqueness) of r,s € {p + 1, p +

2,...,n}suchthata, =a, + 1 and a;, = a, — 1, as Figure 3.10 shows.
P r
S n
Figure 3.10

Finally, if « = C(T) and 8 = C(S), then 8 may be obtained from « by per-
muting its entries if and only if 7 and S have the same shape. Indeed the shape
of a standard tableau is uniquely determined by the lengths of its diagonals. O

Given o € Cont(n) we say that an adjacent transposition s; is admissible for
« if it is admissible for the (unique) 7 € Tab(n) such that « = C(T). This is
equivalent to the following condition: a;+ # a; = 1. From Corollary 3.1.6 we
get:

Corollary 3.1.11 Given o, 8 € C(T) we have that o =~ B if and only if there
exists a sequence of admissible transpositions which transforms o into B.

Corollary 3.1.12 The cardinality of the quotient set Cont(n)/ ~ equals p(n) =
[{X : A b n}|, the number of partitions of n.

3.1.6 The Young poset

Denote by Y = {X : A - n,n € N} the set of all partitions. Alternatively, we
can regard Y as the set of all Young frames. We endow Y with a structure
of a poset (partially ordered set) by setting, for u = (i1, io, ..., ux) = n and
A:(Al,kg,...,kh)Fm,

m=A

ifm>n,h>kandA; > pu;forall j =1,2,... k.

Equivalently, < A if the Young frame of 1 is contained in the Young frame
of A (that is, if the Young frame of u contains a box in position (i, j), so does
the Young frame of A).

For instance, if A = (4,3, 1) and u = (3,2, 1), then < A.
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If © < X we denote by A /u the array obtained by removing from the Young
frame of A the boxes of the Young frames of w as in Figure 3.11.

A I A
Figure 3.11
For , A € Y we say that A covers u, or w is covered by A if u < A and
v, veY=—=v=puorv=A\.

Clearly, A covers u if and only of u < A and A/ consists of a single box.
We write A — u to denote that A covers L.

The Hasse diagram of Y (which we also call the Young (branching) graph)
is the oriented graph with vertex set Y and an arrow from A to u if and only if
A covers . Figure 3.12 is the bottom of the Hasse diagram of Y.

T P B
N\ Xxg/é

Figure 3.12 The bottom of the Young (branching) graph Y
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A path in the Young graph is a sequence p = (AW — A~D — ... ()
of partitions A®) - k such that A®) covers A*~D for k =2, 3,...,n (so that
a path always ends at the trivial partition A"’ = (1) I 1). The integer number
£(p) = n is called the length of the path p. We denote by IT,(Y) the set of all
paths of length n in the Young graph and we set

mmzumm.
n=1

With a partition A -7 and a path A = A® — A0 ... 5 4D we
associate the standard tableau 7' of shape A obtained by placing the integer
ke {1,2,...,n}in the box A% /A¢=D,

For instance, the standard tableau in Figure 3.5 is associated with the path

43,1H)—->43)—-033-3,2)—>2,2)—> 2, )= 2)— (1).
This way, we have established a natural bijection
IT,(Y) <> Tab(n) (3.8)
between the set of all paths in Y of length » and Tab(n) which extends to a

bijection

[o¢]
HW)eLJﬁum. (3.9)
n=I
By combining (3.8) with the bijection in Theorem 3.1.10 we obtain a
bijection
I1,(Y) <> Cont(n) 3.10)

between the set of all paths of length n in Y and the set of all contents of n.
Finally, from Theorem 3.1.10, we deduce the following.

Proposition 3.1.13 Let a, 8 € Cont(n). Suppose they correspond to the paths
AW 20D 55D gnd p® — p0D ooy D) respectively.
Then, a ~ B if and only if \V = u™.

3.2 The Young-Jucys—Murphy elements and a
Gelfand-Tsetlin basis for &,

In this section we prove that the chain

6/<6;<- <6, 6,11 <
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is multiplicity-free (see Section 2.2) and we study the associated Gelfand—
Tsetlin algebra. The main tool is represented by the Young—Jucys—Murphy
elements and a related theorem of G. 1. Olshanskii (Theorem 3.2.6).

3.2.1 The Young—Jucys—Murphy elements

Here and in the sequel, in order to simplify the notation, an element f of the
group algebra L(&,) will be written as the formal sum f =) s, J ().
In other words, we identify a group element 7 € &, with the Dirac function
centered at w. Analogously, if A € &,;, the characteristic function of A will be
simply denoted by A. This way,

A= Zn. (3.11)

TeA

Also, the convolution of two functions fi, f> € L(G,) will be denoted by
f1 - f> and expressed in the form

fi-h=Y| Y. A@)fHO) |,

€S, | 0,0e6,:
ol=m

that is, as a product of formal sums. The Young—Jucys—Murphy (YIM) elements
in L(S,) are defined by X; = 0 and,

Xe=(LOH+Q, b+ +*k—1,k)

for k =2,...,n. These elements were introduced, independently, by A.-A.
A. Jucys [70] and G.E. Murphy [96]. However, they were implicitly used in
the original papers of A. Young [127] in connection with his orthogonal and
seminormal forms (see also [44]).

3.2.2 Marked permutations

Let?, k > 1.Inwhat follows G,,, G;, & will denote the symmetric groups on
{1,2,...,+k}, {1,2,...,Yand (£ + 1, £+ 2, ..., L+ k}, respectively. In
particular we have G, G, < G4 and G, N &, = {1}. Finally, in the notation
of Section 2.1, we set

Z(£5 k) = C(Gﬁ-‘rkv 6@)’

thatis, Z(¢, k) is the algebra of all G,-conjugacy invariant functions in L(Gy).
In order to analyze Z(¥, k), the first step consists in determining a param-
eterization of the orbits of the Gy-conjugacy action on Gy . Since G, acts
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on{l,2,...,¢}, givent € Gy and 6 € Gy, the cycle structure of 70w is
obtained by replacing 1, 2, ..., £ with (1), w(2), ..., w(£) in the cycle struc-
ture of 6 (cf. (3.1)). Therefore, the S,-orbit of 6 is obtained by permuting
in all possible ways the elements 1, 2, ..., £, leaving the remaining elements
£+4+1,£42,..., ¢+ kunchanged, in the cycle structure of 6.

Following [99] and [100], we introduce a nice pictorial way to describe these
orbits.

Consider a permutation written using the notation of Remark 3.1.1:

(a—a—---—>a—>a)b—>by—---—bj—b)

(el = —>0p). (3.12)

Note that we compute the product from right to left, that is, the cycle (¢; —
¢y — --- — ¢ — cy) acts first. For instance we have (1 — 2 — 1)(1 — 3 —
D=0—-3—->2-—>1).

A marked permutation of the set {aj,as,...,a;,b1,bs,...,bj, ..., cy,
¢z, ...,cp} 1S a permutation as in (3.12) together with a labeling of all the
arrows by nonnegative integers, called tags, with some additional empty cycles
also labelled with tags. For instance, the permutation (3.12) may be marked as
follows.

@3 el SaBa)b 203 5 b 3b)--
Wh— 4 4
1 B eSS B S (D.

It is easy to see that the conjugacy orbits of &, on G, are in natural one-
to-one correspondence with the set of all marked permutations of {¢ + 1, £ +
2, ..., €+ k} such that the sum of all tags is equal to £.

For instance, if we take

C+150+53 0433 e +23 0445 0423
(3.13)
where 1 +2 +3 4+ 1 4+ v + w = ¢, then (3.13) represents the orbit made up of
all permutations of the form
C+1-x1 > L+5—>x—>x3>L+3—>L+1)-
U+2—> x4 > x5 x> L+4 > x7 > L+ 2)
“(Xg = X9 = - > X7y —> Xg)
X34y —> X9y —> 1t > XTqppqw > X84p)

where {x1, x2, ..., X740} = {1,2,..., £}.
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When writing a marked permutation, we shall usually omit trivial cycles of
0 1
the form (¢ — a) and (—).
We now give an application of this simple fact which indeed constitutes the
core of the whole theory developed in this chapter.

Theorem 3.2.1 Let G, be the symmetric group on {1,2,...,n — 1}. Then
(6, x 6,1, 6,_1) is a symmetric Gelfand pair.

Proof By virtue of Proposition 2.1.12, we have to show that every permutation
7 € &, is &,_j-conjugate to 7 ~'. Now, if 7r has the cycle decomposition

T=Mm—>a—>a—--—>a—>nb —>b—- --—=bj—>b) -

cilep—m > o= 0y)

then 7 belong to the S, _;-conjugacy class associated with the marked permu-
tation

S L) (D, (3.14)
It is then clear that
' =m—>a = > a3 > ay > n)b —bj— - —=>by—>by) -
(g > ep > s> 00— 1)
belongs to the same class of (3.14). a

Recalling Theorem 2.1.10, we immediately have the following:

Corollary 3.2.2 The algebra C(S,, S,_1) is commutative, S,_| is a
multiplicity-free subgroup of S,, and

6, <6,<---56,, 6, <.
is a multiplicity-free chain.

Incidentally, this also proves that G,, is ambivalent (see Exercise 1.5.27).

We now present three other basic examples of marked permutations. Recall
that G, Gy < G4y are the symmetric groupson {1,2,...,¢}and {£ + 1, £ +
2, ..., €+ k}, respectively and that, for a subset A € G4 (for instance an
G¢-conjugacy class) we use the notation in (3.11) to denote its characteristic
function.
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Example 3.2.3
(1) For j =1,2,...,k, the YIM element X, ; may be represented in the
form:
4j-1
Xepj=(+j=>C+)+ D @+j>h>e+)). (315
h=t+1
This shows, in particular, that X411, X¢12, ..., Xexx € Z(¢, k).

(i) Any o € G, forms a one-element orbit of G,. The corresponding marked
permutation is simply the cyclic representation of ¢ with all tags equal to
zero (and £-many omitted trivial cycles of the form (—1>)). In other words,
viewing an element o € G, as an element in the group algebra L(&;), we
have &; C Z(¢, k).

(iii) Suppose that C;, is the conjugacy class of G, corresponding to the partition
A= (A1, A2, ..., Ap) € (cf. Proposition 3.1.3). Then, it forms an S,-
orbit and it is represented by the marked permutation (ﬂ)(i@) cee (ﬂ))
(with k omitted trivial cycles of the form (¢ — a), wherea = ¢+ 1, £ +
2, ..., €+ k). In other words, the center of L(&,), that will be denoted by
Z(?), is contained in Z(¢, k), that is, Z(¢) C Z(¢, k).

A recent paper on the Gelfand pair (&, x &,,_, én_]) (see Theorem 3.2.1)
is [116].

3.2.3 Olshanskii’s theorem

Our next task is to prove a converse to the preceding example, namely that
Z({, k) is generated by X¢41, X¢y2, ..., Xetk, S and Z(€). We first need
another definition and an elementary lemma.

We denote by Z; (¢, k) the subspace of Z(¢, k) spanned by the &,-conjugacy
classes made up of all permutations with at least £ + k — & fixed points (i.e.
that move at most / elements). Then

Cl = Zo(t,k) € Z\ (€, k) C -+ € Zppu1 (8, k) © Zoisk (£, k) = Z(L, k).
For fi1, f», f3 € Z(£, k) we write
f1 - f» = f3+ lower terms

if there exists h such that f5 € Z,({,k)\ Z,—1({, k) and fi - fo — f3 €
Zp_1(L, k).
We now present a particular “multiplication rule” for marked permutations.

Lemma 3.2.4 Let i,j > 1. Let aj,a,...,a; and by, by,...,b; be two
sequences of distinct elements in { + 1, + 2, ..., £ + k}. Suppose that, as a
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product in S,
(ar—ay—---—aj—>a))by—>by—---—b;—by)
=(c1—>c— -—cp—cCp)
withh = [{a1, a2, ...,a;}U{b1, by, ..., b;}| < i+ j(notethat, if h > 1 then,
in the product above, none of the elements ay,ay,...,a;,b1,by, ..., b;
becomes a fixed point). Take uy,us,...,u;,vi,v2,...,v; >0 such that
uy+ur+ - +u+vi+vy+ -+ v; <L Then, in Z(L, k) we have:

uj us Uiy u; V] V2 Vj-1 v
(g > ay = - —a—>a))by —> by— -+ = b; > by)

= (c1 a o el S ch iy c1) + lower terms
where the numbers wi, w, ..., wy are given by the following rule:
vy ifcs =b,and by ¢ {ay, as, ..., a;}
Ws = Yv, +u, ifci =b, andb,y = ay,
Uy, ifcs =ay ¢ {b1,by, ..., b;}
fors=1,2,... h.

Proof Consider a product of the form

@1, X1, X2, ooy Xy, A2y ooy @iy Y1, V25 ooy Vi) -
‘(bl’ZI’ZZ"'7Zv17b27"'1bj9r17r21""rl),’)' (3'16)
If the numbers x1, X2, ..., X5 Y1, Y25 -« s Yuy» 21. 22« - -, 2, AN 1y, 12, cees Ty

in {1,2, ..., ¢} are all distinct (this is possible because u; + uy + - - - + u; +
vy + vy + -+ v; < £)then (3.16) is equal to a permutation of the form

(C1o X1 XD oo Xy s €2y oo G V1o Vs o vs Vi)
where wy, w, ..., w, are given by the above rule.
Otherwise, the product in (3.16) moves less than & + w; + w, + - - - + wy,
elements. U

We now give some examples of applications of this rule.

Example 3.2.5
() Forae{t+1,£+4+2,...,+k}and 0 < u < ¢ we have

[(a A )" = (a = a) + lower terms.
(ii) Fora,be{t+1,£+2,...,£+k},a#band 0 < u < £ we have
G5 a2b2a=asb2a.

Note that in this case we do not have lower terms in the right-hand side.
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(iii) For ay,a»,...,a; e {+1,£+2,...,£+k}, all distinct, and for
U, U, ... u; >0withu; +upy +---+u; <€, we have

u; Uiy 0 Uy 0 uy 0
(@ = a)ar = a; = ay)--- (a1 = a3 > ay) - (@ > aa —> ay)
uj up us Ui—1 u;
=(ay > ap > a3 —> --- — a; — a) + lower terms.
‘We are now in position to prove the following:

Theorem 3.2.6 (G. L. Olshanskii, [101]) The centralizer algebra Z({, k) is
generated by the YIM elements Xy, X¢+2, - .., Xotk, the subgroup Sy and
the center Z(€) of &y. In formulas:

Z(Z, k) =<< X(Jrl, X(Jrg, ey X@Jrk, Gk, Z(E) > .

Proof Set A=< Xyy1, Xe42,---» Xevk, S, Z(£) >. We have already seen
that A C Z(¢, k).

We prove by induction that Z, (¢, k) C Aforallh =0,1,..., £+ k. First
observe that Zy(¢, k) = C1 is trivially contained in .A.

Now note that, for any choice ofa, j € {£ +1,£+2,..., £+ k} witha #

J,one has (a Y j 5 a) € G;. As a consequence, as (cf. (3.15))

a—1

@s>a)=X.— Y @>j>a (3.17)
j=t+1

one deduces that (a A a)e A.

By a repeated application of Lemma 3.2.4 (see also the examples following
itywe have thatifa, ay, ..., a;,..., b1, by, ..., bj aredistinct numbers in {£ +
Le+2,...,0+k} and wy,uz, ... 0 ..., 01,02, ...,0), M, My, ..., M,
are nonnegative integers such that

uytur+-tu -ttt v tm+my+ oo +m=h < ¢,
then
(@ = a) - (@ = @) - (@) = a; > ap)---

1 w 0 0 1 » 0 0
az = a3)? (@) > a3 = a)(a > @) (@ —> ax —>ap) -
coo(by = b)Y - (by > b)) (b > by > by)-

1 ; 0 0 . 0 0
<+ (b3 = b3)” - (b1 = b3 = b1)(by = b2)" - (b1 = by — by):

m;

(EHEBy . (B (3.18)
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equals, modulo lower terms,

@3 a3 - SaSa)y b Sb3-5 b S b)), (3.19)

Note that (3.18) belongs to A: see Example 3.2.5 and Example 3.2.3. As
(3.19) represents the typical orbit in Z(€, k) (but not in Z,_(¢, k)), by the
inductive hypothesis we are done. O

Corollary 3.2.7 The Gelfand—Tsetlin algebra G Z(n) of the multiplicity-free
chain G, < 6, < --- < G, is generated by the YIM elements X, X», ..., X,.

Proof For2 < k < ndenote by T} the set of all transpositions in &;. Then T}, €
Z(k) and since Xy = T — Ty_1, we conclude that X, X», ..., X, € GZ(n).
On the other hand,

Zn)=C(6,,6,) CC(6,,6,-N)=Zn—-1,)=<Z(n—-1), X, >

where the last equality follows from Theorem 3.2.6. Supposing, by induction,
that GZ(n — 1) =< X1, X5, ..., X,_1 > it follows that

GZn)=<GZn—1),Z(n) >=< X, X5, ..., Xp_1, X, >
completing the proof. O

Remark 3.2.8 We can use Corollary 3.2.7 to give an alternative proof that
Zin—1,1)=C(6,,6,_1) is commutative (see Corollary 3.2.2). Indeed,
Zn—1,1)=<Z(n — 1), X, > and X, commutes with every element in
Z(n — 1). To see this last fact observe that X,, = T, — T,,_1 and that T, € Z(n)
and 7,1 € Z(n — 1).

Exercise 3.2.9 Prove directly that X, X,, ..., X,, commute.
Hint. By induction on n, using the identity X; 7, = T, Xy, k=1,2,...,n.

3.2.4 A characterization of the YJM elements

Regarding &,_; as the subgroup of &, which acts on {1,2,...,n — 1}, we
define a map

6n g anl

(3.20)
T T,
by setting, fork =1,2,...,n— 1,
k if 7 (k
) = |78 Ha®) #n (3.21)
nw(n) ifxk)=n.
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In other words, 7, is the permutation obtained by removing from the cycle
decomposition of r the term — n —: if the cycle decomposition of 7 contains
the cycle

(a1_>a2_>..._>ah—>n—>a1) (322)

then 7, is obtained from 7 by replacing in its cycle decomposition the term
(3.22) with (a; — ap — -+ — ap, — ay).

Lemma 3.2.10 The map (3.20) has the following properties:
D) Ae ) =ls,.;

) o, =0 forallo € G,_y;

3) (o70), =om,0 forallm € S, and 0,0 € G,_.

Proof (1) and (2) are obvious. To prove (3), just note that, for all k =
1,2,...,n—1, we have

(07O = {”9(") xloWl2n _ o o0, 0
om(n) ifr[0k)] =n

Lemma 3.2.11 Suppose thatn > 4. Let ® : G, — &,,_| be a map satisfying
the condition

P(oml) = o P(m)o (3.23)

forall m € 6, and 0,0 € &,_; (this is the analogue of condition (3) in the
preceding lemma). Then, ® necessarily coincides with the map (3.20).

Proof First of all, note that if 0,60 € G,_|, then ®(wr) = o if and only if
d(ro~'0) = 43[16,17]71(0’19)] equals 6. Thisimpliesthat |{7r € G,, : () =
o'}| is constant and equal to n for every o € G,,_;.

Moreover, if ®(r) = 1g, , then, for all 0 € &,_; one has domo ) =
od(m)o~! = lg,_,- This implies that

fres,: dr)=1g, ,}={lg,}U{@a—>n—a):a=1,2,...,n—1}.
(3.24)

Indeed, the second set in the right-hand side is the unique &,_;-conjugacy
class of G, with n — 1 elements (recall that n > 4). Since for any cycle (in G,,)
which contains n we have

(ag—»ay— - -—ap,—>n—a)=@ —a—---—a,—>a)(a,—>n—ay)
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we deduce that
Olay—>ar—>---—a, > n—>ay)
=®llaj>ar—---—a,—>a))(a, > n—ay)]
(by 3.23)) =(a1—»ar— - —ap—>a)P(a, > n—ay)
(by 3.24)) =(ay—»ary—---—a,—ay)
=@ —>a—---—a, > n—>a),.

Finally, as in the cycle decomposition of a permutation in G,, the number n
appears at most one time, another application of (3) shows that ®(rr) = =, for
allm € G,,. O

The map 7 +— 7, extends to a map
Pn: L(Gn) g L(Gn—l)
simply by setting

po| D foom | =) feom.

Ted, Ted,

Now we can give a characterization of X,, in terms of the map p,,.

Proposition 3.2.12 We have

p;1(< lg,, >)NZn—1,1) =< X,, 1g, > . (3.25)
Proof Recalling (3.24) we have that the &,_;-conjugacy orbits of {7 € &, :
m, =1g, }are {lg,} and {(a > n —a):a=1,2,...,n — 1}. Passing to
the group algebra we immediately deduce (3.25). O

3.3 The spectrum of the Young—Jucys—Murphy elements
and the branching graph of G,,

In this section, we show that the spectrum of the YJM elements is described by
the set Cont(n) introduced in Section 3.1.5 and prove that the branching graph
of the multiplicity-free chain &, < &, <--- < &, < --- coincides with the
Young graph.

3.3.1 The weight of a Young basis vector

Letp € é\n and consider the Gelfand-Tsetlin basis {vy : T € 7 (p)} associated
with the multiplicity free chain G| < &, < --- < G, (cf. (2.14)).
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In this setting, {vy : T € T (p)} is also called the Young basis for V,. From
Theorem 2.2.2 and Corollary 3.2.7 we have that every vy is an eigenvector of
p(Xj)forall j =1,2,...,n. This suggests the following definition: for every
vector vy we set

o(T)=(ai,a, ...,ay,) (3.26)

where a; is the eigenvalue of p(X ) corresponding to vr, that is, o(X ;)vr =
ajvr,jz 1,2,...,1’!.

Since X1, X, ..., X, generate the Gelfand-Tsetlin algebra G Z(n), Corol-
lary 2.2.3 ensures that vy is determined (up to a scalar factor) by the eigenvalues
a;’s. The vector a(T') is called the weight of vr.

Note that X j = X and therefore p(X;) is self-adjoint for all X; and all
representations p of &, (see Corollary 1.5.13).

In the following proposition we study the action of the Coxeter generators
(cf. 3.2) on the Young basis; we show that s; changes only the kth level of the
branching graph.

Proposition 3.3.1 For every p € é; and T=((p=p, —> pp1 —> - —
02 = p1) € T(p), the vector p(sy)vr is a linear combination of vectors vy
withT' = (06 =0, = 0,_1 = -+ —> 0p = 01) € T(p) such that o; = p; for

i #k.
Proof Let V; denote the representation space of p;, j = 1,2, ..., n. Note that

Vi = {oi(Svr : f € L(S))).

Indeed, the right-hand side is a & j-invariant subspace.

For j > k we have s, € G; and therefore p;(sy)vr € V;. This implies that
oj=p;forallj=k+1,k+2,...,n.

On the other hand, if j <k then s; and &; commute. Setting W; =
{p;(Hplvr o f € L(G;)} = p(sy)V; we have that the map

p;j(Hvr = p;(Hplsvr
is an isomorphism of & ;-representations. It follows that p(si)vr belongs

to the p;-isotypic component of Resg: p and therefore o; = p; for all
j=12,..., k-1 O
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3.3.2 The spectrum of the YJM elements

In what follows we set
Spec(n) = {a(T) : T € T(p). p € &,}

where «(T) is the weight of vy (as in (3.26)). In other words, Spec(n) is the
spectrum of the YIJM elements of G,,.
Since this spectrum determines the elements of the Young basis, we have

ISpec(n)| = Z dimV,. (3.27)

peS,

In other words, Spec(n) is in natural bijection with the set of all paths
of the branching graph of G; < &, <-.- < &,. We denote by Spec(n) >
o — T, this correspondence. We also denote by v, the Young basis vector
corresponding to 7.

We now introduce an equivalence relation ~ on Spec(n) by setting, for
a and B € Spec(n), a ~ B if v, and vg belong to the same irreducible &,,-
representation (in terms of the branching graph, this means that the corre-
sponding paths have the same starting point).

Remark 3.3.2 As a consequence of (3.27) and the definition of ~ we imme-
diately have

ISpec(n)/ ~ | = |6,|. (3.28)

The next task is to obtain an explicit description of Spec(n) and ~. This will
be achieved by means of commutation relations between the YJM elements
and the Coxeter generators of G,,. These are

S,‘Xj =XjS,‘ fOI’]?él,l—i-l (329)
which is obvious, and
siXi +1=Xi18 (3.30)

which is equivalent to s; X;s; +s; = X;11, and this is immediate. Another
equivalent way to write (3.30) is

S,'X,‘Jrl —1= X,’S,’. (331)

Warning. In what follows, if v, is a vector of the Young basis of an irreducible
representation p of G,, we denote p(s;)v, and p(X;)v, simply by s;v, and
X, vy, respectively.
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Proposition 3.3.3 Let ¢ = (ay, as, ..., a;,aiy1, .. .a,) € Spec(n). Then
() ai #aiy1fori=1,2,...,n—1

(ii) aj41 = a; £ 1if and only if s;v, = Fvq
(iii) Ifaiy1 # a; £ 1 then

’. _
o i=sie=(ay,az,...,0-1,0+1,4;,di+2, - - . ay) € Spec(n),

a ~ ' and the vector associated with ' is, up to a scalar factor,

1
Vg = SijlUy — ————— V4. (3.32)
Ai+1 — dj
Moreover, the space < vy, vy > is invariant for X;, X;+1 and s;, and in
the basis {vy, vy}, these operators are represented by the matrices

1 1
a; 0 a1 0 i1 —a; 1 - (ai41—a;)?
, d i+1 i i+1 i ,
(O a[+1) < 0 Cli> an ( 1 1

ai —di+1

respectively.

Proof Clearly, from the definitions of « and v,, we have X;v, = a;v, and

Xi+1Vy = aj+1V4. Moreover, from (3.30) and (3.31) it follows that the space

< Vg, SiVUq > 1s invariant for X; and X, (and, clearly, it is invariant for s;).
Note now that if s;v, = Avy, then s? =1 implies that A? = 1, that is,

A = £1. Moreover, from (3.30) we have
a;SiVg + Vo = Qi415iVa,

and therefore s;v, = £v, if and only if ;4| = a; £ 1. This proves (ii).

Suppose now thata,; # a; = 1. Thendim < v,, s;v, >= 2 and the restric-
tions of s;, X; and X;,; to < vy, s;v, > are represented, with respect to the
basis {vy, S;vs}, by the matrices

0 1 a -1 aiy1 1
(1 o)’(o a,-H) and (0 ai)’

respectively. Indeed, from (3.30) and (3.31) we deduce that X;s;v, = —vy +
ai1185;Vq and X; 1 18;Vy = Uy + @8 V.
But a matrix of the form
a =1
0 b

is diagonalizable if and only if a # b and, if this is the case, the eigenvalues
are a with eigenvector (1, 0) and b with eigenvector (+1/(b — a), 1). Apply-

ing this elementary fact to our context, we get that v’ := s;v, — am—a Ve
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is an eigenvector of X; and X;.; with eigenvalues a;;; and a;, respec-
tively. Moreover, (3.29) implies that X ;v =a;v’ for j #i,i + 1; there-
forea’ := (a1, as, ..., a1, Aiy1, i, Ait2, ..., ay) € Spec(n) and v’ = vy is a
vector of the Young basis. To end the proof, it suffices to check the formula
representing s; in the basis {v,, vy}. We leave this elementary task to the
reader. d

3.3.3 Spec(n) = Cont(n)

Leta = (ay,az, ..., a,) € Spec(n). If a;+ # a; £ 1,sothat(a;, aa, ..., aiy1,
ai,...,a,) € Spec(n), we say that s; is an admissible transposition for « (cf.
Corollary 3.1.11).

The Coxeter generators sy, $2, ..., S,— satisfy the following relations (the

Coxeter relations):

1) 8,8 =5;8; if|i —j 1
”) = li—Jjl# (3.33)
(11) SiSi+185i = Si+15iSi+1 fori = 1,2, e, — 1

whose proof is immediate.

Lemma 3.34 Let o = (ay,az,...,a,) € C". If a; =ajyp =a;x1— 1 for

somei €{1,2,...,n—2}, then a ¢ Spec(n).

Proof Suppose, by contradiction, that « € Spec(n) and that a; = a;1» =
a;j+1 — 1. Then by (ii) in Proposition 3.3.3 we have

SiVqy = Ve and  Sjy1Vy = —Vq4.

By the Coxeter relation (ii) in (3.33) we have vy = ;4 18iSi+1Vy = SiS1+18i Vo

= —vy, Which is impossible. a
Lemma 3.3.5
(1) For every (ay, ay, ..., a,) € Spec(n) we have a; = 0
) If «a=(ay,a,...,a,) € Spec(n), then o =(aj,as,...,a,-1)€
Spec(n — 1)

(iii) Spec(2) = {(0, 1), (0, —=1)}.

Proof (i) This is obvious as X; = 0.

(i) This follows from the fact that X, X,,...,X,,_1 € L(G,_1) and
Xjvy =ajv, forall j=1,2,...,n—1.

(iii) The irreducible representations of G, are ¢ and ¢ (cf. Example 1.2.4).
The branching graph of &, < G, is just as shown in Figure 3.13
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Lo

Figure 3.13

where (¢ is the trivial representation of G;. Now, X, = (1 — 2 — 1) and if
v € V, then X,v = v, while if w € V, then Xow = —w. O

Lemma 3.3.6
(1) For every n > 1 we have Spec(n) € Cont(n)
(ii) If o € Spec(n), B € Cont(n) and o ~ B, then 8 € Spec(n) and o ~ B.

Proof (i) We show it by induction on n. For n = 1 this is trivial, while for
n = 2 this follows from (iii) in Lemma 3.3.5 and (3.7).

Suppose that Spec(n — 1) € Cont(n — 1). Let o =(aj,ax...,a,) €
Spec(n).

By virtue of (i) in Lemma 3.3.5 we have a; = 0 and this corresponds to
condition (1) in the definition of Cont(n) in (3.6).

By (ii) in Lemma 3.3.5, we only need to check that conditions (2) and (3)
in (3.6) are satisfied just for g = n.

Suppose by contradiction that

{a,,—l,a,,+l}ﬂ{a1,a2,...an_1}=@. (334)

By Proposition. 3.3.3.(iii), the transposition (n — 1 — n — n — 1) is admis-
sible for «, that is, (aj,az...,a,—2,ay, a,—1) € Spec(n). It follows that
(ay,az...,a,-2,a,) € Spec(n — 1) = Cont(n — 1). From (3.34) we deduce
that {a, — 1,a, + 1} N{ay, as, .. .a,_»} = ¥ which contradicts (2) in (3.6) for
Cont(n — 1).

Again by contradiction, suppose that « does not satisfy condition (3) in (3.6)
for g = n, thatis, a, = a, = a for some p < n and, for instance,

a—1¢{api1,ap40,...,0,-1}.
‘We can also suppose that p is maximal, thatis, alsoa ¢ {a,11, api2, ..., an-1}.
Since (aj,az,...,a,—1) € Cont(n — 1) (by the inductive hypothesis),
the number a +1 may appear in {a,yi,ap42,...,a,—1} at most once
(by the maximality of p). Suppose a + 1 ¢ {api1, apy2, ..., a,—1}. Then
(ap, aps1, ..., a,) =(a, *, ..., *, a), where every * represents a number dif-

ferent from a, a + 1 and a — 1. In this case, by a sequence of n — p — 1
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admissible transpositions we get
a~a :=(..,a,a,...) € Spec(n)

which contradicts (i) in Proposition 3.3.3.

Similarly, if a +1 € {ap11,apt2, ..., ap—1}, then (ap,apiq, ..., a,) =
(a,*,...,%x,a+ 1,%,...,%,a), where again every * represents a number dif-
ferentfroma,a + 1 anda — 1. Now, by a sequence of admissible transpositions
we get

a~ad :=(..,a,a+1,a...) € Spec(n)

which is impossible by Lemma 3.3.4. Therefore, also (3) in (3.6) is satisfied
and this ends the proof of (i).

(ii) This is an immediate consequence of (i), Corollary 3.1.11 and Proposi-
tion 3.3.3.(iii). O

Theorem 3.3.7 We have Spec(n) = Cont(n). Moreover, the equivalence rela-
tions ~ and ~ coincide. Finally the Young graph Y is isomorphic to the branch-
ing graph of the multiplicity-free chain 6| < 6, <--- <6, <G, < ---

Proof First of all note that
|Cont(n)/ ~ | = |Spec(n)/ ~ |. (3.35)

Indeed, by Corollary 3.1.12 we have that |Cont(n)/ =~ | equals the number of
partitions of n which (cf. Proposition 3.1.3) equals the number of conjugacy
classes of G,,. The latter, by Corollary 1.3.16, equals the number of irreducible
inequivalent representations of &, and, by (3.28), the equality in (3.35) follows.

Now, from Lemma 3.3.6 it follows that an equivalence class in Cont(n)/ ~
either is disjoint from Spec(n) or it is contained in one equivalence class in
Spec(n)/ ~. In other words, the partition of Spec(n) induced by ~ is finer
than the partition of Spec(n) induced by ~. Collecting all previous inequalities
together with (3.35), we have

ISpec(n)/ ~ | < |Spec(n)/ = | < |Cont(n)/ ~ | = |Spec(n)/ ~ |,

which proves the first two statements of the theorem.

Note that this also gives a natural bijective correspondence between the
set of all paths in the branching graph (parameterized by Spec(n)) and the
set of all paths in Y parameterized by Cont(n), see (3.10). This yields a
bijective correspondence between the vertices of these graphs (by Proposi-
tion 3.1.13 and the definition of ~). This correspondence is clearly a graph
isomorphism. O
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From the above theorem, we also get a natural correspondence between (‘/5\”
and the nth level of the branching graph Y, that is, the set of all partitions of 7.

Definition 3.3.8 Given a partition A - n, we denote by S* the irreducible
representation of G,, spanned by the vectors {v,}, with @ € Spec(n) = Cont(n)
corresponding to the standard tableau of shape A.

Proposition 3.3.9 dimS* = |Tab(A)|, that is, the dimension of S* is equal to
the number of standard A-tableaux.

As an immediate consequence of Theorem 3.3.7 we then have:

Corollary 3.3.10 Let0 < k < n, A & n, and p & k. Then the multiplicity m,,
of S* in Resng)‘ is equal to zero if u A A and it equals the number of paths
in'Y from X to |, otherwise. In any case, m,, , < (n — k)! and this estimate is
sharp.

Proof We clearly have

S, oh _ Sy [STa) S, i
ResGkS —Resek ResGk+l Resg" S

n—1

where at each step of the consecutive restrictions the decomposition is
multiplicity-free and according to the branching graph Y.

This way, the multiplicity of $* in Resgz S* is equal to the number of paths
in Y that start at A and end at p. It is also equal to the number of ways in which
we can obtain the diagram of A from the diagram of u by adding successively
n — k addable boxes to the diagram of w (therefore at each step we have a
diagram of a partition). In particular, this multiplicity is bounded above by
(n — k)!; this estimate is sharp when the boxes can be added to different rows
and columns: see Figure 3.14. O

Corollary 3.3.11 (Branching rule) For every A = n we have
Resg” $'= €P s* (3.36)

n—1
ukn—1:
A=
that is, the sum runs over all partitions u = n — 1 that may be obtained from A\
by removing one box. Moreover, for every yu =n — 1,

Indg" $* =P s*. (3.37)

An:
A=

Proof (3.36)is aparticular case of Corollary 3.3.10. Finally, (3.37) is equivalent
to (3.36) by Frobenius reciprocity (Theorem 1.6.11). O
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AKX
N4

Figure 3.14 The (12 — 9)! = 6 paths from (4,3,3,2) - 12t0 (3,3,2, 1) -9

In the following we give a characterization of the map A > S* (that asso-
ciates with each partition of n an irreducible representation of G,) by means
of the branching rule.

Corollary 3.3.12 For all n > 1, let (V*);, be a family of representations of
&, such that

1) VO ~ SO (the trivial and unique representation of &1);
(i) V@ and V! are the trivial and the alternating representations of S,
respectively;
(iii) Indg’;il Vi = @%:nﬂ V* foreveryutn—1andn > 2.

Then, V* is irreducible and isomorphic to S*, for every \ = n, and n > 1.

Proof 1t is an easy inductive argument. Just note that A - n is uniquely deter-
mined by theset {u -n —1: A — u}. d

Remark 3.3.13 It is worth examining the case k = n — 2 of Corollary 3.3.10
as it illustrates, in this particular case, the statement of Proposition 3.3.3.
LetAFnand u Fn—2.If u £ A then S* is not contained in Resgz_2 S*.

If 1 < A, the multiplicity of $* in ResgL2 S* is at most 2. We have two cases.
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(1) There is only one partition v - n — 1 such that © < v < A. This means
that in Y between p and A there is a chain as in Figure 3.15(a).

A

W
Figure 3.15(a)

Clearly, in this case, the boxes of the skew diagram A/u are on the same
row or on the same column. In other words, if

A =2 5> A D=y 5 A0 D= 5 (0D 55D (3.38)

is any path containing A — v — pu, then it corresponds to o« = (ay, az, . . ., a,)
€ Spec(n) with a, = a,_; £ 1 (more precisely, a, = a,_; + 1 if the boxes of
A/ are on the same row, a, = a,_; — 1 if they are on the same column). In
particular, s,_v, = v, (cf. Proposition 3.3.3). This agrees with Proposition
3.3.1: s,_ only affects the (n — 1)st level of the branching graph and v is the
only partition between p and A.

(2) There are two partitions v, n = n — 1 such that u < v, n < A. Now the
boxes of A/u are on different rows and columns (as in Figure 3.11) and the
branching graph from A to p is a square as in Figure 3.15(b).

A

n
Figure 3.15(b)
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Moreover, if a € Spec(n) corresponds to a path A - v — . — --- as
in (3.38), then a, # a,_; £ 1 and &' = (a1, a2, . .., ay_2, a,, a,—1) € Spec(n)
corresponds to the path A — n — w — - - -. Now, the action of s,,_; on v, and
vy 18 given by (iii) in Proposition 3.3.3 (see also the Young formula in the next
section) and Proposition 3.3.1 is confirmed also in this case.

3.4 The irreducible representations of S,

In this section, we prove some classical formulae for the matrix coefficients
and the characters of the irreducible representations of G,,.

3.4.1 Young’s seminormal form

Recall the standard tableau 7%, defined in Figure 3.6, and Remark 3.1.7. Also
recall that the chain 6| < &; <--- < &, determines a decomposition of
every irreducible representation of G, into one-dimensional subspaces and that
the GZ-basis is obtained by choosing a non-trivial vector in each of these sub-
spaces. If such vectors are normalized, we say that it is an orthonormal basis,
otherwise we shall refer to it as an orthogonal basis. Note that, in both cases, the
vectors are defined up to a scalar factor (of modulus one if they are normalized).

Theorem 3.3.7 ensures that we may parameterize the vectors of the GZ-basis
with the standard tableaux: for 7 € Tab(X) we denote by vy the corresponding
vector in the GZ-basis.

Proposition 3.4.1 It is possible to choose the scalar factors of the vectors
{vy : T € Tab(n)} in such a way that, for every T € Tab(n), one has

”flUT‘~ =vr + Z YRVR,
ReTab()):
U(r)<l(mT)
where yr € C (actually, in Corollary 3.4.3, we will show that yg € Q) and 7ty
is as in Theorem 3.1.5.

Proof We prove the statement by induction on £(77). At each stage, we choose
the scalar factor for all T with £(rp) = €. If £(;ty) = 1, that is, 77 is an admis-
sible transposition for T, this follows from Proposition 3.3.3; in particular, we
can use (3.32) to choose the scalar factor of vy (that corresponds to v, in that
formula).

Suppose now that w7 = s;5;, - - - 5;,_,5; is the standard decomposition of
77 into the product of admissible transpositions (cf. Remark 3.1.7); we have
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set £ = £(mrr) and j = i, for simplicity of notation. Then 7y = my,s;, where
Ty = s;T is a standard tableau. Clearly, £(7rr,) = €(mr7) — 1.
Therefore, by the inductive hypothesis, we may suppose that

mlvp =+ Y v vk (3.39)

ReTab(2):
L(mr)<L(mr))

Since T = s;T, the formula (3.32) in Proposition 3.3.3 ensures that we can
choose the scalar factor of vy so that
1
$jvr, =vr + ———r, (3.40)
dj+1—4dj
where (a1, ay, ..., a,) = C(T) is the content of 7} (see (3.5)).
The formula in the statement follows from (3.39) and (3.40), keeping in

mind again Proposition 3.3.3 for the computation of s;vg for R € Tab(1) with
L(mg) < Z(ﬂ]‘l). O

Theorem 3.4.2 (Young’s seminormal form) Choose the vectors of the GZ-
basis of &, according to Proposition 3.4.1. If T € Tab(A) and C(T) =
(a1, az, ..., a,) is its content, then the adjacent transposition s; acts on vr
as follows

(1) ifajy1 =aj £ 1thensjvr = Ty
(ii) ifaj41 # a; £ 1, setting T' = s;T, then

ajr1—a;

i v H U = =l if ) < Uy).

aji1—aj (@j+1—a

- :+UT + vp if U(mrrr) > €(rr) 34D

Proof (i) It is an immediate consequence of (ii) in Proposition 3.3.3.

(i1) These formulas again follow from Proposition 3.3.3. We only have to
check that, with respect to the choice made in Proposition 3.4.1, s;vr has
exactly that expression.

Suppose that £(r7/) > £(w7). We have

T = TS (342)
and

7T7T1UT'A =vr + Z YRVUR. (343)

ReTab()):
Umr)<t(mr)
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From (3.42) and (3.43) we deduce

1 /
Ty, Ve = U + E YR VR
R’€Tab()):
U pr)<l(myr)

=sjur+s; ). VRUR
ReTab(2):
L(mr)<l(mr)
and therefore (3.32) holds exactly in that form (the coefficient of vy ins vz is 1).
The case £(;r7/) < £(rr) is analogous (starting from w7 = 77+s; and taking
a = C(T') when we apply Proposition 3.3.3). O

Corollary 3.4.3 In the orthogonal bases of Proposition 3.4.1 (and Theorem
3.4.2) the matrix coefficients of the irreducible representations of G, are ratio-
nal numbers. In particular, the coefficients yg in Proposition 3.4.1 are rational
numbers. o

3.4.2 Young’s orthogonal form

Note that one can normalize the basis {vr : T € Tab(1)} of S* by taking
vr
wr =
lvrlls:
where the norm || - ||s» is associated with an arbitrary invariant scalar product
that makes S* a unitary representation of &,,.

Let T be a standard tableau and let C(T) = (ay, aa, ..., a,) be its content.
Fori, j € {1,2, ..., n}, the axial distance from j toi in T is the integera; — a;.
It has a clear geometrical meaning. Suppose that we move from j to i, each
step to the left or downwards being counted +1, while each step to the right or
upwards being counted —1. Then the resulting integer is exactly a; — a; and it
is independent of the chosen path (Figure 3.16(a)(b)).

(3.44)

7]

l

Figure 3.16(a) The axial distance is a; — a; = 5.

i

[ 1]
Figure 3.16(b) The axial distance is a; — a; = 2.
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Theorem 3.4.4 (Young’s orthogonal form) Given the orthonormal basis
{wr : T € Tab(n)} (cf. (3.44)) we have

1
SijZ;wT—i- 1__ws,-T

72

where, for C(T) = (a1, as, ..., a,), the quantity r = aj — a; is the axial
distance from j + 1 to j.
In particular, ifaj 1 = aj £ 1 we have r = 1 and s;wr = £wr.

Proof Set T’ = ;T and suppose £(7r7:) > £(rr). Then, from (ii) in Theorem
3.4.2 it follows that
2 1 2
lor |I” = llsjvr — ;UT”

, 1 1 o,
= |lvr|l —;(Sjvﬂvr)—;(UT,S,,‘UT>+r—2||UT||

1
=(1-= 2,
( r2) ozl

where the second equality follows from the fact that s; is unitary and the third
one from the fact that s;vr = %vT + vy and vy L vy,
Then, in the orthonormal basis {m, '’ Y the first line of (3.41)

1
becomes E llor |

1 / 1
SijZ;wT-F 1—r—2wT/_

In the case £(mr7/) < €(mrr) the proof is similar. O
The following is the Young orthogonal form:
sjwr = %wT +./1—= riz Wy, T
SjWs;r = —%wsiT +./1— riz wr
where, if C(T') = (a1, a2, .. ., a,), we posed, as before, r = a;;| — a;.In other

words, in the basis {wr, wSJ.T}, the linear operator s; is represented by the
orthogonal matrix
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Example 3.4.5 Let . = (n) - n be the trivial partition. Then there exists only
one standard A-tableau T, namely that in Figure 3.17.

2] [ | | [n]
Figure 3.17
The corresponding content is C(T) = (0, 1, ...,n — 1) and, clearly, s;wr =
wr forj =1,2,...,n— 1 (wehavea;;| = a; + 1). It follows that S™ is the

trivial representation of G,,.

Example 3.4.6 Let . = (1,1, ..., 1) F n. Then, again, there exists only one
standard A-tableau 7', namely that in Figure 3.18.

Figure 3.18
The corresponding content is C(T)= (0, —1,...,—n 4+ 1) and, clearly,
sjwr =—wr for j=1,2,...,n—1 (now aj;; =a; — 1) and therefore

§t-1-1 g the alternating representation of &,,.

Example 3.4.7 Consider the representation S"~ !, The standard (n — 1, 1)-
tableaux are of the form shown in Figure 3.19.

‘ 12 j—1j+1 n

¥
Figure 3.19 T; € Tab(n — 1, 1), j =2,3,...,n.
The corresponding content is
cry=@0,1,...,j—2,-1,j—-1,j,...,n—1), (3.45)

where —1 is in jth position. Denoting by w; the normalized Young basis vector
corresponding to T, then the Young orthogonal form becomes

1

1
Sjwj=7U)j+ 1 —FU)J:H (346)

1 / 1
ijle:—jju}j—f‘ 1_(j——1)2wj71 (347)
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and
stw; =w;,  fork#j—1,]. (3.48)
Moreover, the branching rule yields
Resg' §" =500 g g2l (3.49)

In particular, $"~"! coincides with the subspace V; in Example 1.4.5,
namely the space of mean zero functions on L(X), where X = &,/6,_; =
{1,2,...,n}.Indeed, S"~!! is non-trivial and, by (3.49), it contains non-trivial
&,,—-invariant vectors. These facts determine V: the latter is the unique non-
trivial irreducible representation in L(X).

Now we want to express explicitly the vectors w; as functions on X. Set

- 1 1 Jj— 18
Wj = —F————=4j-1 = [~ 9j
VATV Vi j
where §; is the Dirac function at j and 1; =8, + 8, +---+§;, for j =
2,3,...,n
Itis easy to see (exercise) that {w; : j =2, 3, ..., n}isanorthonormal basis
for V.
We now show that the action of an adjacent transposition satisfies (3.40),
(3.47) and (3.48). Indeed,

(3.50)

1 1]1

Wit 1= — W = 1= =, =9
i’ 7 ]\/](]—1) 1- iV i
1
St

1 Jj— ]8

1— 1

T ViG-D 1- o
—S wj

Similarly one proves (3.47), while (3.48) is obvious.
Exercise 3.4.8 Show that w; in (3.50) corresponds to the path

n-1,H)-»>n-2,1)—»---—>{Y,H)—->G-1,D)—>G-1)—=>{-2)
- 2)=>()

in the Young diagram by examining the action of &, > G, > --- > &, >
G . This again identifies w; with w;.
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Exercise 3.4.9 Let w ; be as in (3.50). Show, by direct computation, that

(G —Dw; fori<j
X,‘lfl\)‘j = —wj fOI‘i = ]

(i —2w; fori>j

(so that o(T;))=(,1,2,...,j—-2,-1,j—1,j,...,n—2) € Spec(n),
compare with (3.45)).

3.4.3 The Murnaghan-Nakayama rule for a cycle

Let A, u - n. We denote by X,’} the value of the character of S* evaluated at
a permutation 7 belonging to the conjugacy class of type u (i.e. w has cycle
structure w). In Section 3.5.5 we shall give a recursive formula for x 3 Now we
limit ourselves to a particular case that will be used to prove the formula in the
general case.

The diagram of A is a hook if A = (n —k, 1¥) = (n —k, 1, 1,..., 1) (with
k-many 1’s) for some 0 < k < n — 1. See Figure 3.20. The integer k is called
the height of the hook. We shall also call the partition A a hook.

Figure 3.20 The hook of height 3 corresponding to A = (7, 1, 1, 1) - 10.

Note that a diagram is a hook if and only if it does not contain the box of
coordinates (2, 2). We now give a formula for x i when p = (n).

Theorem 3.4.10 For A - n we have

=DF ifr=(n—k 15
Xiny = . (3.51)
0 if A is not a hook.
Proof First note that
X5X3--- X, = sumof all n cycles of G,,. (3.52)
This may be easily proved by induction, using the identity:
() >y — - >y >~ o)y > k+1— o)
= —>aw—> > m> oy >k+1—a)

(3.53)
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for ay, oy, ..., a, k + 1 distinct. Indeed, for n = 2 (3.52) is trivial. Now, if we
fix ann — 1 cycle, say, (@) = ap = -+ —> o2 —> &1 = 1) € 6,_; and
we multiply it by X,,, then the product splits as the sum Z;;%(al — oy —>
cee = ay_y —> oy = a1)(J, n). For each summand we can express the prod-
uctas (o) = oy —> -+ >, 5, —> j —> a))(j,n) (Where ], o), ..., 0 5, ]
is a permutation of o, oy, ..., ®,—1) Which, by virtue of (3.53), becomes
(@ > a) = -+ =, _, — j— n— o)) and this is an n cycle. It is clear
that all n cycles appear (exactly one time) in the global sum.

Moreover, note that if A is not ahook, T € Tab(1), j is the number in the box
(2, 2) of the diagram of A, and C(T) = (a1, a2, ..., a,), then a; = 0 (Figure
3.21).

01
-1/ 0
Figure 3.21

Consequently, X ;wy = Owr = 0 and
XrX3---X,wr =0 forall T € Tab(A). (3.54)

If A is a hook, say A= (n—k,1¥), we clearly have C(T*)=
©0,1,2,...,.n—k—1,—-1,-2,...,—k), so that, more generally, for T €
Tab(A), C(T) = (0, a», a3, ...,a,) with{ar, a3, ...,a,} ={1,2, ..., n —k —
1,—1,-2,..., —k} (Figure 3.22).

Figure 3.22
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Therefore, for T € Tab()), recalling the definition of «(7T") € Spec(n) (see
(3.26)) and Theorem 3.3.7, we have

X0 X3--- X,wr = apaz -+ - a,wr = (—l)kk!(n —k — Dwr (3.55)

Note also that, from Proposition 3.3.9 we get

-1
dimS* = (" . ) (3.56)
Indeed, a standard tableau of shape A is determined by the k£ numbers placed in
the boxes (2, 1), (3, 1), ..., (k+1,1).

Finally, since (n — 1)! is the number of all n cycles in &,,, from (3.52) and
Lemma 1.3.13 we get, forany A - n

-1,

XXz Xw = WX(”)U)

(3.57)
for any w € S*. Recall that, in our notation, X» X3 --- X,w is the Fourier
transform of X, X3 - - - X,, at the representation S* applied to w.

Then, (3.51) follows from (3.54), (3.55), (3.56) and (3.57). O

3.4.4 The Young seminormal units

In this section, we give an expression, in terms of the YJM elements, of the
primitive idempotents in L(&,) associated with the Gelfand—Tsetlin bases for
the irreducible representations (see Proposition 1.5.17).

For each T € Tab(n), the primitive idempotent in L(S,,) associated with the
Gelfand-Tsetlin vector wr is the normalized matrix coefficient

d
er(m) = n—ﬁwwr, wr) st (3.58)

for all 7 € &, where A is the shape of T and d; = dimS*. We recall that,
following the notation in this chapter, w wr indicates the action of # € &,, on
the vector wy of the representation S*. Moreover, if S € Tab(n) we denote
by erws = Zne,, er(m)mwg the action of the Fourier transform of ey on wg
and by ereg the convolution of ey and eg. We can now state (see Proposition
1.5.17) the main properties of the basis {er : T € Tab(n)} of the Gelfand-
Tsetlin algebra G Z(n):

(i) eres = dr,ser
(il) erws = 7 swr

forall T, S € Tab(n).
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Property (ii) clearly characterizes er among all the elements of the group
algebra L(G,,). The elements ey, T € Tab(n), are also called Young seminormal
units.

In [96, 97], Murphy gave a remarkable expression of e7 in terms of the YJIM
elements. This is also nicely exposed in Garsia’s lecture notes [44].

However, our approach is quite different from those sources, because we
have already established the basic properties of the Gelfand—Tsetlin bases, from
which such an expression quite easily follows.

We introduce some notation (from [44]). For T € Tab(n), we denote by T
the tableau in Tab(n — 1) obtained by removing from 7' the box containing n.
Moreover, we denote by ar(j) the jth component in C(T), that is, C(T) =
(ar(1), ar(2), ..., ar(n)). With this notation, the spectral analysis of the YIM
elements may be summarized by the formula X, w7y = ar(k)wy for all T €
Tab(n), k =1,2,...,n (see (3.26) and Theorem 3.3.7).

Theorem 3.4.11 We have the following recursive expression for ey, T €
Tab(n)

er = e - 1_[ Xn—as(n) (3.59)
! SeTab(n): CZT(I’Z) - as(l’l) .
S=T,S#T

and ey = 1 for the unique T € Tab(1).

Proof We show that indeed, denoting by ¢7 the group algebra element (recur-
sively defined) on the right-hand side of (3.59), then erwgs = &7 sws for all
S € Tab(n). By the characterizing property (ii) above, we deduce that e = er.

The proof is by induction on n. Suppose that S # T. This means that either
S and T have different shapes, or that they have the same shape but a different
placement of the numbers 1, 2, ..., n — 1. In both cases, we have:

ETwS = 37w§ =0. (360)

Indeed, the first equality follows from the fact that ez € L(S,,_;), and therefore,
to get the action of ¢ on wg we have to restrict to &, the irreducible
representation containing wg (thus obtaining the vector wg). Moreover, the
second equality follows from the inductive hypothesis.

On the other hand, if S =T but S # T, then X, ws = as(n)wg, so that
erwg = 0, because the factor X, — ag(n) appears in ¢7 (the second factor in
the right-hand side of (3.59)).
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X, —as(n)

ar(n)fas(n)wT = wr for

Finally, we have X,,wr = ar(n)wr and therefore
all S € Tab(n) such that S=TandS # T, so that
~ ~ Xn -
erwr = eT . 1_[ #m)w
SeTab(n): ar(n) — as(n)
S=T,S#£T
= erwr

= Wwr.

Note that the third equality may be derived by restricting to S,,_;, along the
lines of the first equality in (3.60). O

On the other hand, the Fourier inversion formula in Proposition 1.5.17
immediately yields the following expression of X; in terms of the Young
seminormal units:

Proposition 3.4.12 Fork = 1,2, ..., n we have
X = Z ar(k)er.

T eTab(n)

Exercise 3.4.13 (1) Let T be the unique standard tableau of shape (n) (see
Example 3.4.5). Show that

1 n
r=— [Ja+xp.
j=1

Prove also that ey = nl, > cs, 7 In two ways: (i) by means of the representa-
tion theory of S,, and (ii) as an algebraic identity in S,,.

Hint. If 7 € G,,, then there exists auniqueo € &,_jand j € {1,2,...,n —
1} suchthatm = o (j — n — j).

(2) Let T be the unique standard tableau of shape (1) (see Example 3.4.6).
Show that

1 n
r=—[la-xp.
j=1

As in (1), give two proofs of the fact that ey = % ZneG” e(m)m.
(3) Let T; be the standard tableau of Example 3.4.7. Show that

er, = -~ []‘[(X+1>]-(Xj—j+1)~ [T xx: +2

W — 2N
nln —2)! i=j+1
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Exercise 3.4.14 Set S; := L(G,)er (the set of all convolutions fer, with
f € L(&,)). Show that L(S,) = @,,, Dreruwp, St is an orthogonal decom-
position of the left regular representation of G,, into irreducible representations
and that S} is an eigenspace of the operator f > f X (right convolution by
Xi), with corresponding eigenvalue equal to ar (k).

Hint: look at Exercise 1.5.18 and Exercise 2.2.4.

3.5 Skew representations and the
Murnhagan-Nakayama rule

In this section, we define the skew representations of the symmetric group.
Then, we prove the Murnhagan—Nakayama rule which enables us to recursively
compute the characters of G,,.

3.5.1 Skew shapes

LetO <k <n.LetA = (A1, Ao, ..., A) Fnandu = (uy, U2, ..., us) H(n —
k) with s <r and u < A (recall that the latter means that u; < A; for all
Jj=1,2,...,5). Then, the skew shape X/u is obtained by removing from the
shape of XA all the boxes belonging to w. For instance, if A = (8,4, 3) and
w = (3, 2), then A/p is shown in Figure 3.23.

Figure 3.23 The skew shape (8, 4, 3)/(3, 2).

We also denote by |A/u| = k the number of boxes of the skew shape A /.

Letl <i <s—1.1f u; < A1 we say thattherowsi andi + 1 of A/ are
connected. On the contrary, if u; > A;11 we say that they are disconnected: see
Figures 3.24(a)(b).

i Ai

Hit1 Ait1

Figure 3.24(a) p; < A;j4+1: therows i and i + 1 are connected.
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Hi Ai

Hi+1 Ait1

Figure 3.24(b) w; > A;41: the rows i and i + 1 are disconnected.

We say that 1./ is connected if all pairs of consecutive rows in A /4 are con-
nected. Otherwise, we shay that A/ is disconnected . If all pairs of consecutive
rows are disconnected we say that A/u is totally disconnected (in Macdonald
[83], a totally disconnected skew diagram is called a horizontal m-strip). This
last condition is equivalent to having: s <r < s 4+ 1 and

AIEMIZAZEMZZ"'ZH@—IZ)\SEMSZAS—H-

Example 3.5.1
(1) Letx = (8,4,3)and u = (3, 2), then A/ is connected (see Figure 3.23).
(i) LetA = (8,3,3)and u = (3, 2), then A/ is disconnected (Figure 3.25):

Figure 3.25 (8,3,3)/(3,2) is disconnected.

(iii) Let A = (8,3, 1) and u = (3, 2), then A/ is totally disconnected (Figure
3.26):

Figure 3.26 (8,3,1)/(3,2) is totally disconnected.

Note that if the diagonals of A are numbered by the quantity (jth coordinate
— ith coordinate) (see Section 3.1.5), then A/u is connected if and only if the
numbers of the diagonals of A /u form a segment in Z.

A standard tableau of shape A/u is a bijective filling of the boxes of A/u
with 1, 2, ..., k such that the numbers are in increasing order from left to right
along the rows, and from up to down along the columns.
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If T is a standard tableau of shape A/, the content of T is (as in (3.5))
C(T) =) —i(l), j2) —iQ?),..., jlk) —ik)),

where (i(t), j(t)) are the (i, j)-coordinates of the box containing ¢ =
1,2, ..., k. For instance, the tableau T in Figure 3.27 is standard

1]4]5]9]10]
2[3
6]718

Figure 3.27 A standard tableau of shape (8,4,3)/(3,2).

and its content is
C(T)=@,1,2,4,5,-2,-1,0,6,7).

Denote by Tab(A /) the set of all standard tableaux of shape A/u. If A =
A ak=D s 5 A@ 5 A = 4 is a path from A to p in the Young
poset Y, then we may construct a standard tableau 7' € Tab(A/u) by placing
the number j in the box AV /AU~D j =k, k —1,...,2. This way, we get a
bijection

{Path in Y from A to u} — Tab(A/u) 3.61)

that generalizes (3.8).

Let T € Tab(A/u). An adjacent transposition s; is admissible for T if s;T
is still standard. The following theorem is a straightforward generalization of
Theorem 3.1.5 and its corollary.

Theorem 3.5.2 Let T, R € Tab(A/u), m € & and suppose that nT = R.
Then R may be obtained from T by a sequence of £(w) admissible trans-
positions.

Proof Consider the box that contains the number k£ in R and let j denote
the corresponding number in 7. Then s, is admissible for s,_is4—2---s;T,
h=j,j+1,...,k—1 and k is placed in the same box of sy_is;_o--
s;T and R. Continuing this way, with k — 1,k —2,...,2, one proves the
theorem. O

3.5.2 Skew representations of the symmetric group

Let 1 < k < n and denote by &,,_; and &, the groups of all permutations of
{1,2,...,n—k}and {n —k+1,n—k+2,...,n}, respectively. Viewed as
subgroups of G,,, they commute: if o € S, and 7 € &, thenonm = wo.
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Let AFnand u -n —k.

Recall that S* is contained in Resgzik S* if and only if there exists a path in
Y from X to p, and this is in turn equivalent to A > w.

There is a natural representation of &; on Homg,  (S*, $*): for ® €
Homg, , (S*, S and m € &, then w® is well defined. Indeed, 7 acts on
S* (recall that we have identified w with the Fourier transform A(8;) = A(7)).
Moreover, 7 ® € Homg, , (S*, S*), because 7w commutes with &,,_. This rep-
resentation is called the skew representation of &, associated with A/p. It is
denoted by S*/~.

Note that dimS*/#* = |Tab(A/u)|. Indeed, dimS*/# equals the number of
paths in Y from A to p and this, in turn, equals |Tab(A /)| (see (3.61)).

For the moment, we assume that the tableaux in Tab(A/u) are filled (in a
standard way) with the numbersn —k + 1,n —k +2,...,n.Let R € Tab(u)
(filled with 1,2,...,n —k) and T € Tab(A/u). We can define a standard
tableau R U T simply by filling the boxes of A according to R (for the numbers
1,2,...,n—k)andto T (forn —k+1,n—k+2,...,n).

For instance, if R is as shown in Figure 3.28(a),

1[2]4]
1315

Figure 3.28(a)

and T is as shown in Figure 3.28(b),

71911[13
68
1012]14

Figure 3.28(b)

then R U T is equal to the tableau shown in Figure 3.28(c)

1[2]4]7]911]13
3[5]6]8
10[12/14

Figure 3.28(c)

For every T' € Tab(A/u) we define a linear operator

&7 S —> §
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by setting
Qrwr = Wrur

where wg (resp. wgyr) is the vector of Young’s orthogonal form (see Theorem
3.4.4) associated with R (resp. RuU T).

Theorem 3.5.3 The set (O7 : T e Tab(L/w)} is a basis for S**. Moreover,
forT e Tab(A/u)and j =n—k+1,n—k+2,...,n— 1, we have

1 1
SjCDT = ;(DT +.,/1— r—zq)sz

where, for C(T) = (Gn—k+1, An—i42, - - - Qn), ¥ = a1 — a; is the axial dis-
tance from j + 1to jinT.

Proof This is an immediate consequence of Theorem 3.4.4 and of the following
obvious identities. For R € Tab(u) and T € Tab()\/u) then

si(RUT)=(s;R)UT forj=12,....n—k—1, (3.62)

siRUT)=RU(s;T) forj=n—k+1,n—k+2,....n—1. (3.63)

Suppose that C(RU T) = (ay, az, ..., a,). Then, from (3.62) and Theorem
344weget,forj=1,2,...,n—k—1,

sjdewR = S;WRuT

1 1
= Wrur +1- 3 W RuT

= CDTS]'U)R

where r = a1 — a; is the axial distance from j + 1 to j in R (and therefore,
also in R U T). This shows that & € S*/*. Moreover, ®7, S*# L d, S¥/H if
Ty # T, and since dimS*/#* = |Tab(A /)|, then {®7 : T e Tab(A/u)} is a basis
for S*H.

Finally, for j =n—k+1,n —k+2,...,n — 1, from (3.63) we get

sj<I>TwR = S;WRuT

1 1
= _Wrur +4/1— 2 WRLGs, )

1 / 1
(—CDT+ 1 __2(DSJT> WR
r r
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where r = a;;| — a; is the axial distance from j + 1 to j in T (and therefore,
alsoin RuT). d

Let # be a nonnegative integer and denote by S, the symmetric group acting
on the segment {t +1,#+2,...,¢t +k}. Then we can construct S** just
using the explicit formulas in Theorem 3.5.3. We shall use these formulas in a
slightly different notation: we say that in S*/# there exists an orthonormal basis
{wr : T € Tab(A/w)} (T filled withr + 1, + 2, ..., ¢ + k), called the Young
orthogonal basis, such that, for j =¢t+ 1,¢+2,...,t+k — 1, we have

1 / 1
S;wWr = —wr + 1— —2wsz (364)
r r

where r is the axial distance from j + 1to jin T.

Remark 3.5.4 The representation S*/* depends only on the shape of the
skew tableau A/p and it is invariant with respect to translations. This means
that if 7 >0, A0 =g+t 0+, ...,0 +1) and u® = (u +1, w2 +

fyooos s+ 1,11, ..., 1), then S*/HY = §h/K,
— ——
r—s
Similarly, if A®=(a,00,...,, 1, 42,..., %) and puP=
(alsa23--~’at’ H‘l?l”bz"-'vll‘sx with 05120122"'205:2)%, then7

again, S*7/n% = g/,
Moreover, if A/u is connected, A; > u; and r > s, then we say that A and
u give the minimal realization of A /1.

3.5.3 Basic properties of the skew representations and Pieri’s rule

In this section, we collect some basic properties of the skew representations
that will be used to prove the Murnaghan—Nakayama formula and the Young
rule (Section 3.7).

We start by introducing a notion which is a slight generalization of that of a
partition.

Let k£ be a positive integer. A sequence b = (by, by, ..., b;) of positive
integers is an £-parts composition of k if by + b, + - - - + by = k (therefore,
a partition is a composition with the property that by > b, > --- > by). Let ¢
be a nonnegative integer and denote by &, the symmetric group acting on the
segment {r + 1,7+ 2,...,t+ k}. The Young subgroup associated with b is
given by

GbZGb] X6b2X~--X6b£
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where &), actson {t + by +by+ - +bj_1+ 1t +b +by+--+bj_ +
2,...,t+bi+by+---+Dbj}.

Proposition 3.5.5 Let b = (b1, by, ..., by) be a composition of k. Then
Resg: 8" = €D (S“”/ﬂ R R. .. " S’W(H)>

where the sum runs over all sequences A0 = <aM << A0D <20 =
A such that |)»(j)/)n(j_')| =bjforj=12,...,4L

Proof A closer look at the proof of Theorem 3.5.3 reveals that

Resg o, 5" = €D ($*®SMH). (3.65)

un—k:
H=A

It suffices to note the following fact: if 7 € Tab(1), then the boxes occupied
by the numbers 1,2, ..., n — k in T form the diagram of a partition  of n — k.
The present proposition is an obvious generalization of (3.65). O

In general, S*/ is not irreducible. However, the following holds.
Proposition 3.5.6 For every T € Tab(A/uw), wy is a cyclic vector in S**.

Proof Fix T € Tab(A/u) and let V be the linear span < rwr : m € G >. For
every R € Tab(L/n), let mg € G, denote the permutation such that 7z 7 = R.
We shall prove, by induction on £(wg), that wg is in V. If £(mg) = 1, the
statement follows from (3.64). If £(mg) > 1, let R; € Tab(1/u) be such that
L(mrg,) = €(wg) — 1 and mp = s;7p, for some adjacent transposition s; (recall
Theorem 3.5.2). Therefore R = s; R, and if the proposition holds true for Ry,
that is, wg, € V, then, applying again (3.64), we get wg € V. O

Let now A = (A1, A2, ..., A,) Frand u = (uy, w2, ..., Us) En —k with
n =X A

Proposition 3.5.7 Suppose that the rows h and h + 1 are disconnected in 1/
and denote by 0 /v and 1/t the skew diagrams formed with therows 1,2, ..., h
andh+1,h+2,...,r of A/, respectively. Suppose that |0 /v| = m (so that
In/t| =k —m). Then

SME=Tndg s, (7R ST,

Proof Consider the subspace W of S*/* spanned by all the wy, with T €
Tab()\/u), such that: the boxes in /v contain the numbers 1, 2, ..., m, and
those in 1/t contain the numbers m 4+ 1,m + 2, ..., k. Clearly, W = §/* X
S"* as a &,, x &;_,, representation (apply the Young orthogonal form). Let
S be a system of representatives for the cosets of G,, x &;_,, in &;. We must
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show that S** = @, csm W (with direct sum). First of all, S/ is spanned by
the subspaces = W because every Young basis vector is cyclic (by Proposition
3.5.6).

On the other hand, we have

k
dimS** = |Tab(r/p)| = ( )dimSW” - dimS"* = |S|dimW.
m

Indeed, to form a standard A/u tableau T we must choose an m-subset A in
{1,2,...,k} and then form a 6 /v tableau with the numbers in A and an 1/t
tableau with numbers in A° (6/v and n/t are disconnected). O

Corollary 3.5.8 Suppose that A/u is totally disconnected and that
b1, by, ..., b; are the length of the (non-trivial) rows of ./ . Then

M o~ Indg: (S(bl) NS»?K... X S(br))

where b = (by, ba, ..., b,), that is, S** is isomorphic to the permutation rep-
resentation of Sy over S, /G,

Example 3.5.9 Take A = (k, 1) and i = (1). Let w; be the Young basis vector
associated with the standard tableau

12 [ i=1+1...]...] k

o

Figure 3.29

for j =1,2,..., k (Figure 3.29). Then the Young formula gives

1 1
siwj=——w; + |1l — —w; 3.66
W= \/ TES It (3.66)

1 1
Sji—jw; = —7wj + [1— W -1 (3.67)

j 2
and

siw; =w;, fori#j—1,]. (3.68)

On the other hand, by Corollary 3.5.8 we have that §*/* is isomorphic to
the permutation module L(X), where X = G;/(G;—1 x &1) ={1,2,...,k}.
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Indeed, an explicit formula for wy, wy, ..., wi as vectors in L(X) is given by

/ JEFT
A 1,
W= \/J(J+ o J(J+ )]

where 1; =8 + 8, + -+ +§;.

Exercise 3.5.10 Prove that wy, wo, ..., wy is an orthonormal system in L(X)
and that (3.66), (3.67) and (3.68) are satisfied.

Exercise 3.5.11 (a) Let &3 acton Y ={0,1,...,k}. For j =1,2,...,k,
set

1 —Vk+1 1
uj = 5]' + 1, — 8o,
kk(k+ 1) vk +1
where 1, = 8; + 6, + - - - + 8. Prove that uy, us, ..., u; is an orthonormal

basis in S¥! C L(Y) (see Example 3.4.7) and that the map
L(X) 3 8; > u; € Resg"" sk

is a unitary isomorphism of G;-representations.

(b) Use (a) and Example 3.4.7 to give another solution of Exercise 3.5.10
(note also that S /() = Homg (SW, S¥1) = Resgz*‘ Sk,

(c) Show that for k > i > j, the vector w; is not an eigenvector of the YIM
operator Xj.

Proposition 3.5.12 The multiplicity of the trivial representation S® in S*/* is
equal to 1 if A/ is totally disconnected, 0 otherwise.

Proof If )/ is totally disconnected, then S*/# is a permutation module (with
respect to a transitive action) and therefore it contains S® with multiplicity
one.

Suppose now that A/ is not totally disconnected, that is, there are two con-
nected rows. Then, there exists a standard A /u-tableau T with two consecutive
numbers £ and ¢ 4 1 one the same column. This is clear if A/u has only two
rows (Figure 3.30):

t+ot]evor (+2t
¢ t+2 1|41 +r

1 =1 4+1] (43 0+2t

Figure 3.30
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and this trick may be easily adapted to the general case. Then s,wy = —wr and
therefore S*/* cannot contain the trivial representation. See Corollary 1.1.11
and Proposition 3.5.6. O

The following corollary is a generalization of the branching rule.

Corollary 3.5.13 Let A - n and u - n — k be two partitions. Then the multi-
plicity of S* & §® in ResgzikX@kSk isequal to 1 if w < A and )/ is totally
disconnected, and 0 otherwise.

Proof This is an immediate consequence of Proposition 3.5.5 (more precisely
of (3.65)) and Proposition 3.5.12. ]

Applying the Frobenius reciprocity (cf. Theorem 1.6.11) we immediately
get the following.

Corollary 3.5.14 (Pieri’s rule) For u - n — k we have
S, k s
Indg' e, (5" RSY) = @S

where the sum runs over all partitions A & n such that 1 < X and )/ is totally
disconnected.

3.5.4 Skew hooks

LetA = (A1, A2, ..., A,) Fnand u = n — k be two partitions. We say that A/ i
is a skew hook if the corresponding diagram is connected and does not have
two boxes on the same diagonal. This is equivalent to the following condition:
the content of A/ is a segment of integers of length |A/u|. Moreover, if A and
1 form a minimal realization of A /it (see Remark 3.5.4), then A; = ;1 +1
forj=2,3,...,r

The height of a skew hook A/u, denoted by (A/u), is equal to the number
of rows —1; if A and p are minimal, itisequaltor —land Ay =k —r + 1 =

— (/).

Figure 3.31 The skew hook (6,4,2,2,2)/(3,1,1, 1).

In the example in Figure 3.31, one has ((6,4,2,2,2)/(3,1,1, 1)) =
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Theorem 3.5.15 Suppose that )./ is connected and that y & k is the hook of
height h, that is, y = (k — h, 1"). Then, the multiplicity of SY in S** is equal
to 1 if L/ is a skew hook of height h, O in all other cases.

Proof We split the proof into three steps.

Step 1 First suppose that 1./ is not a skew hook. Then it contains a subdiagram
of the form E Moreover, there exists Ty € Tab(A/u) such that BH contains
four consecutive numbers, say ¢, ¢ + 1,7 + 2, ¢t 4+ 3. Indeed, if we divide 1 /u
as in Figure 3.32,

A

Figure 3.32

we can certainly take r = (number of boxes in A;) + 1.

Let V be the subspace spanned by all tableaux wy with T € Tab(A/p) that
have t,t +1,t+2,t+ 3 in Bﬂ and coincide with T, in A; and A,, and let
&4 be the symmetric group on {t,7 + 1,¢ + 2, ¢t + 3}. Then, from the Young
orthogonal form we deduce that V is G4-invariant and isomorphic to S 22 (note
also that G4 is conjugate to the symmetric group on {1, 2, 3, 4}).

Since (2, 2) is not contained in y (this is a hook), then § 2.2 is not contained in
Resgj S7 and therefore, by Frobenius reciprocity (Theorem 1.6.11), we deduce
that S” is not contained in Indg" $>2.

Arguing as in Proposition 3.5.7 (that is, using Proposition 3.5.6; see also
Exercise 1.6.3) we can construct a surjective intertwining map

Indg' $*? = P rs*? — sHn
TesS
(where S is a system of representatives for the &4 cosets in &. Clearly, in the

present case, the map above fails to be injective).
In particular, S*/1 also cannot contain S .
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Step 2 Suppose now that A/u is a skew hook with (A/u) # h. Assume also
that A and p yield a minimal realization of A /u. Then (A/u) =r — land A; +
r—l=kandwehave h >r — 1 (if (\/u) < h),or .y <k —h (if (A/u) >
h). In both cases, y Z A and therefore Resg:Sk does not contain S”; since
SMH < Resg’k‘ S* (see (3.65)), then S*/* does not contain S? either.

Step 3 Finally, suppose that A /u is a hook with (A/u) = h and that A and u
yield a minimal realization of A /. In this case, A /y has shape u (Figure 3.33):

| ]

Figure 3.33

Therefore, $*/7 = S as &,,_-representations. Then, an application of (3.65)
ensures that the multiplicity of S X §#* = S” K $*/7 in Resg’k’XGH S* is equal
to 1.

Therefore, we end the proof if we show that the multiplicity of S7 in S*/*
is equal to the multiplicity of S* X S” in Resg'n’ikxekS’\. But this is, again, a
consequence of (3.65) and the following observation: if 6 - k and 8 < A, then
A/6 is a skew hook if and only if & = p (since A, u are minimal, every skew
hook of the form A/6 is contained in A/u). Therefore, from Step 1, if S/
contains S7, then 6 = . ]

3.5.5 The Murnaghan-Nakayama rule
Let A/u be a skew shape with [A/u| = k.

Theorem 3.5.16 The character of S** on a cycle of length k is given by the
following rule:

A (12 k) = ( I)M/M) lf / is a skew hook
X H . — A M s
0 otherwise.
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Proof First of all, suppose that A/ is not connected. Then, from Proposition
3.5.7 we know that

SHE=Indgt s, (SRS

k—m

for suitable m, 0, v, n and .

But a cycle of length k is not conjugate to any element in &, X Gj_,
and therefore Frobenius character formula for an induced representation (cf.
Theorem 1.6.7) ensures that x*/*(12---k) = 0.

Now suppose that A/u is connected but is not a skew hook. Then no irre-
ducible representation of the form S¥, with y F k a hook, is contained in
S*/1 (cf. Theorem 3.5.15) and therefore, by Theorem 3.4.10, we again have
X”/’“‘(12 k) =0.

Finally, suppose that A/u is a skew hook and set 7 = (A/u). Again, from
Theorem 3.5.15 we deduce that S*"!" is the unique irreducible representation
of &; associated with a hook contained in $*/#, and its multiplicity is equal to
1. Another application of Theorem 3.4.10 ends the proof. O

Theorem 3.5.17 (The Murnaghan—-Nakayama rule) Let o - k. Then
X" = Z( He

where, if o =(01,02,...,0¢), the sum runs over all sequences S =
WO = < AW <o <A < 0O = ) such that [\ /AVD| = o, and
A /A0=D s q skew hook, j =1,2,...,4¢, and (S) := Z_l;:l()»(j)/)\(jfl)),

Proof Set Go =64 X G4, X -+ X G, where 6(,/. acts on
for+---+oj1+1,...,01 +---+0j}. Set r=(,2,...,01)(01 +
l,oy+2,...,01+02) (o1 +---4+0oi_1+1,...,01+--+ 0p). Note
that it belongs to &, and has cycle type o. Then, from Proposition 3.5.5 we
get

14

() /5G-D
XA/M(n) — Z X;,/ /AU

s j=1

where the sum runs over all sequences A = o < A < ... < AE=D < 1O =
X such that [AY)/AU=D| = ¢, for j = 1,2, ..., ¢, and an application of Theo-
rem 3.5.16 ends the proof. O

Remark 3.5.18 In Theorem 3.5.17, the condition oy > 05 > --- > 0y is not
necessary. Indeed, let b = (b1, by, ..., by) be a composition of k. A rim hook
tableau of shape A /u and content b is a skew tableau T (of shape A /), filled
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with the numbers 1, 2, ..., £ (with repetitions) (see Figure 3.34) in such a way
that

(i) bjisthe numberof j’sinT, j=1,2,...,¢;
(i) the numbers are weakly increasing along the rows and the columns;
(iii) for j =1, 2, ..., £ the boxes occupied by j form a skew hook T;.

The height (T') of T is the sum of the heights of the 7;’s:

12
(T) =) (T)).

j=

—_

1/1[3[3]4]4]
1/1]2[3]5]5
2]2]2]2]5]5

Figure 3.34 A rim hook tableau 7 of shape (8,7,6)/(2,1) and content
4,5,3,2, ) with(T) =14+1+1+0+1=4.

W

Then the Murghanan—Nakayama rule may be also expressed in the following
way: if 7 is a permutation of cycle type (b, b», .. ., b;) then

Xy =) (=T
T

where the sum is over all rim hook tableaux of shape A/u and content
(b1, b2, .., be).

Example 3.5.19 Take 1 = (5, 4, 3) and i = ¢ and suppose that 7 € G, has
cycle type (1, 2, 3, 6). There are only two rim hook tableaux of shape A and
content (1, 2, 3, 6), namely those in Figure 3.35.

1[3/3[4]4] 1[2]2[4]4]
T = |2[3]4]4 T, = 3]3[4]4
2044 3144

Figure 3.35 The two rim hook tableaux of shape (5, 4, 3) and content (1, 2, 3, 6).

Since (T}) = 4 and (1) = 3, we have y*(m) = (—1D)*+ (-1’ =1—-1=
0.
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3.6 The Frobenius—Young correspondence

In this section, we introduce a class of permutation representations of S,
naturally parameterized by the partitions of n. Our exposition is inspired by the
monographs by James and Kerber [66], Macdonald [83] and Sternberg [115].
In particular, Sections 3.6.2 and 3.6.3 are based on Vershik’s paper [120].

3.6.1 The dominance and the lexicographic orders for partitions

Definition 3.6.1 Let A = (A, Ap, ..., Ap) and w = (1, U2, ..., g) be two
partitions of n.
We say that u dominates A and we write

Adu

if k < h and

J J

PIREDWT

i=1 i=1
forj=1,2,... k.

For instance one has (5, 3, 1) > (4, 3, 2). The relation < is a partial order
and the partitions (1, 1, ..., 1) and (n) are the minimal and maximal elements,
respectively. The order is not total: for instance, the partitions A = (3, 3) and
uw = (4,1, 1) are not comparable.

We say that p is obtained from A by a single-box up-move if there exist
positive integers i and j with i < j such that u, = A, for all £ #1i, j and
wi =i +1land A; = u; — 1. Clearly, if u is obtained from A by a single-box
up-move, then A < u.

Proposition 3.6.2 Let A and (1 be two partitions of n. Then pu > X if and only
if there exists a chain

)\.OS])\.IS]"'g)\.S_ISIA.X

where \° = &, A* = p and Mt is obtained from A’ by a single-box up-move,
i=0,1,...,s — 1

Proof The “if” part is obvious. Suppose A = (A, A2, ..., Ap) is dominated by
w=C(ur, 12, ..., ux) #randset u; =0for j =k +1,k+2,...,h Lets
be the smallest positive integer such that > ;_, A; < Y }_, u;, denote by ¢ the
smallest positive integer such that u, < A, and by v the largest integer such
that A, = A,. Then we have
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(P1) wy =21, po =22, ..., ts—1 = Asy and ps > Ag;
P ui=r i=s+1,5s4+2,...,t—1;
PHAM=M>u>n; i=t+1,t+2,...,0.

It particular, from (P1) it follows that ¢ > s. Moreover, from (P1), (P2) and
(P3) it follows that the the quantity Y ;_, u; — > ;_, A; is positive for z = s
and z = v — 1, notdecreasing fors < z <t — 1, decreasing forr <z <v — 1.
Then we have

P4) i i >y A fors<z<v—1
Define a partition A - n by setting
XZ ()"]7)\'27 ‘-'5)"5—]7)\'.3' + 1’)".?-‘(—17 "'5A'U—15A'v - 17)\'U+17 "'5)"}‘1)'

Note that A is a partition because (P1) implies that A;_; > Ay 4+ 1 while
Ay > Ayqp implies A, — 1 > X4 1. Moreover, X is obtained from A by a single-
box up-move.

Now, (P4) implies that A< w. Thus, setting Al=2x, A2 = Al and so on,
then, after a finite number of steps, we eventually obtain A* = u. ]

For instance, if . = (4,4, 4) and u = (8, 3, 1) we obtain the following chain
of partitions:

(4,4,4)<(5,4,3)<(6,3,3)<(7,3,2)< (8,3, 1).

Let A = (A1, A, ..., Ag) - n. Note that in the diagram of A there are ¢ :=
A1 columns and the jth column contains exactly )Jj = |{i : A; = j}| boxes.
The conjugate partition A’ of X is defined by A’ = (A7, A}, ..., A}). Clearly its
associated Young diagram is obtained by transposing (that is, reflecting with
respect to the main diagonal) the Young diagram of A (Figure 3.36).

MoA A A A Ak
Al ‘ A
A2 o VA
|| A
s
A= (A1, A2, .oy Ag) X=0 A, A
Figure 3.36

Note that (1) = A so that A; = |{i : A; > j}|. The following proposition
connects the partial order < with the conjugation.
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Proposition 3.6.3 We have A < p if and only if 1/ < ).

Proof In view of Proposition 3.6.2 it suffices to prove this fact when u is
obtained from A by a single-box up-move. But this is obvious. O

Suppose now that A - n and y = n — 1. We recall (see Section 3.1.6) that
A covers y if the Young frame of y can be obtained by removing a single box
from the Young frame of A.

Lemma 3.6.4 Let A = (Aq, A, ..., Ap) and u = (L1, U2, ..., Ui) be two par-
titions of n. Then the following two conditions are equivalent:

(@) A< pu
(b) For every p covered by | there exists y covered by A with y < p.

Proof We first show the implication (a)=>(b). Suppose that A < p and that p
is obtained from p by removing a single box from row i. Let j > 1 be the
largest integer such that A; = A;. Note that if j > i then u; > A; (because
Wi > it and A} = Ap = --- = A;41). Therefore, defining ¢ as the smallest
positive integer suchthat Ay + Xp +--- 4+ Ay = u; + o + - - - + Wy, then, nec-
essarily, £ > j: otherwise, we would have ¢+ < (y < A¢ = Ag4q and there-
fore ) + p2 4+ -+ -+ per1 < A1+ Az + -+ - + Aegq,contradicting A < . This
shows that removing a box from the jth row of A one gets a partition y satisfying
y < p (if j < i this is obvious).

Now assume that A and p satisfy condition (b). Let j be the largest positive
integer such that pu; = u;, so that the rightmost box in the jth row of u is
removable (it is the highest removable box). Let p be the partition obtained
by removing that box. Then there exists a partition y - n—1 covered by A
such that y < p. Suppose that y is obtained by removing a box from the
ith row. If j <i we immediately conclude that also A < . Suppose that
j>i. Since py=pp=---=pj 1=, pr+pt-+pi1 =+
+--t+yiaanduy 2 Yicr=Aio1 = A > Y = Vi1 = -0 = Y1, then

prtp+-tpe>nitrt-o+y =ii+l... 51
and this shows that also in this case we have A < . O

Now suppose that A = (A1, A, ..., Ax) and u = (uy, K2, - . ., [y) are par-
titions of n. We write A < u if there exists an index j € {1, 2, ..., min{k, s}}
suchthatA; = u; fori =1,2,...,j — land A; < ;. This is a total order on
the set of all partitions on n, that is, it is an order relation and we always have
A<, A= or k> pu;itis called the lexicographic order. Moreover, it is
a refinement of the dominance order (cf. Definition 3.6.1), as is shown in the
following proposition.
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Proposition 3.6.5 If ) <y then . < L.

Proof Suppose that 1 # w and let j be the largest index such that A; = p; for
i=1,2,...,j—1.If A < pthen necessarily A; < ;. O

L] <

i

A I
Figure 3.37 A, u - 10withA < pand 2 4

Let M = (M (A, w)); .y be a matrix indexed by the partitions of n. We say
that M is upper unitriangular with respect to > if M(A,A) =1 forall A Fn
and M(\, n) = O unless A > pu.

Lemma 3.6.6 Let M = (M (X, 1)), ,4-n be an integer valued matrix upper uni-
triangular with respect to . Then M is invertible and its inverse is still integer
valued and upper unitriangular.

Proof By Proposition 3.6.5, M is also upper unitriangular with respect to >
which is a total order. Therefore, the statement follows from Cramer’s rule. O

3.6.2 The Young modules

Let m be a positive integer. Given two h-parts compositions of m, a =
(aj,az,...,ap) and b = (b1, by, ..., b,), we say that b is obtained from
a by a permutation if there exists w € &, such that (by, by, ...,b,) =
(ax(1y, @), - - -, Az(wy); if this is the case, we then write b = ma.

In particular, there is a unique partition > = (A{, Az, ..., A;) F n that may
be obtained from a by a permutation; we say that A is the partition associated
with a.

For instance, ifa = (5,7, 2, 3,4) then A = (7, 5, 4, 3, 2).

Let a = (a1, as,...,a,) be a composition of n. A composition of
{1,2,...,n}of type a is an ordered sequence A = (Ay, Az, ..., Ap) of subsets
of {1,2,...,n} such that [Aj| =a; for j =1,2...,hand A; N A; =0 for
i # j.Note that these facts imply that A; [ A, [[---[[Ar = {1,2,...,n};in
other words, (Aj, Ay, ..., Ay) is an ordered partition of {1, 2, ..., n}. More-
over, A, is always determined by A, Ay, ..., Ap—_1.
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Denote by €2, the set of all compositions of {1,2,...,n} of type a.
The symmetric group &, acts on 2, in the natural way: if 0 € &, and
A=(A1, Ay, ...,A;) €, then 0A =(0Ay,0A,,...,0A};). This action
is transitive. Moreover, if we fix A = (A, Aa, ..., Ay) € Q, then the sta-
bilizer of A is isomorphic to the Young subgroup G, x &,, x --- x &,, (see
Section 3.5.3). Indeed, it consists of all o € &, such that 0 A; = A; for all
i=1,2,...,h,s0thato = 0107 - - - 03, with 0; € &,,, the symmetric group on
A_,-, i=1,2,...,h Then we can write

Qi =6,/(64 X Gy X -+ X Gp)).

Note that if the composition b is obtained from a by a permutation, then
Q. = Q, as homogeneous spaces, so that 2, = ; where A is the partition
associated with a.

The Young module of type a is the G,-permutation module L(£2,). It is
usually denoted by M*.

Again, if b and A are as above, then M* = M b >~ pM* sothat we might limit
ourselves to partitions. Note also that when A = (n — k, k) has two parts, then
M"~*k is exactly the permutation module introduced in Example 1.4.10.

In terms of induced representations we can write

a _ S,
M" = Indeul X Gy X x Gy, LB, x By xx By,
and obviously
LS, xByx-x8,, ~le, Qls, ®--Qlg,, -
Suppose that A = (A, Ay, ..., Ap) is a partition of n and y is a partition

of n — 1 covered by A (see Section 3.1.6). Then there exists 1 < j < k such
that y; = A; — 1 and y, = A; for t # j. We define C(A, y) as the number of
1 <i <hsuchthat}; = A;.

Lemma 3.6.7
Resg” M* = P Cn.y)M”. (3.69)

n—1
ykn—1:
y=Ai

Proof This is an application of (1.64). Set Q2; = {(By, Bz, ..., By) € @, :n €
B;}. Then ]_[if:] Q; = Q, is the decomposition of €2, into &,,_;-orbits. More-

over, if Aj_1 > Aj = A4y =---=A; > Aj4y and y - n—1 is obtained from
A by removing a box from the jthrow, then 2; = Q;;;, =---=Q; =Q, as
&,,—1-homogeneous spaces. Therefore, (3.69) holds. O

For a partition A I n, denote by ¢, the alternating representation of the
Young subgroup S, = &;, x G;, x --- x G,,. This means that if o0 € G,
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then ¢,(0) =1 if o is even, while ¢,(0c) = —1 if o is odd. We may also
write €, = Resé:een, or & ~ g, ®fs,, - Qég, , Where eg,  is the
alternating representation of G,,. Also set M = Indgz ¢,. Similarly, we denote

by ¢, the trivial representation of &;, so that M h Indgit A
Proposition 3.6.8 For every A F n we have

dimHome (M*', M*) = 1,
where )\’ is the conjugate partition of .

Proof We apply Mackey’s intertwining number theorem (Theorem 1.6.15). Let
T be a system of representatives for the cosets G,/ \&,,/6; and, forallr € T,
set G, = tS,+~!' N &,.. Then we have:

dimHome, (Indg” &, Indg's;) = Z dimHomg, (¢¢, , Lg,).
teT

Indeed, Resg‘”'sw =¢g, and 1,(t"'gt) = 1 for all g € G. But &¢, and LG, are
clearly irreducible (they are one-dimensional) and they are also inequivalent if
G, is nontrivial. Therefore we are left to show that there exists exactly one trivial
G,. Suppose that G;; is the stabilizer of (B, By, ..., By,) € Q. First note that
(A1, Ay, ..., Ap), (A}, A), ..., A}) € Q, belong to the same &;,-orbit if and
only if

|A; N B;| = |A,NB,| Vi, j. (3.70)

Moreover, the stabilizer of (A}, A, ..., Ap) in Gy is the group of all per-
mutations w € &, such that w(A; N B;) = A; N B; for all i, j; in particular it
is trivial if and only if

JA;NB;| =1 Vi,j. 3.71)

Indeed, if |A; N B;| > 2 then there exists o € G;, nontrivial such that
o(A; N Bj)=A; N B; while |A; N B;| < 1 foralli, j gives (3.71). From the
conditions (3.70) and (3.71) it follows that there exists just one orbit of S,
on 2, such that the stabilizer of an element is trivial, namely the set of all
(Ay, Ay, ..., Ap) satistfying (3.71). This shows that there exists exactly one
trivial G;. ]

3.6.3 The Frobenius—Young correspondence

Theorem 3.6.9 Let A, u be two partitions of n. Then S* is contained in M* if
and only if & < .
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Proof First we prove, by induction on n, the “only if” part. Suppose that S*
is contained in M* and that the “only if” part is true for n — 1. By (3.69) and
the branching rule, we can say that for every p covered by u there exists y
covered by A such that S < M7 and therefore, by the inductive hypothesis,
y < p. Then Lemma 3.6.4 ensures that A < u. Note also that we can take
n =3 as the basis of induction, since M>! = §® @ $>! (see Example 1.4.5)
and M1 = §O) g 2821 @ §11T,

In particular (see Example 1.4.10) we know that M"~%k decomposes,
without multiplicity, into the sum of k 4 1 irreducible representations. Since
(n—k,k) Jpifandonlyif u = (n — j, j) with 0 < j < k, we conclude that

k
Mnfk,k o~ @ S"*J'qj (3.72)
=0

(see also Exercise 1.4.11). Now we observe that
S* < M* VAt n. (3.73)

Indeed, consider the tableau T* (presented in Figure 3.6) and the associated
Young basis vector wy:. From the Young formula (Theorem 3.4.4) it follows
that wy is &y-invariant (if &, stabilizes the rows of T*). Then, by Theorem
1.4.12, it follows that S* is contained in M*.

Then, to get the reverse implication, it suffices to prove the following claim.

Claim A < p if and only if there exists an invariant subspace V;_, in M* such
that M* = M»* @V, .

Note that, by virtue of Proposition 3.6.2, we can limit ourselves to prove the
claim in the case u is obtained from X by a single-box up-move, that is, when
thereexisti < jsuchthatp = (A1, Ay, ..., Aim, A+ 1,000 4 — 1,00, Ap).
Setm =A1+A+---+Ag+Ap+--+ A g +HAgt -+ A =0 —
(A +Aj)andv = A1, A2, e Aoty Aigds ...,)»jfl,)»j#l, ..., Ap),sothatv
m. We have

M = Indg: [S(M) RSM®...® S(M)]
~ S, hi Aj
= Ind@vXG;\iXGAj [L@U ® S( )® S( 1)]

(by Proposition 1.6.6) = Indgix@.”. [M" ® M**]

(by (3.72)) = Indgzlxgk_# (M @ [MP+125-1 @ s704])
i)
(by Proposition 1.6.6) = M* @Indg:lxexﬂ‘ [MV ® SM,M]

and the claim follows.
This ends the proof of the theorem. O
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Recalling (see Example 3.4.6) that S+ coincides with the alternating
representation of G,,, we have:

Lemma 3.6.10 For every partition A |- n, we have
SH = st st (3.74)

Proof For every T € Tab()), let T’ be the transposed tableau. Then T’ €
Tab()\) and

Tab()) — Tab(1")
T +— T

is clearly a bijection. Moreover, if C(T) = (ay, s, ...,a,) then C(T") =
(—ay, —ay, ..., —ay,), and the lemma follows from the Young orthogonal form
(Theorem 3.4.4), considering the base (—1)‘™wy in S*, where 77 is as in
Proposition 3.4.1. O

Theorem 3.6.11 Denote by K (ju, ) the multiplicity of S* in M*. Then

=0 ifradnp
Ku, V=1 ifr=pn (3.75)
>1 ifr<ap

so that
M =P Kp. 1" = 5" &P K. 1"
A A

and all the indicated multiplicities are positive.
Moreover, we also have

M = @ K(u', \)SH.
asrs

Proof The cases A 4 p and A < p in (3.75) follow from Theorem 3.6.9. Note
that from Corollary 1.6.10 we get

M* = Indg'Resg' S" 11 = g1 @ M2, (3.76)

Denote by ¥* and y* the characters of M* and M* , respectively. From
(3.76), Lemma 3.6.10 and Proposition 1.3.4.(vii), we get

(Y = (et
:<Xl,l ..... lXp.’,(p)»/)

(by (3.74)) = (x*, ¢*)
=K', 1),
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that is, the multiplicity of S* in M is equal to K(u’, A'). In particular, S*
is contained in M* if and only if A’ < w/, and this is equivalent to pu < A
(Proposition 3.6.3).

This implies that S* is the unique common irreducible representation
between M* and M*. Since dimHomg (M*, M*) = 1 (Proposition 3.6.8),
we conclude that the multiplicity of S* is one in both spaces and this ends the
proof. O

Corollary 3.6.12 (Frobenius—Young correspondence) For every A - n, S*
may be characterized as the unique irreducible representation which is common
to both M* and M* .

The coefficients K (u, A) are called the Kostka numbers. We shall prove a
combinatorial expression for these numbers in Section 3.7 (see, in particular,
Corollary 3.7.11). Now we give and interesting linear relation connecting the
Kostka numbers for &,, with those for &,,_;.

Theorem 3.6.13 (Vershik’s relations for the Kostka numbers) For any A -
nand p - n—1, we have

Y K, = Y CG,»K(p, ).

pkn: ybn—1:
nz=p y=A

Proof From Lemma 3.6.7 and Theorem 3.6.11 we get

Resg" M* = GB Clh, y)M

n—1

ykn—1

D

C.y) P Ko, y)s”
ybkn—1: pkn—1
= oy

S

Y CG.yIK(p.y)| S
pFn—1 | yFn—1

Py,
Azy
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Moreover, another application of Theorem 3.6.11 together with the branch-
ing rule yields

Resg” M= @ K(u, A)Resg:ilS“

n—1
ubn:
U

~ @ ZK(M,A) S”.

pEn—1 | pbn:
U,
nzp

Therefore we get

YK=Y CO,MK(p,y).

ubn: ykEn—1:
uBA, Py,
nz=p A=y

The formula in the statement keeps into account the fact that K (i, A) = 0 when
w¥a d

3.6.4 Radon transforms between Young’s modules

The results of this section will be used only in Section 6.2.

Leta = (a1, az,...,ay)and b = (by, by, .. ., b;) be two compositions of n.
We want to describe the orbits of &, on 2, x 2.

For A € ©,and B € Q;, denote by C(A, B) the compositionof {1,2, ..., n}
whose elements are the non-empty A; N B;’s ordered lexicographically (i.e.
@, )<, jHifi <i’,ori =i"and j < j'). We call C(A, B) the intersection
of A and B; be aware that, however, C(A, B) # C(B, A), in general. We also
denote by c the corresponding type of C(A, B). The following fact is obvious:

Lemma 3.6.14 Let A € Q, and B € 2, and C(A, B) € Q. and consider the
actions of G, on 2, X Qp and on Q.. Then o € G,, fixes (A, B) € Q, x Qp if
and only if it fixes C(A, B). In other words G4 N Gg = G4, p).

We replace the notion of intersection of two partitions with the following
notion: denote by M, , the set of all matrices (m; ;) € Mpyxx(N) (with non-
negative integer entries) such that Zf':, m;;=>b;forall j=1,2,...,kand
Z’;Zl m;; =a; foralli =1,2,..., h. We may also say that the column sums
(resp. the row sums) of the matrix (m; ;) equal the b;’s (resp. a;’s).

With A € Q, and B € Q,, we associate the matrix m = m(A, B) € M,
by settingm;; = |A; N Bj|forallj =1,2,...,kandi = 1,2, ..., h. We then
have:
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Lemma 3.6.15 (A, B) and (A’, B') € Q, x 2, belong to the same &,,-orbit if
and only ifm(A, B) = m(A’, B'). In particular the set of &,, orbits on Q, x 2
is in one-to-one correspondence with MM, ;.

Proof The “only if” partis obvious (|A; N B;| = |0(A; N B;)| = |0 A; N o Bj|
forallo € &,). Conversely, suppose thatm(A, B) = m(A’, B’). Then the inter-
section compositions C(A, B) and C(A’, B') are of the same type, say c. As S,
acts transitively on €., there exists 0 € &,, such that 0 (C(A, B)) = C(A’, B)
and thus o (A, B) = (A’, B’) (compare with (3.70)). O

From Exercise 1.4.3 and Lemma 3.6.15 we deduce:
Corollary 3.6.16
dimHomg, (M9, M") = | M, .

With each mg € M, ;,, we associate the Radon transform R,,, : M — M b
(see Section 1.4.1) defined by setting

R f(BY= Y f(A)

AeQ,:
m(A,B)=m

forall f € M“ and B € ;.

Exercise 3.6.17 Show that {R,, : m € 9, ;} is a basis for Homg, (M*, MP).

3.7 The Young rule

In this section, we give the rule for decomposing the Young modules into
irreducible representations. In particular, we construct a multiplicity-free chain
and study the associated Gelfand-Tsetlin decomposition along the lines of
Section 2.2.3. We construct a poset that generalizes the Young poset leading to
the GZ-basis for L(&,) = M1,

3.7.1 Semistandard Young tableaux

Let u = (uy, 2, ..., ux)anda = (ay, as, . . . , a,) be a partition and a compo-
sition of n, respectively. A semistandard tableau of shape p and weight a is a
filling of the Young frame of  with the numbers 1, 2, ..., & in such a way that

(i) i occupies a; boxes,i = 1,2, ..., h;
(ii) the numbers are strictly increasing down the columns and weakly increasing
along the rows.
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For example, the tableau in Figure 3.38 is semistandard of shape u =
(6,4,2,2,1) and weighta = (4,3,3,1,2,2)

1/1]2]2]
34

‘cnowco[\:n—u
|| =

Figure 3.38

We denote by STab(t, a) the set of all semistandard tableaux of shape y and
weight a. Now we give two elementary results on semistandard tableaux that
may be obtained as a consequence of representation theoretic results, but whose
elementary proof deserves consideration.

Lemma 3.7.1 If the composition b is obtained from a by a permutation then
|STab(, a)| = [STab(u, b)|.

Proof We may suppose that b is obtained from a by an adjacent transposition
s;, that is,

b=(ai,a,...,ai-1,0i1+16i,ai12, ..., ay) (and a; # a;y1).
We now construct an explicit bijection

STab(u, a) — STab(u, b)
T — S.

We say that a box containing i in a tableau T € STab(i, a) is i-good if the box
below does not contain i + 1; we say that a box containing i + 1 is i-good if
the box above does not contain i. We replace each i inside an i-good box by
i + 1 and each i 4 1 in an i-good box by i, respecting the following rule: if a
row of T contains « i-good boxes containing i and 8 i-good boxes containing
(i + 1), then we change only the last (@ — §)-many i’s if « > S, and only the
first B —a (i + 1)’sif B > o (if « = B we do not change anything in that row;
note also that the i-good boxes containing i and the i-good boxes containing
i + 1 occupy a set of consecutive boxes in the row).

This way, we obtain a tableau S € STab(u, b) and the map T +— S is the
desired bijection (the inverse map is defined in the same way). O

Example 3.7.2 In Figure 3.39, the algorithm presented in the proof of Lemma
3.7.1 is used to transform a semistandard tableau of shape (7, 3, 5) and weight
(5, 3, 4, 2) into one with the same shape and weight (5, 4, 3, 2) (so thati = 2).
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1[1]1]1]1]2] L[1][1]1]1]3]
212]3]3][3 ~ 2(212]2]3
3l4]4 314]4

Figure 3.39

Lemma 3.7.3 STab(w, a) is nonempty if and only if a < u. Moreover,
|STab(pe, p)| = 1.

Proof By virtue of the preceding lemma, we may suppose that a = X is a
partition. Suppose that 7 is a semistandard tableau of shape p and weight
A. Then all the numbers 1,2, ..., j must be placed in the first j rows of
T: otherwise the columns could not be strictly increasing. Thus Z{zl A <
Z{:l Wi, j =1,2,..., k. Inother words, if |STab(u, A)| > Othen A < p. Itis
also clear that STab(u, ) only contains the (unique) tableau 7' with all the j’s
in the jthrow,for j =1,2,...K

Now we prove the reverse implication, by induction on n. Suppose
that A < . We say that a box of coordinates (i, ;) is removable for
the pair (w, ) if, setting i = (11, 2, -, izt i — 1, fig1, -, ) and
A= (A1, A2y ...y A1, Ay — 1), 1 is still a partition (that is, u; > u;41) and
we still have A < 1 (that is, Z'jzl wj > Z’j:l Ajfort =i, i+1,....k—1).
Clearly, in a tableau T € STab(u, A) if the row i contains the number 4 then
the box (i, w;) is removable for (i, 1).

Let (i, u;) be the highest removable box for the pair (u, A) and let &
and 7 as above. By the inductive hypothes1s we may construct a semistan-
dard tableau T of shape 11 and weight . Moreover, T does not contain h
in a row higher than the one containing the box (i, u;) (for the choice of
(i, ;). Then if we add to T abox with 4 in position (i, u;), we get a tableau
T € STab(u, A). O

Example 3.7.4 The tableau in Figure 3.40 of shape u = (8, 5,4, 3, 3, 2) and
weight (7,4, 3,3,2,2,2,1, 1) has been constructed by a repeated application
of the algorithm used in the last part of the preceding proof.

1[1]1]1]9]
2(8
7

| (WD =

OO | W[
OO~ (WO

Figure 3.40
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Remark 3.7.5 The “ingenuous” algorithm: from the first to the last row, in each
row, from the left to the right, place 1,1,...,1,2,2,...,2,...,h,h,..., h

A A M
does not produce a semistandard tableau (if A, =Xy =--- =X, = 1 then it

clearly produces a standard tableau). The tableau in Figure 3.41(a) of shape
n=(8,5,5) and weight A = (6, 6, 6) is constructed using this algorithm and
it is not semistandard:

1[1]1]1]1]1]2]2]
212123
3131313]3

Figure 3.41(a)

(\V)

Our algorithm produces the semistandard tableau shown in Figure 3.41(b).

1/2]3]

OJ‘[\DH

1[1]1]1
12121212
313[3[3

Figure 3.41(b)

3.7.2 The reduced Young poset

Now we give an alternative description of the semistandard tableaux. Fix a
composition a = (ay, as, .. ., a,) of n. We define a poset Y, that we call the
reduced Young poset associated with a. It is formed by all partitions v -
(a1 +ar + ---+a;) such that v > (ay, as, ...,a;),fori =1,2,...,h. For a
fixed i, they form the i-th level of the poset. Given 8 and v we say that v is
totally contained in 0, and we write v € 6, when

e 0 belongs to an higher level then v, that is, v - (a; +a; + --- + a;) and
Ok (ar+ay+---+aj),withi < j;

e there exists asequence v = v©® < v < ... < )U=D = g of partitions in Y,
such that v belongs to the level i + ¢ and v+ /1@ is totally disconnected,
f=0,1,...,j—i—1

If j =i+ 1 we write § = v so that the above conditions may be written in
the form vU=) = pU=i=D = ... = (D = O Clearly, § = v if and only
if 6 covers v in Y, (in particular, if & = v then 6/v is totally disconnected).
In other words, we have taken the levels a;,a; +as,...,a; +ay+---+ay,
of the Young poset Y, eliminated those partitions that do not satisfy
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v > (aj, ay, ..., a;) and replaced the order < with the more restrictive con-
dition €. Note also that the last level is always formed just by the trivial
partition (ay).

Example 3.7.6 Figure 3.42 is the Hasse diagram of the poset Y22 2).

EEB:D:DD:\:\:\:\]

N4
~d

Figure 3.42 The Hasse diagram of Y25 2).

/

[

A pathinY, is a sequence v = v—D = ... = v where v belongs
to the level j, so that v) = (a;). With each path in Y, we can associate a
semistandard tableau of weight a. We can place 4 in the boxes of v /p*—1)
h — 1 in the boxes of v"~D /v"=2) and so on. For instance, the semistandard
tableau in Figure 3.40 (cf. Example 3.7.4) is associated with the path shown in
Figure 3.43.

[1TT]
J
o @j—mj e EEEEEEN

Figure 3.43

Define

STab(a) = | [ STab(x. a).

ukn
ua
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Then as in (3.9) we can say that the map described above is a bijection
{paths in Y,} — STab(a)
that restricted to the paths starting at y yields a bijection
{paths in Y, starting at ©} — STab(u, a).

Remark 3.7.7 Suppose that & - n and there exists a chain v®? < v® < ... <
v = 1 such that v = (a; +as + - -+ +a;) and vU+D /L) ig totally dis-
connected, j = 1,2, ..., h. Then, by the procedure described above, we can
construct a semistandard Young tableau of shape u and weight a, so that, by
virtue of Lemma 3.7.3, we can deduce that & > a and v > (a1, az,...,a;),
forj = 1,2, ..., h — 1. This means that, in the definition of Y,,, we may replace
the condition v\ > (ay, as, ..., a ;) with the existence, for every v € Y, such
thatv - (a; +ax + -+ +a;), of apathv = vV = ... = v = (q)).

3.7.3 The Young rule

In this section, we give the general rule to decompose the permutation module
M* for a composition a = (ay, az, ..., a,) of n. We will use the results in
Section 2.2.3 and Section 3.5.

Theorem 3.7.8
(i) The chain

Gn > Ggl+a2+...+a1171 X Gah

z 601+az+-~+ah72 X Gah—l X 6!1/1

v

> 6y X Gy, X - X G,

is multiplicity-free for the pair (6,, G, x G4y X -+ X Gp)).
(ii) The associated Bratteli diagram coincides with Y, (if every partition [ is
replaced with the corresponding irreducible representation S*).

Proof (i) is a consequence of Corollary 3.5.13. If i I n that corollary ensures
that
S, ~ v (ap)
ResGa1+a2+--~+oh—1 XGah SM - {@[S bg 5 ]} ® w (377)
where the sumisoverall v - a; +ay + - - - + a;—1 such that u/v is totally dis-

connected and W contains all the sub-representations of the form SV .59,
with 6 - a,, 6 # (ay). On the other hand, a representation S’ X S¢ of
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Sut+arttar, X Sq, contains nontrivial (&, x &4, x - - - x G, )-invariant
vectors only if it is of the form S¥ X §@: it suffices to consider its restriction
to &, x G,, X -+ x 8,,. Therefore (3.77) ensures that S, 14,444, , X G,
is multiplicity—free for the pair (G,, G, X G4, X -+ X G,,). Iterating this
argument, one ends the proof.

(i1) For what we have just proved, S* contains a nontrivial (&, x &,,
x - x &,,)-invariant vector if and only if there exists a chain v = (a;) <
v@ <o <™ =y such that v Fa; +ay+ -+ +a; and VUV s
totally disconnected, j = 1,2, ..., h — 1 (for the “only if” part, just note that
if wisanontrivial (G, x &,, X --- x G, )-invariant vector then the projection
on some S” X S in (3.77) must be nontrivial and that one can iterate this

procedure). In particular, we must have w > a and V") > (a1, az, ..., a)),
forall j =1,2,...,h — 1 (see also Remark 3.7.7). Then it is clear that the
corresponding Bratteli diagram is exactly Y,,. O

In Section 3.7.4 we shall give another proof of (i) in the last theorem, along
the lines of Corollary 3.2.2.

We can now construct a Gelfand—Tsetlin basis for the (&,, x &, x -+ X
&, )-invariant vectors in S following the procedure in Section 2.2.3. Take
T € STab(u, a) and let

n= V(h> = V(h_l) = ... U(Z) = \)(1) — (al)
be the associated path in Y,. Thus we have a chain of sub-representations
(h—1

St > §Y ) X S(ah)
> V"7 sl g glan)

Y

S(al) X S(uz) X...X S(ah)

1Y

corresponding to (2.30) and this determines, up to a multiplicative constant of
modulus one, a unitary K -invariant vector in S* that we denote by wr. Then
we have:

Proposition 3.7.9 The set {wr : T € STab(u, a)} is an orthonormal basis for
the (&, x &,4, X --- x &, )-invariant vectors in S*.

Now we apply Theorem 2.2.9. Denote by Sy : S* — M* the intertwining
operator associated with wr. Moreover, for every 7 € STab(u, a) with associ-
ated path u = v = ... = V@ = v() = (g,), we can use the procedure that
led to (2.29). We take the subspace $" R S@ ... & S@ into

Sajtay X Gay XX Gay 1 (ay) (a2) (an)
Ind@alxgazx"'XGah [S VRS S ]
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and iterating we take the subspace $*""" K §@+) K ... X §@ into

Gul taytetajg X Sa,-+2 XX Gah

Ind [SV‘” K S@ ... X S(“”)] : (3.78)

Ga] +ayteta; X Gnﬁ,l XX 6ah

We denote by S7 the subspace isomorphic to S* inside M* obtained in the
finale stage of this procedure.

Theorem 3.7.10 (Orthogonal Young decomposition)

D s

T eSTab(,a)

is an orthogonal decomposition of the S*-isotypic component in M*. Moreover,
Sr intertwines S* with Sy.

Corollary 3.7.11 (Young’s rule) The multiplicity K(w, a) of S* in the permu-
tation module M is equal to the number of semistandard tableaux of shape
and weight a. In formulae

K(u,a) = |STab(u, a)|.

Exercise 3.7.12 Use Corollary 3.7.11 to derive Vershik’s relations in Theorem
3.6.13.

Corollary 3.7.13 The integer valued matrix (K (i, v)),, ,r, is upper unitrian-
gular, with respect to the partial order <, so that it is invertible and its inverse
(H (i, v)),, prn Is integer valued and upper unitriangular.

Proof This follows from Lemma 3.7.3 (alternatively, from Theorem 3.6.11)
and Lemma 3.6.6. O

Denote, as before, by ¥ the character of M".

Corollary 3.7.14 For any ) - n we have

xh =Y Hw, )y

vkn:
vD>A

Proof In terms of characters, the Young rule is just * = > 3 K(A, v)x*. O
ADv

FOT instance, Xn—l,] — I/fn—lJ _ I/f(n) and Xn—2,].l — I/fn—2,1,1 _ wn—2,2 _

Ipn—l,l + w(n)'
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3.7.4 A Greenhalgebra with the symmetric group

In this section, which is based on A. S. Greenhalgh’s thesis [53] and on Section
9.8 of our monograph [20], we prove that if V is an irreducible representation
of G, and W is an irreducible representation of &,_, then the multiplicity
of W ® S® in Resg” s, V is < 1. This will be achieved without using the
representation theory of &,, but simply generalizing the arguments that led
to Corollary 3.2.2. Here, the algebras of conjugacy invariant functions will be
replaced by suitable Greenhalgebras (see Section 2.1.3).

Let ®; be the set of all injective functions 6: {1,2,...,k} = {1,2,...,n}.
Then ©; may be also viewed as the set of all ordered sequences of k distinct
elements in {1, 2, ..., n} via the identifying map 6 — (6(1), 0(2), ..., 8(k)).
The group &,, naturally acts on O: (70)(j) = w(0(j)) forallm € G,,,0 € O
and j € {1, 2, ..., k}. Note that the action is transitive. Denote by 6y € ®; the
map such that 6y(j) = j for all j € {1, 2, ..., k}. Then the stabilizer of 6, in
G, is the subgroup &, _; that fixes each j € {1, 2, ..., k} and permutes the
remaining elements k + 1,k + 2, ..., n. In other words, ®;, =G, /S, _; as
homogeneous spaces.

Let now &, be the subgroup of G, that fixeseach j € {k+ 1,k +2,...,n}
and permutes {1, 2, ..., k}. The group &, X (&,_x x &) acts on Oy in the
following way: for0 € Oy, 7w € G, ¢ € &, and B € &y, then

[, ap)P)(j) = w[O(B~'(j)], forall j =1,2,... k.

That is, we compose the maps m, 6 and ﬂ’lz

! 0 e
2. kS e S S 2, . n).

In other words, if (6(1),0(2),...,0(k)) = (i, i2, ..., i) then the (7, af)-
image of (i1, iz, ..., i) is (m(ig-1(1)), T(Ag-12), - - ., T(p-1(x))): T changes the
value and 8 permutes the coordinates.

From still another point of view, we can say that the groups &,,, &,,_; and
Gy act on Oy (the group G,,_; trivially) and their actions commute, so that their
Cartesian product acts on ®; too.

Lemma 3.7.15 The stabilizer of 0y in S,, X (&,_x X &) is the subgroup
B ={(no,0)=(0n,0):n€ Gy, 0 € S,y X &}

In particular, O = [6,, X (G, X &y)]/B.
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Proof We have, formr € 6,0 € 6, and 8 € &,

(7, af)by = 0y < m[6p(B~'(j)] = j forall j =1,2,...,k
& )y =n"1()forall j =1,2,... k
& =pywithy € 6,
& (m,af) = (By, af) = (Ba(a'y), ap)
= (afn, af) withn =a~'y € &,_. O

In the terminology of Section 2.1.3, we can say that the algebra of bi-B-
invariant functions on G, x (&, _; x Gy) is isomorphic to the Greenhalgebra
G(6,, 6,k X 6, 6,_), that is, the algebra of all functions on &,, that are
(6,_r X By)-conjugacy invariant and bi-&,,_-invariant. The main task of this
section is to prove that these algebras are commutative.

To this end, we introduce a parameterization of the orbits of S,, x (&,,_; X
Gr) on O x O. For any ordered pair (6, 9) € O x O, we construct an
oriented graph G(0, V) as follows. The vertex set is V = {6(1),0(2), ...,
0k)} U {v9(1),9(2),...,0(k)} and the edge set is E = {(6(1), ¥(1)), (6(2),
B(2)), ..., (0(k), v(k))}.

Figure 3.44 is an example withn = 15 and k = 8.

©(1),002),...,008) =(1,7,11,6,3, 14,9, 10)
@), 9(Q2),...,9@8) = (3, 13,9,6, 14, 10, 15, 1)

10 14 13 15

Figure 3.44

Note that every vertex of G(@, ¥) has degree < 2. More precisely,

e if 6(j) = ¥(j) then the vertex 6(j) has a loop and it is not connected to any
other vertex;

e ifi # jin{l1,2,...,k} are such that 6(i) = ¥ (j) then 6(i) has degree two:
it is the terminal vertex of the edge (6(j), ¥/(j)) and the initial vertex of the
edge (0(0), ¥(i));
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o ifve{0(1),002),...,0(k)}A{v(1), P (?2),...,0(k)}then v hasdegree 1 and
itis an initial vertex when v € {6(1), 6(2), ..., 8(k)} and it is a terminal edge
when v € {9(1), ¥(2), ..., 0 (k)}.

Lemma 3.7.16 Two ordered pairs (0, 1), (0',19') € O, x O belong to the
same orbit of &,, X (&,_; x &) ifand only if the two oriented graphs G, ¥)
and G0, ©') are isomorphic.

Proof 1f there exists (7,y) € &, X (G,_x X &) such that (7, )@, V) =
(6',9) then, forall j =1,2,...,k,

O =m0G "G, YOG =@ O],
and the map ¢ : G0, %) — G(0’, ¥’) given by
o) =m() ve{f),02),...,0k)U{d(),?2),...,0%k)},

is an isomorphism. Indeed, y permutes the edges, m permutes the vertices, but
neither changes the structure of the graph.

Now suppose that ¢ : G(0, ¥) — G(0’, ¥') is an isomorphism. We can take
y € 6, x & such that

pO@ TGN, TGN = @G YUY j=1,2,... k.
Setting, forall j =1,2,...,k,
0TGN =0'G), TGN = ()

(if8(y~1(j)) = 9(y~'(j)) then we have a loop at 8(y ~'(j)) but also at 8'(j) =
©¥'(j), because ¢ is an isomorphism) and extending 7 to a permutation of the
whole set {1, 2, ..., n}, we have (7, y)(@, ) = (6, ¥). O

Corollary 3.7.17 (S, x (6,,_; x 6y), B) is a symmetric Gelfand pair.
Proof The graphs G(0, ©) and G (¥, 0) are always isomorphic. O

Corollary 3.7.18 The Greenhalgebra G(S,,, G,_ X &, &,_¢) is commuta-
tive.

Recalling that S”~% denotes the trivial representation of &,_, we have:

Corollary 3.7.19 For any irreducible representation V of G, and any irre-
ducible representation W of &y, we have:

(i) the multiplicity of W R S®=5 in Rengxe,,_k Vis<1;

(ii) the multiplicity of V in Indgzxe,,,k[w X St=R] s < 1.
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Symmetric functions

4.1 Symmetric polynomials

In this section, we investigate the fundamentals of the theory of symmetric
polynomials, which are homogeneous polynomials invariant under permuta-
tions of the variables. The basic reference is Macdonalds’ monograph [83]
(see also [84]). Other important references are: Stanley’s book [113], which is
the best reference for the combinatorial aspects, and Sagan’s [108], where the
connections with the representation theory of the symmetric group are treated
in great detail. We have also benefited greatly from the expositions in Fulton’s
and Fulton and Harris monographs [42, 43] (we adopt their point of view focus-
ing on symmetric polynomials in a finite number of variables), and Simon’s
book [111], especially for the proof of the Frobenius character formula, that
indeed will be given in the next subsection. We also mention the recent book
by Procesi [103] and [46] which is a very nice historical survey, from Cauchy’s
formula to Macdonald polynomials. For particular aspects and applications of
symmetric functions, we also refer to the books by Lascoux [77], Manivel [85]
and Bressoud [12].

4.1.1 More notation and results on partitions

In this section, we collect some notation and results on partitions that
will be frequently used in this chapter. Let n be a positive integer and
A= (A1, A2, ..., Ax) F n be a partition. We represent it also in the follow-
ing way: A = (11,22, ..., n""), where u; is the number of i € {1,2,...,k}
suchthat; = j.Clearly, lu; + 2uy + - - - 4+ nu, = n. We omit the terms of the
form i" with u; = 0 and simply write i when u; = 1. For instance, the partition
Ar=(7,5,5,5,3,3, 1) of 29 may be represented in the form A = (1, 32,53 7).
We give an elementary application of this notation.

156
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Proposition 4.1.1 For A = (1*1,2"2, ..., n") F n, denote by C, the corre-
sponding conjugacy class of G, and by z,_ the cardinality of the centralizer of
an element t € C,. Then we have:

Zp = up! 1" up 122 ooy, \ntn 4.1

and

n!
ICil = ) 4.2)

uy1"uy 1242 - ooy \ntin

Proof Consider the action of &, on C; by conjugation: 7 +— oo !, for
7 €C;, and o € 6,. The stabilizer of 7 is its centralizer: Z, = {0 € &, :
omo~' = 7). From Proposition 3.1.3, it follows that ¢ € Z, if and only if (a)
forj =1,2,..., n, o permutes among themselves the cycles of length j and/or
(b) o cyclically permutes each cycle of 7. But for each j, (a) may be performed

inu ;! different ways while, for each cycle of lenght j of 77, (b) may be performed

in j different ways. Therefore we get z; := |Z;| = u 1" uy12*2 - - - u, !n*" and
C.= 5" = i 0

In particular, the orthogonality relations for the characters of G, may be written
in the form

1 M., v
D= = (4.3)
AM=n <
For a partition A = (Ay, A, ..., Ag), With Ax >0, we set |[A| =A; +
Ay 4+ .-+ At and denote by ¢(A) =k its length. For instance, if A =
(6,4,4,3,3,3,2,1, 1), we have |[A| =27 and £(1) = 9. If )/ is the conju-
gate partition, then £(1') = &; and £(1) = A|. Moreover, |A| = n is just an

equivalent way to write A Fn and if A = (1"1,2%2, ..., n") then £(A) =
uy+us + - -+ u,. We also denote by my (1) the number of parts of A that
are equal to k, that is, if A = (1*',2%2, ... n""), then my(X) = u; for all
k=1,2,...,n.

4.1.2 Monomial symmetric polynomials

Let X be the set of all monomials of degree r in the variables x;, x2, ..., X,
and W/ the space of all linear combinations with complex coefficients of the
elements of X. In other words, W, is the space of all homogeneous poly-

nomials of degree r in the indeterminates xj, xs, ..., x,. We can define a
. . V] VU Y — U v Uy
natural action of &, on A& by setting 7w (x;" X" -+ - X,") = X, (1yX(2) " " * X()

U1 ,.U2 Un r 3 3 _
form € 6, and x,'x,* - - - x;» € X. The corresponding permutation represen

tation on W) is given by: (mp)(x, X2, ..., Xp) = p(Xz(1)s Xz (2)s - - - » Xz(n)), fOr
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all m € 6, and p € W,. We want to identify the orbits of &, on X, and
consequently, the decomposition of W, into transitive permutation represen-
tations (that turn out to be Young modules). We need the following partic-

ular notation: if A = (1*',2"2, ..., n""), we denote by u(X) the composition
Wiy » Uiy, - . ., Ui, n — £())), where u;,, u;,, ..., u;, are the nonzero integers in
Ui, U, ..., Uy.

Proposition 4.1.2 The decomposition of W, as a direct sum of transitive per-
mutation representations is given by:

wr= P Mo,

Aerid(M)<n
where M*® is the Young module associated with u(}.).

Proof Let AFr, £(A) < n and u(A) = (u;,, Uiy, . .., i, n — £(X)), as above.
In the notation of Section 3.6.2, consider the map

CDX . Qu()») — X’

n

(Ala A29 MR} Ak7 Ak+1) > I—[l;:] (HUGA/ xv) J'

Clearly, ®; commutes with the action of &,, and it is injective. Moreover,
Xy = [ire09<n P1(Su)) is the decomposition of X, into &,-orbits. Indeed,

®@; () is the set of all monomials x;' x?j . xj‘f(())) with {j1, ja, - - -, jegy} an
£(A)-subset of {1,2,...,n}, and therefore it is precisely the orbit containing
X -xz(‘;(\?. Since M"® = L(S2,,), the proposition follows. O

The vector space of all homogeneous symmetric polynomials of degree
r in the variables xi, xs, ..., x,, denoted by A/, is just the trivial isotypic
component in W/, that is the set of all p € W, such that wp = p for all
7 € 6,. From Proposition 4.1.2, we can get easily a basis for A]. For A =
(A, Ao, ooy Ap) o, with £(0) = k < n, the monomial symmetric polynomial
associated with A is given by:

_ A A Ak
my(x) = E XXXy

01,02,k

where the sum is over all distinct k-subsets {i;, i, ..., iy} of {1,2,...,n}. In
other words, m; is the sum of all monomials with exponents Ay, Az, ..., Ag.
Here and in the sequel, we write p(x) to denote p(xy, Xz, ..., X,), if the vari-

ables x;, x7, ..., x, are fixed.
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Corollary 4.1.3 The set {m, : A = r, £(A) < n} is a basis for A},

Note that if p = Ze()&)r; a,m; € A;, then a, (with A = (Ay, Ao, ..., )
r)<n

. . IRy Ak o:
r) is the coefficient of x{'x5* - - - x;* in p.

Example 4.1.4 For instance, W! = M"~!! while W2 = M"~ 1! @ M"=22;
the monomial symmetric polynomials in A2 are: m@) = x7 +x3 + - +
2 = X =333
xy and myg =3 i, %ix;. We also have ma) =xj + x5+ +x,,
n 2 3~

mao.1y = Zi;ﬁj,i,j:l XX and ma,i,1y = Zl§i<j<k§n XiXjXf- Moreover, Wn =

Mn—l,l o) Mn—2,1,1 o) Mn—3,3

Exercise 4.1.5 Show that, forn > 4, W = M-l g My»—211 g M 321 @
M"22 @ M+, while W} = %Ml’l ® M@ if r is even, Wy = %MU if r
is odd.

4.1.3 Elementary, complete and power sums
symmetric polynomials

In this section, we introduce three other families of symmetric polynomials.

Wesetey=1and, forj=1,2,...,n,

ej(xlax27-"7~xn): § xilxiz"'xi/"

I<ij<--<ij=<n

In other words, e;(x) is the sum of all square-free (monic) monomials of

degree j. The functions ey, ey, ..., e, are usually introduced to express the
cofficients of a polynomial when we know its roots: if P(z) = (z — a;)(z —
) - (z—ap), then P(2)=7z7"—ei(ay,...,a)7" " +exay, ..., 07" >
+ -+ (—=D"ey(ay, ..., ap); see [76]. For every A = (A1, Aa, ..., M) Er,

with £(A)) = A1 < n, we set
ex(x) = ey, (x)e),(x) - - - ey, (x).

Then e, (x) is the elementary symmetric polynomial associated with A.
We set hg =1 and, for j =1,2,..., we denote by /;(x) the sum of all
(monic) monomials of degree j:

hj(x) = Z Xiy Xi, "'xi_,--

11,02,y ij:l

For instance, for n = 2, hy(x) = xf + x1x + x22 and hi3(x) = xf + xlzxz +
xlxg + xg. If A+ r, the complete symmetric polynomial associated with
A= ()\.1, )\2, ey )»k) is given by

hi(x) = By, (X)hs, (x) -+ - By, (x).
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Finally, we set po =1 and p;(x) =x{ +x‘2i +--~+x,'1i for j =1,2,....
If AFr, the power sum symmetric polynomial associated with A =
(A1, A2y ..., Ag) 1S given by

Pi.(x) = pr, (X) pr,(X) - - - pa, ().

Note that the condition £(A") < n for the existence of ¢, is dual to the
condition £(A) < n for m,. Moreover, both conditions become trivial whenn >
r.On the other hand, the polynomials %, and p; are defined for all partitions of .

Ifag, ay, ..., ay,, ... isasequence of numbers (or functions), its generating
function is the power series Y -, axt*. It may be a formal power series, or it
may be a power series with a positive radius of convergence. We shall encounter
convergent generating functions, whose sum is computable; but we leave to the
reader the easy task of verifying the convergence.

The following exercise contains some useful criteria in order to easily
develop products and compositions of functions (see the books by Ahlfors
[1] and Weinberger [123]).

Exercise 4.1.6 (1) Show that if f, g : C — C are two functions which are
analytic in zo with power series expansions f(z) = Z:ﬁg an(z — z0)" and
g(2) = Z:ﬁg b,(z — z0)", then the power series expansion of their product
fgis f(2)g@) = Y20 [ Yo axba—k] (z — 20)" (Cauchy product).

(2) Suppose that f is analytic in an open set U containing zo, that g
is analytic in an open set containing wy = f(zo) and that f(U) C W. Let
f =% az—z0)" and g(w) = 3% bu(w — wp)" be the correspond-
ing power series expansions. Show that in the power series expansion of
F(2):=¢lf(@] = ::08 cn(z — zo)" of the composition of g and f, the co-
efficients ¢, depends only on ag, ay, ..., ay, by, by, ..., b,. In particular, the
Taylor polynomial Z,[.V:o cn(z — zp)" may be obtained by replacing f with
Zfl\':o a,(z — zo)" and g with Zflvzo bu(w — wp)" (thus, omitting the powers of
(z — z0) of degree > N + 1).

Lemma 4.1.7 The sequences of symmetric polynomials ey, ey, . . ., en, hg, h1,
hy, ... and py, p2, p3, ... have the following generating functions:

@) Y e, = [1(1+xi0) = E();
i=0 i=

(i) Y hjor! =T] 1= = H@);
j=0 i=1

(i) 3 py(ori=! = 3 2 =t P,
j=1

i=
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Proof We use the well-known formal geometric series expansions (s # 1):
> 1

Zsj =1 (4.4)

j=0

and

D sl = (4.5)
j=1
(i) Set E, (1) = [T/_,(1 + x;t) and e (x) = e;(x1, X2, ..., x,,). We also set
(-")(x) = 0if j > n. We proceed by induction on n. For n = 1 we have eo(x) +
e1(x)t = eol)(x) + e(l)(x)t = 1+ x;t = E(t). Moreover, we note that for j >
1 one has

() =" () + e (), (4.6)
Then,

n

Yoe e =14 1ef V) + 5 x i (by (4.6))

j=0 j=1

n n

o 4 O .

=1+ E eg." )(x)t/ + E 63."71 )(x)x,,tf
=1 j=1

n—1 n—1
= Z e;"fl)(x)tj + (Z 65"71)(x)tj)xnt

j=0 j=0
= En—l(t)(l + xn[)

n—1
(by induction) = (H(l + xit)) (1 + x,1)

i=1

= ]_[(1 + x;1)
i=1

= E, ().

(i) Set H,(1) = []\_, =7 and W (x) = hj(x1, x2, ..., x,). We also set
h(") =0if ] < 0. We proceed by induction on n. For n = 1 we have h;(x) =
h(l)(x) =x] and Y5 0 1ot = Y x{t) = —— = Hy(¢). Now, for j >
1 one has

R = b0 + B0 0x, + -+ BT xR 00x

oo
. “4.7)
= Z h(jikl)(x)x,]f.
k=0
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Then

Zh(")(x)t/ = ZZM “Deoxke by (4.7))

Jj=0 k=0

o0
Z h;n_;l)(x)tj—k(xnt)k

k=0

81M8

(by setting £ = j — k) Zh“’ Dyt Z(x 1)k

n—1
1 1
(by induction and (4.4)) = <l_[ )
I

i 1—x;t )] 1—x,t
_ﬁ !

;=1l_x’t
=Hn(t)

(iii) Set P,(t) =) I, ~— and p;")(x) = p;j(x1,x2,...,x,). We pro-

Xit
| :
ceed by induction on n. For n =1 we have p;(x) = p; )(x) lel and
1 a 1. .
Y P =5 Ty = Y xx = 2 = Py@). Now,
for j > 1 one has

P = pi V) + 1. “38)

Then

Z P oo =

j=1 j=l1

n—1
(by induction and (4.5)) :( Xi ) 4

1 —x,t

1
(). O

Exercise 4.1.8 Prove that Zi’;l pj (x)’j—{ =log[], 1+“ Hint: use the Taylor
expansion log - = > S]—’ See also the proof of Lemma 4.1.10.
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Lemma 4.1.9 We have the following relations between the symmetric polyno-
mialsej, hjand pj:

min{k,n} )
i) Y (—Diein—; =0, fork=1,2,3,...;
j=0

(i) khy = ijhk j» fork=1,2,3,...;

]_

>iii) ke, = Z(—l)f lpjek —j» fork=1,2,...,n (Newton’s formulae).
j=

Proof (i) Inthe notation of Lemma4.1.7, we have E(¢)H(—t) = 1. Thisimplies
that

n [e9) oo ,min{k,n}
= () (S ) = (X e )
j=0 j=0

k=

(ii) We have

d n
(l—x, )an—x,

i=1

=
=

Xi 1

1 — x;t jzll—xjt

i=1

= POH{).

On the other hand, dH /dt = Y ;o khyt*~".
(iii) We have

Z 1_[1+th)
=G

;‘ o ]:[(1+x,t)
= P(—t)E(t).

On the other hand, dE/dt = Y }_, kext*~L. O
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In the following Lemma, we express A, in terms of the p;’s.

Lemma 4.1.10 Forr = 1,2, ..., we have:
1
hr(-x) = Z _p)u(-x)v
e <
where z; is as in (4.1).

Proof We have:

n

d Xi
ElogH(t)—Zl_ =P,

and therefore

H(@) = exp(/ot P(r)dr) =exp<i pk(;)tk>
k=1

<Pk(x)tk>
k

_(Pk(x)tk )“k

I/tk! k

—

o

€X

~
Il
—

—
K

~
Il
-

0

Uk

(X )
Ay

if A =1",2%, .., r"). O

1

‘
Il
=}

Now suppose that y;, v, ..., y, is another set of variables. We denote by
h; (xy), (resp. p,(xy)), the complete (resp. power sums) polynomial constructed
using the n? variables

X1V1s oo e s Xn Y15 X125 oo o s Xn Y25 oo o s X1 Y0y o« - XnYn-

Note that the power sums have the following property: pi(xy) = px(x)pr(¥),
and therefore p; (xy) = pa(x)pi(y).

Lemma 4.1.11 We have the following expansions for the product

1_[" 1 .
ij=1Toxy, "

| 1 —x;y;

[1 — - ZZ _PA(X)PA()’) 4.9)
i,j= A7
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and
n o0
[T =2 > m@mo. (4.10)
=t Vi 5
Lr)<n

Proof The first expansion is an immediate consequence of Lemma 4.1.10:

n

[1+—— —Zh (xy)

ij= ll—x,yl r=0
—ZZ —m(xy)
r=0 M—r
—ZZ —m(x)m(y)
r=0 Akr

The second expansion is a consequence of the following fact: since

1 n
[1 T—xy; [THON = H Zha,(m, :

j=1 Jj=1a;=0

for each A_(Al,kz,.. A B With £(A) <n, the coefficient of

yi\‘ yéz . * in the product [} is equal to /1, (x). O

ljllx

4.1.4 The fundamental theorem on symmetric polynomials

Now we have all the necessary tools to prove the main theorem of this section.

Actually, the term "fundamental theorem" is usually restricted to case (i) of
such a theorem.

Theorem 4.1.12 Each of the following sets is a basis for the space Al :

@A) {e; : A Frand £(\) < n);
(i) {h; : A rand L)) < n};
@iii) {hy : A+ rand £(A) < n};
@iv) {ps : A Frand £L(A) < n};
W) {py : A rand L)) < n}.
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Proof (1)) If A = (A1, Az, ..., Ag) I 7, then each monomial in e, is a product of
the form

(‘xilxiz'."xixl).(‘le‘sz".‘xj)\z)".(‘xtlxtz"'-xt,\k):xllllxgz’.'xzny (411)
where i| <ip < <iyp, i<jp< < ju....0<h<:--<t,. We

can fill the boxes of the diagram of shape A with the variables in the left-hand
side of 4.11:

xil xiz ......... xiM

Xjp Xjprreeee X (4.12)

Xey Xy » oo Xy,

Let A" = (A}, A3, ..., A},) be the conjugate of 1. A look at (4.12) ensures

that in (4.11) we have a; <X}, a1 +ax <A} + A}, ...In other words, if
W= (1, 12, ..., ) = r, with £ < n, and x}"'x5? - - - x;"" appears in e;, then

. . . Y 5
necessarily i < A'; in particular, x;"x5° - - -x,\]'

to 1. Thus, we have

appears with coefficient equal

ey =my + Z ay, 4.13)
ubr:
n<r
Lu)=n

where a, , are nonnegative coefficients. Then we can use the lexigographic
order on the partitions and Proposition 3.6.5 to conclude that in (4.13) the
matrix that expresses the e, ’s in terms of the m, s is triangular with 1’s down
the diagonal. By Corollary 4.1.3, this ends the proof.

(i1) We can write (i) in Lemma 4.1.9 in the following way:

k—1
e =Y (=1 ey, k=1,2,...,n. (4.14)
j=0

Using (4.14) and induction on k, one can easily prove that each ¢; is a
linear combination of polynomials #,, with u - & (and therefore £(u) < k).
For instance, e; = hy, e; = —h, +h% = —hy+ hy and e3 = h3 — 2hyh; +
h} = h3 — 2hy1 + hy 1.1 Therefore, for each A = (A1, Aa, ..., A) F 7, with
£(A) = A1 < n, the elementary symmetric polynomial e; = ¢;,¢;, - - - €;, may
be written as a linear combination of polynomials %, with  F r and £(u) <
£(1") < n. Then (ii) follows from (i) and an obvious dimension argument.
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(iii) This will be obtained as a consequence of Lemma 4.3.4 (Corollary
4.3.6) and, alternatively, of the Jacobi—Trudi identity (Corollary 4.3.19).

(iv) Suppose that L = (Ay, Az, ..., M) and w = (uy, o, ..., [,) are parti-
tions of r, with 7, k < n. If the monomial x| x}” - - - x/" appears in

Pa) = (4 P A ) x)

then each p; is a sum of A;’s, and therefore . > A. Then one can argue as in
the proof of i.

(v) This may be proved arguing as in the proof of (ii), starting from (ii) in
Lemma 4.1.9 and using (ii) in the present theorem (equivalently, starting from
(iii) in Lemma 4.1.9 and using (i)). O

4.1.5 An involutive map

Consider the bases (i) and (ii) in Theorem 4.1.12. We can define a linear bijec-
tionw = !, : A, — A! by setting: w(e;) = h,, foreach A F r with £(1) < n.

Proposition 4.1.13
() If fi € Al and f> € A3, then 0™ (fi f2) = &, (f@(f2).
(i1) The linear map w is involutive: o’ =1
(iii) For each X\ r, we have: w(p,) = (—1) "M p,, that is, each p; is an
eigenvector of w and the corresponding eigenvalue is (—1) '™,

Proof (i) It suffices to note that if A = (Aq, A2, ..., Ag) then
w(e;) = w(eywley,) - - - wlex,).

(ii) Applying @ to Lemma 4.1.9.(i), we get Zl;:o(—l)"_fhja)(hk,j) =0,
fork =1,2,...,n,and therefore necessarily we have w(hi_;) = ex_;, because
the conditions (i) in Lemma 4.1.9 determine the polynomials e; (and certainly
w(hg) = ep). We end by applying (i) in the present Lemma.

(iii) Applying w to Lemma 4.1.9.(ii), and taking into account (ii) in the
present lemma, we get: ke = Z];:1 w(pjlex—j, for k=1,2,...,n. Since
the conditions (iii) in Lemma 4.1.9 determine the polynomials p;, we can
conclude that: w(p;) = (—1)/~! p;. Again we can end by an application of (i)
in the present lemma. Clearly, the roles of (ii) and (iii) in Lemma 4.1.9 may be
interchanged. g

Remark 4.1.14 Set, as in [113], €, = (—1) ™. Then ¢, coincides with the
sign e(;r) of a permutation belonging to the conjugacy class Cy: indeed,
r—lA)=r -1+ —14+---+ X1 —1=€(x),if k=€) and & € C,.
Applying the involution @ in Proposition 4.1.13 to the identity in Lemma
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4.1.10, we deduce the following expression of the elementary function e, in
terms of the power sums symmetric polynomials:

@)= 32 2t (@.15)

Ar

4.1.6 Antisymmetric polynomials

A polynomial p(xy, x; ..., Xx,) is antisymmetric if

DXr(lys Xn2)s -+ Xn(ny) = (@) P(X1, X2, .. ., Xn),

for all ¥ € G,. Suppose that L = (A, Ap, ..., Ag) is a partition of r, with
k < n.If the monomial ax]"x}? - - - x;*, with @ € C, appears in a homogeneous

antisymmetric polynomial p of degree r, then also the following expression

A Py A
a Y e(Txm et X (4.16)

Ted,

appears in p. But if the parts of A are not distinct (that is A; = A;1; for some
i), or if k <n — 2, then the expression (4.16) is equal to zero. Therefore p
must be the sum of polynomials of the form (4.16), with k = n and A; > A,
> > Ay_1 > A, > 0. We introduce the following notation: once 7 is fixed, §
denotes the following partition: 6 = (n — 1,n — 2, ..., 1, 0). Then the partition
A= (A1, Ay, ..., A,) satisfies the condition Ay > Ay > --- > A, > A, > 0if
and and only if it is of the form

A=p+di=@+n—1,p2+n—=2,..., 01+ 1, uy),

where u = (1, U2, .- -, Un—1, Uy) 1 an arbitrary n-parts partition, with possi-
bly u; = piy1 = --- = u, = 0forsome 1 <i < n. The following proposition
is an obvious consequence of the discussion above.

Proposition 4.1.15 For each i & r, with £(u) < n, set

_ mi+n—1_pr+n-2 ”w
s (X) = § : eXaty  Xr) Xl
Tes,
-1 -1 -1
x#1+n xglJrn . xrllj'th
-2 -2 -2
xitz-‘rn xgz-i-n . xrlfz-‘rn

Mn Hen Hn
xl x2 e Xn
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(where (vj =0 for j =L(u)+1,...,n). Then {asy, : w1, £(n) <n}isa
basis for the space of all homogeneous antisymmetric polynomials of degree
nn—1)
= +r.

2

For 1 = (0), as is a well-known determinant, called the Vandermonde deter-
minant, or the discriminant. To make induction on n, it is useful to introduce
the following notation: 5= (n—2,n-3,...,1,0), that will be used also in
the sequel of this section.

Lemma 4.1.16 (Vandermonde’s determinant) We have:

n—1 n—1 -1
X X3 X,
XA x 2
as(x) = = [[ i—xp.
I<i<j<n
X1 X2 Xn
1 1 1
Proof We make induction on #. In the determinant as, fori =1,2,...,n—1,
we can subtract from the ith row the (i + 1)th row multiplied by x,. In such a
way, we get:
n—2 n—2 n—-2
X1 (x1—x,) Xy (x2—x,) X, Xp1—x,) O
-3 -3 -3
X7 =x,) x5 (X2 —Xp) Xy (1 —%x,) O
as(xy, X2, ..., X,) = :
X1 — Xp X2 — X, Xpn—1 — Xp 0
1 1 .- 1 1
= (x1 — x)(x2 — Xp) -+ - (Xn—1 — Xp)ag(Xy, X2, .oy Xn—1)
= l_[ (xi —x;),
I<i<j<n

where the second equality is obtained by the Laplace expansion along the last
column (and factoring out the polynomials (x; — x,,),i = 1,2,...,n — 1),and
the third equality by the inductive hypothesis. O

We end with a result that will be used in Section 4.2. The symbol © — A
has the meaning defined in Section 3.1.
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Lemma 4.1.17 For every A = n — 1, we have:

X1X2 - Xy (X1 X2 4 - Xpm a5 (X1, X2, oy Xem1)
= Y ausix. . X)l—o. (417
ubEnipu—x
Proof Suppose that A = (Ay, A2, ..., Ax) and set Ay = --- = A, = 0. Then

every u b= n with u — A is obtained by adding 1 to one A; with A; | > A;.
Therefore the right-hand side of (4.17) may be written in the form

A+n—1 A2+n 2 Aj+14+n— J An
> > et gy T T Xyl =03
Jihj_1>Aj weS,

since certainly X, = 0, this expression is equal to

A+n—1_Ay4+n—2 Aj+1+n—j Ap_1+1
DI Dot A TNy (418)

Jhjo1>Aj eSS,

On the other hand, the left-hand side of (4.17) may be written in the form
]_[;';i X1Xp -+ Xg—1 - Xj - @, 5(x1, ..., X,—1), and this is equal to (4.18) too,
because if A;_; = A; then x;xp - - x,—1 - X - a; 5(x1, ..., X,—1) = 0. ]

4.1.7 The algebra of symmetric functions

In this section, we introduce the algebra of symmetric functions. Actually,
these are not ordinary functions, but polynomials in an infinite number of

variables xi, X, ..., X,, .... A monomial in those variables is just a product
of a finite number of variables: x;'x;7 - - - x;'; its degree is 51 + s 4 - - - + 5. A
polynomial in the variables xi, x2, ..., X,, ... is a formal sum expression of
the form

—_— . . e e e Sk
p(x) - E iy s1,02,52,.ik, Sklexzz Xi

where the sum is over all monomials and the coefficients a;, s, i,.5,.....i,.5, are
complex numbers. We say that p is homogeneous of degree r if only monomials
of degree r appear in the sum. If A = (Aq, A2, ..., Ag) is a partition of r, the

monomial symmetric function associated with A is

mk—Exl 2... ,

where the sum is over all k-sets {i{, i2, ..., iz} of natural numbers. The algebra
of symmetric functions in the indeterminates x;, xs, ..., denoted by A, is the
vector space whose basisistheset {m; : A —r,r =0, 1,2, ...} of allmonomial
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symmetric functions. Itis an algebra under the formal product. It is also a graded
algebra:

where A’ is the space of all symmetric functions of degree r (whose basis
is {m, : A Fr}). The term “graded algebra” simply means that if f € A" and
g€ A* then f-ge A"™. If k >0, the complete symmetric function hy is
the sum of all monomials of degree k, the elementary symmetric function ey,
is ¢ = Zj1<jz<~~<jk xj, ---xj, and the power sum symmetric function py is
Pr = Z‘;Ozl xjf. If L = (A1, ..., Ag) is a partition, we set, as usual,

hy =hyhy,---hy, e =eyen,---ey, and py=pypr-- Di-

Arguing as in the proofs of (i), (ii) and (iv) in Theorem 4.1.12, one can
easily check that {h; : A Fr}, {e, : A =r}and {p, : A - r} are all bases of A".
Therefore {hy : A Fr,r=0,1,2,...},{e; :AFr,r=0,1,2,...} and {p, :
Abr,r=0,1,2,...} are bases of A. We can also defineamapw : A — A
by requiring that w(e;) = w(h,), for each partition A. This is an involutive
automorphism of A (see (i) in Proposition 4.1.13).

Exercise 4.1.18 Verify all the statements in this section.

For more details, we refer to the monographs by Macdonald [83], Sagan [108]
and Stanley [113].

4.2 The Frobenius character formula

This section is devoted to the first main result of this chapter, the Frobenius
character formula. It expresses the characters of the symmetric group as coeffi-
cients in the expansion of an antisymmetric polynomial. Our treatment is based
on that of Simon [111], where the main ingredient is the branching rule for the
characters of &,,. We also take into account the exposition in the monographs
by Macdonald [83] and Fulton and Harris [43].

4.2.1 On the characters of the Young modules

Let X be a partition of n. We denote by y* the character of the Young module
M*.Tf w is another partition of n, we denote by v/; the value of y* on the
elements in the conjugacy class associated with .
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Lemma4.2.1 Let A = (A, Az, ..., A) and u = (11,22, ..., n™) be parti-
tions of n. Then

NP

riglr rig!
"1/71 ik

where the sum runs over all collections {r; j : 1 < j <k, 1 <i < A;} of non-
negative integers satisfying the conditions

Aoy i
Z;‘(:l”’w Aj J 1,2,...,k 4.19)
Zj:lri,eri i=1,2,...,n

(and we setr; j =0forl < j <kandi; <i <n).

Proof Denote by C, the conjugacy class associated with p. Suppose that
7 €C,NG,, where 6, is the Young subgroup associated with A. Then
T =mmy - withr; € 6,\j and if 77; has cycle type (17,224, ..., )LT"'/),
then the integers r; ; satisfy equations (4.19). Since C,, N &, is a union of con-
jugacy classes of G;, from Proposition 4.1.1 (applied to each such conjugacy
class) it follows that

IC, NGyl = Z]‘[

|r'
{rij}j= 11_[1 1 iyt

Then the statement is an immediate consequence of the formula I/f,ﬁ =

%M‘ N &, | (see Corollary 1.3.11). O
o

Lemma 4.2.2 For any p - n we have

s
Pu= Z Y.
An
Proof First note that the (multinomial) coefficient W’ where r; 1 +
Fip+ -+, =1, is equal to the coefficient of y;"'y)” -+ -y, in (y +

yo + -+ 4 y,)". It follows that

p/l.(xl’xZ’ DR 7xn) = H(-xi +xé + - +x;l:,)r[
i=1
n

irj, r[!
—Z l_[x o | e
i=1 rll'rlz ri,n!

{rij}

where the sum runs over all collections {r; ;} of nonnegative integers satisfying
diiriy=riforalli=1,2,...n
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Therefore, the coefficient of x;'x}? - - -x,':k in p, is equal to the expression

for I/fﬁ in Lemma 4.2.1. Since p, is a homogeneous polynomial of degree n,
the statement follows. O

4.2.2 Cauchy’s formula
Proposition 4.2.3 (Cauchy’s formula) Suppose that y\, y2, ..., y, is another

set of variables. Then the determinant of the matrix (17;),_ )i i=12.m
iy /i j=1.2,...,
by

(L) = e
1_xi)’j I—[Zj:1(1_xiyj)’

where as(x) = Hl§i<j§n(xi —x;) is the Vandermonde determinant (see
Lemma 4.1.16).

is given

Proof The proof is by induction on n. For n = 2 it is an easy computation:

1 1 1
det ( ) — l—chlyl l—chlyz ‘
1 —XiYj 1=xay I1—x2y2
1 1 1 1

I—xiyil—xy 1T—xiy»21—xn
=y —xi1y2) = (1 —x;y)(d — x2y2)
(= xyDd = xy)(d = xy)(L = xay2)
I—xoy1—x1y2+x1X2y1y2 — (L =x1y1 —X2y2+X1X2Y12)
(I = x1y)(1 = x132)(1 — x2y1)(1 — x2¥2)
—X2Y1 — X1Y2 + X1Y1 — X2 )2
(I = x1yD)(1 = x1y2)(1 = x2y1)(1 — x2y2)
_ (1 —x2)(y1 — »2)
(L= xy)(I = x1y2)(1 — xy1)(1 — x2y2)

L aa)
L =y
Note that
1 B 1 _ Koy 4.20)
I —xy; I —x1y; I—x1y; 1—xy;
and
YVj Vi Yj =) 1 @21)

1 —xy; Cl—xiyi l—xy 1—xy;



174 Symmetric functions

Then we have:

det (1_—) =) H(xz X1) 1_[

1-— xlyj
1 1 o 1
Y1 Y2 .. Yn
1—x2y1 1—x2y2 1—=x2Yn
Vi » R
1—x,y1 1=xny2 1= yn
n n n 1
(k) H(xi - Xl)n()’j - }’1)1_[ ﬁ
i=2 =2 i=2 iy
1 0 0
1 1
n P
3! 1=x2y2 I=x2y,
1—xy; .
= 1 i
TSmO T
as(x)as(y)

e l—llj 1(1 xiy.i)’

where: in (*) we have subtracted the ﬁrst row from each other row, we have
used (4.20) and factored out the terms ; (from each column) and x; — x;
(from rows 2, 3, ..., n);in (%) we have subtracted the first column from each
other column, we have used (4.21) and factored out the terms y; — y; and
]_x - ; finally, in (x * %) using the Laplace expansion with respect to the first
row, we have applied the inductive hypothesis and Lemma 4.1.16. O

4.2.3 Frobenius character formula

Let u be a partition of # and consider the function p,, (x)as(x), where p,, is the
power sum symmetric polynomial associated with u and as is the Vandermonde
determinant. Since p,(x)as(x) is homogeneous antisymmetric of degree n +
@ = @ , from Proposition 4.1.15 we deduce the existence of coefficients
X; such that

Pu(®)as(x) =Y Xhazys(x). (4.22)
A-n

We want to show that the number X, is precisely the value of the character x*
at the conjugacy class of G, corresponding to the partition p. For this, we need
some preliminary results.
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Proposition 4.2.4 Let A - n. Let " be the character of the Young module M*.
Then there exist integer coefficients a, ;, v - n, such that

X = Z av,kw;:

vkn

forall u+ n.

Proof Let m, be the monomial symmetric polynomial associated with v. Since
m,(x)as(x) is antisymmetric, there exist coefficients a, ; such that

my()as(x) =Y ay1a.45(x) (4.23)
pkn
(see Proposmon 4.1.15). Moreover, a, ; is equal to the coefficient of xk‘” L.
xé”" .. -xn » in the polynomial m, (x)as(x), and therefore it is an integer.

By Lemma 4.2.2 and (4.23) we have

Pu(asx) =y yim,(x)as(x) =y [Z ¢;av,x:| . 45(%).

vkn An Lvkn

Comparing the last equality with (4.22), the statement follows. O

Lemma 4.2.5 The functions )73 satisfy the orthogonal relations of the charac-
ters of irreducible representations of the symmetric groups (see (4.3)):

Proof From Cauchy’s formula (Proposition 4.2.3) and Lemma 4.1.11 we get
(recall that ¢ is the alternating representation of G,,):

ZZ pﬂ(x)pu(y)aa(x)as(y)

r= Oul—r

Il
o
a
-t
/N
l‘
w |-
=<

~.

N————"

1
1 — X1Yr(1) 1 — XnYn(n)

o n +,%n
Z Z X Y1)+ X" Yy

(4.24)

I
&
o
5

where we have used the geometric series expansion. Note also that the expo-
nents oy, ..., &, can be taken to be all distinct, otherwise the corresponding
monomial is in the kernel of ZneG,, e(m)m.
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We now consider the homogenoeus component of degree n(n + 1)/2 (both
in the variables x and y) in the first and last term of (4.24). We get the equality

1
> = pu®)asx)pu()as(y)

ukn H

o o (o oy
= Z Z ()Xo (1) Vrlo (1) " " Xolm V(o m)*

o> >0y, T

Y ai=n(n+1)/2 7

CH

Keeping into account (4.22) and the definition of @, s, this yields

1~
Z Zz—XﬁX}: aHs(x)aqua()))=Zax+5(x)d/\+a()))

rovbn \ pubkn H An

and the orthogonality relations follow. O

Lemma 4.2.6 Let A, u - n. For A # (17) the coefficient )’Z/’} satisfies the same
branching rule of the character x* of S*: if w = (1, o, ..., pi—1, 1) and
V= (/’le M2, ey /’Ltfl) then

=2 W

On—1:
r—0

Proof First of all, note that if A 5% (1") then A, = 0 and therefore (setting
S=m—-2,n—-3,...,1,0)

AMAn—1_Ar+n—-2 An—1+1
Ay 45(X) |y, =0 = Z e(OXL T Xy X =0

neS,
MAn—2_A4n—3 An—1
= E 8(7r)xn(1) Xp) X X1X2 X
7€,
= X1X2 - Xn 1G4 5(X1, X2, - vy Xpo1)-

This implies that the polynomials {a; 15(x)|x,=0 : A I n, A # (1")} are linearly
independent. Note also that for A = (1") one clearly has a;_4s(x)|,=0 = 0.
Let u and v as in the statement. On the one hand, we have, by (4.22),

Pu)as(X)lg,—0 = Y Xpar+s(X)|r,=o0. (4.25)
A=n
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On the other hand, computing p,,(x)|y,=0 and as(x)|y,=o, and then applying
(4.22) again, we get
Pu(x)as(xX)|x,=0 = X1x2 -+ - Xp—1a5(x1, X2, . .., Xp—1) -

X+ xo A+ X—)pu(Xr, X2, o, X))

= E XX Xy (X X2+ -+ X)) -
Obn—1

~0
Xy or5(X1, X2, -y Xn—1)

=(x) Z x. Zak+5(x)|x,,=0

OFn—1 Abn:
r—6

(4.26)

Z Z X0 | @rs(0)]s,=0-

An: OFn—1:
A1) A—0

where (x) follows from Lemma 4.1.17. Equating (4.25) and (4.26), and keeping

in mind the fact that {a,5(x)|y,=0 : A F n, A # (1")} is a linearly independent
set, the branching rule follows. O

Lemma 4.2.7 For each ) - n, we have )7(}1) > 0.

Proof We first show that )?((11:)) = 1. Indeed, we have
(X1 +x2 4+ -+ x,)as(x) = Z S(ﬂ)x;(l)x;(_zﬁx;’(_ﬁ o Xr(n—1)
red,
because no monomials with two x;’s with the same power can (effectively)
appear in an antisymmetric polynomial. Similarly,
2 ~1,n-3
(x4 ) as(x) = D e(TXE Xe o XeG Xty + P(X)
Ted,

where P(x) is the sum of all momomials containing some x; with degree larger
than n.
Continuing this way, we get the expression

(X1 +x2+ -+ x)"as(x) = asyan(x) + Qx) (4.27)

where, again, Q(x) is the sum of all terms containing some x; with degree
larger than n.
Now, pany = (x1 +x2 + -+ 4+ x,,)" and (4.22) for u = (1") becomes
X+ 1) as(x) = X asean@®) + Y Xan@asx).  (428)

An:
AA(1")
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Recalling that {a; s(x) : A F n}is abasis (cf. Proposition 4.1.15), and equating
(4.28) with (4.27), it follows that ¥, X(1") =1>0.

To show that ¥; X( jny > 0 for all A = n we argue by induction on n. Suppose
that n = 1. Then (4.22) reduces to

~a
pix) =x; = X((l))xl

and therefore )"(((1])) = 1 (which is indeed X((ll)) = 1 for n = 1). Using this as the
base of the induction, and keeping into account the particular case A = (1") one
proves the statement using the branching rule in Lemma 4.2.6 for the inductive
step. ]

Theorem 4.2.8 (Frobenius character formula) For all partitions i, utn
we have X, = x. In other words,

Pu(X)as(x) = Y xharys(x)

A-n
forall u + n.

Proof Consider the map ¥ : u — )7,’} as a central function defined on G,, (that
is, x*(r) = X for all = € C,). From Proposition 4.2.4, we deduce that x* is
a linear combination with integer coefficients of irreducible characters:

ho_ Zbk.pxp

pkn

with b, , € Z. From the orthogonality relations (in Lemma 4.2.5 for x*, and
in (4.3) for x*) we get

=3 —(”)2 > biyhio Y —xuxu > )
ukn p p,0-n ;/,Fn pkn

As the b ,’s are integers, this forces x* = +x?” for some p. Observing that
Cany = {ls,}, so that x/j,, = dimp > 0, the condition X{;,, > 0 (see Lemma
4.2.7) gives X* = x”. This shows that every ¥ is the character of an irreducible
representation of G,,.

We now use induction to show that x* = x*. First of all, let n = 2. Then,
formula (4.22) gives, for u = (2),

~(2 ~1,1
(7 + 1)1 — x2) = Xy (7 — x3) + X5y (xfxn — x1x3),
sothat X5, = 1 and X5 = —1, and, for . = (1, 1),
2 ~1,1
(1 + 10221 — x2) = X0 — x3) + T (fxe — x1x3)

so that X(z) =1
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Therefore ¥® = x@® and ¥!'! = x!! are precisely the characters of .

Using the branching rule in Lemma 4.2.6 and the fact that, for n > 2, each
partition A I n is uniquely determined by the set {§ -n — 1 : A — 6}, we can
apply induction. Finally, the case ¥!") = x (") follows, by exclusion, once we

have proved (by induction) that * = x* forall A - n, A # (1"). g
‘We now introduce the following notation.
Given a polynomial p(xi, X2, ..., x,) and a partition A = (Ay, Ay, ..., Ag)
with £(1) < n, we denote by [p(xy, X2, ..., X,)]; the coefficient of the mono-
mial xf\‘xzAz . ~x2* in p(xy, X2, ..., X,). Clearly, the operator p — [p], is lin-

ear: if o, B € C and p, g are polynomials then [ap + Bq], = «[pl, + Blq];..
The Frobenius character formula can be given the following alternative
formulation.

Proposition 4.2.9 Let A, u b n and set k = £(X). Then
X = [pu(xi. X2, . x)az); 45, (4.29)
whered = (k — 1,k —2,...,1,0).

Proof From Theorem 4.2.8 we know that Xﬁ =[pu(x1, X2, ..., Xp)asigs,
where § =(n — 1,n —2,...,1,0). Setting xj41 = X340 =---=x, =1 we
get
as(xy, xo, ..., x5, 1, ..., 1)
= az(x1, Xa, ., XXX )"+ @i (e, xa, e X7)
and
PuCxr, X2, oo, xk Lo 1) = pu(er, xa, 000, X)) + ga(xn, X2, 00y X))

where g; and g, are polynomials of lower degree. Since

M+n—1_Ar+n—2 Ai+n—k AFk—1__do+k—2 A —k
xy! x5° coext = x}’ x5° coext e X))
(4.29) follows immediately. O

4.2.4 Applications of Frobenius character formula

Recall that d; denotes the dimension of the irreducible representation S*.

Proposition 4.2.10 Let A = (A, A2, ..., A\x) B n and set = ) + 38, where
S=k—-1,k—2,...,1,0). Then

n!
dy, 'aa(,U«l, M2y ey k) (4.30)

ol
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Proof First of all, note that

DXy, X2, oo, xp)as(xy, xo, o, X)) = (X0 F x4 )"
DI A
7T€6k

n!
- Z Z al!az!u-ak!g(n)

HEGk ap,a,...,di:
aytax+--+ag=n

. x/;{'r(l)71+akxn(2)fl+ak_1 . xir(k)flJral )

k=1
(4.31)

From Proposition 4.2.9, it follows that d, is precisely the coefficient of
x} ' xh? o™ in pu(xy, x2, .., Xp)as(xn, X2, - . ., xi). Therefore, if we con-
siderthe termsin(4.31)witha; = pu; —nw(k — j+ 1)+ 1,forj =1,2,... k,
we find

. n!
= ) G O D =G = DE DG —a D F DL
(4.32)

where the sum runs over all w € & suchthat u; —w(k — j + 1)+ 1 > 0, for
j=1,2,...,k. Since

1 _ =D k= j+D+2)

(with the right-hand side equal to 0 if u; —7w(k — j+ 1)+ 1 < 0) we can
write (4.32) in the following way:

k
n!
&= ———F——) @ | |puju; =1 (uj -tk —j+1)+2)
’ MI!MZ!"'Mk!Z ]1:[1 e /
1 (g — 1)
n! I w1 pe—1 (-1 — 1)
Coplpal e ! :
I mi(uy — 1)
n!
= ﬁaa(ﬂl, M2y ey Mk)
LRV RRRAN 02

where the last equality may be obtained by adding the second column to the
third one, then —2 times the second column and 3 times the third column to
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the fourth one and so on, until the determinant reduces to the usual Vander-
monde. O

Now we compute the value of x* AFn,ona cycle of length m, where
1<m<n.

Proposition 4.2.11 Let A+ n, set uw =X+ 38 (cf. Proposition 4.2.10) and
define ¢(x) = ]_[le(x —wi). Forl <m <nandp = (m,1"™™), we have

k
d;. wilp; =1 (u; —m+1)
A J\Hj J
Xp =— E - d(pj —m).
P mAC,| (1)) ’
Proof Clearly, Xp is equal to the coefficient of x{"x5”---x/* in (x; +x;

+ o) T x4 xas(xy, X2, ..., Xg). Arguing as in the
proof of Proposition 4.2.10, we can deduce that x 2 is equal to

_m)!a(s(ﬂls M2y eves j — 10, vy Up—1, Mk)
palpal s (g —m)te - pgey g !

‘\.
1M~
Vv
(=}

From Proposition 4.2.10, it follows that

Xy (n—m)! ‘ ! Wj— W —m
U T (VT

o i mml s R
uj—m>0
k
1 il =1 (uj —m+1)
= - ¢(uj —m),
m?(C,| ; ¢ (1)) :
because |C,| = n!/(n — m)!m (cf. Proposition 4.1.1). O

Exercise 4.2.12 Set A; = pu;(u; — 1)+ (n; —m + 1)¢;“(’/L $lj—m)
/

(1) Prove that, for & > 1, 21;:1 Aj(u;)"= " is the coefficient of 1/x" in the
Taylor series at infinity (i.e. the expansion in descending powers of x) of the
rational function x(x — 1) (x —m+ Dop(x —m)/p(x).

(2) Deduce that |C, k2 4 is equal to the coefficient of 1/x in the expansion of
X = 1) (x = m + Dg(x — m)/—m*¢(x).
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Hint: Wehave A; = lim,, ,,(x — ;) [x(x = 1)---(x —m + Dep(x —m)/
¢(x)] and therefore x(x—=1)---(x —=m+ Dop(x —m)/d(x) =

Z§:1 foj + g(x), where g(x) is a polynomial in x. Then one can use

A; _
= Y Ay X

X—4j

The formulae in Proposition 4.2.11 and Exercise 4.2.12 are due to Frobenius.
A classical exposition is in Murnaghan’s monograph [95]; several particular
cases were worked out in [62].

In Section 5.2 we will treat the expansion in Exercise 4.2.12 in great detail.

Exercise 4.2.13 Prove the formula in Theorem 3.4.10 by using the Frobenius
character formula.

Consider the diagram of a partition A = (A, Ay, ..., Ar), and let
No= (A, "")‘;»1) be its conjugate. The hook length of a box of coor-
dinates (i, j) is defined as h; ; := (A; — j) —i—()\/j — i)+ 1. Clearly, A; — j
equals the number of boxes on the same row of and on the right of (7, ), while
)\_//. — 1 equals the number of boxes on the same column of and below (i, j).
For instance, in the diagram of A = (7, 4, 3, 2) the hook length of (2,2) is
hy» =242+ 1=>5 (Figure 4.1).

Figure 4.1 The hook length of (2, 2) equals the number of e’s.

Theorem 4.2.14 (Hook length formula) For each A - n we have
n!
B H(i,j) hi,j,

where the product runs over all boxes (i, j) of the diagram of A.

d.

Proof First note that, with the notation in Proposition 4.2.10, wy, ta, ..., Ui
are precisely the hook lengths of the boxes in the first column (from top to bot-
tom), and that, setting # = A/, then ﬁj =puj—k+t—1,forj=1,2,...,¢,
are the hook lengths of boxes in the second column. Note also that, for
j=t+1,t4+2,...,k, we have uj =k — j+ 1 and therefore I—[{:(ui —
wi) =T —k+j—DIG—t—1D!  moreover, (41 — D!+
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(e — D! = (k —t — DIk — ¢ —2)!--- 1101. Tt follows that

ko j-1
1_[ H(Mi — 1)

j=t+1i=1

= (st = Do Gue— DU [ = D = 2) -+ [ = (k= 1)),

i=1
and therefore, the formula in Proposition 4.2.10 yields

dy _as(pas pa, -, i)
nl el !

1 ) H1§[<j§t(l~'bi _ﬁj)
Mipg - Uk !t

(4.33)

Then, we can apply (4.33) and use induction on the number of columns in the
diagram of A. O

The hook length formula was proved by Frame, Robinson, and Thrall [41].
The story of its discovery is narrated in Section 3.1 of Sagan’s book [108],
where one may also find the probabilistic proof given by Greene, Nijenhuis
and Wilf [52].

We end this section by deriving the Murnaghan—Nakayama formula in the
original form obtained by Murnaghan (see [94]). We need an extension of
the definition of the alternant a, 5. For o = (o1, ap, ..., o) € ZF and 8 =
k—-1,k—-2,...,1,0), we set

aj+k—1_ar+k—2 [+78
Agqs(X1, X2, .00, Xg) = § 8(77))‘771(1) Xr(2) X
ﬂEGk
k—1 k—1 k—1
x?1+ xgrf xlgt1+
xa2+k72 xa2+k72 . xa2+k72
1 2 k
xp* x5* x*

see Proposition 4.1.15. If an integer in o + & is negative, then we set a,4s = 0.
Obviously, if &’ = (o1, 002, ..., aj_1, jp1 — Lo + 1, g0, ..., o) then

Ao+ = —do'+5- (4.34)
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Indeed, a4 s is obtained from a,.s by switching the jth and the j + 1st rows:

ajtk—j oj+k—j aj+k—j
xl J X J e xk!
Aots = | ajii+k—j—1 ajitk—j—1 ojprtk—j—1
_x x o e x *
1 2 k
and
o thk—j—1 aj+k—j—1 ajp+k—j—1
x1/+l J x2/+' J ... xk”] 4
Ao'+5 = aj+k—j aj+k—j aj+k—j
xl x2 “ e ‘xk

Using the rule (4.34), it is easy to see that a5 = 0 or ay+s = %a;s for
a partition A of o] + o + - - - + a¢. Indeed, if j is the first index such that
ajq1 > «a; then

e if oj; | = a; + 1 then clearly a,1s = 0 because the jth row coincides with
the (j + 1)st row;
e if ¢ > arjy1 + 1 then we can use dyqs = Ao'45

Iterating this procedure, a,+s = 0 or we get a partition A of /) + o + - - - + o
such thatay+s = *a;s. We can also use Proposition 4.2.9 to define, for o € 7k
with le‘:l aj=n,and u - n

Xp = [puxr, x2, o oo, x0)aslats, (4.35)

where [Q],+s now stands for the coefficient of the antisymmetric polynomials
ag+s in Q (and [Qly4+s = 01if a5 = 0). Clearly (4.34) gives

x“=—x" (4.36)

so that x* = 0 or x* = +x*. The function u X is avirtual character of
G,,. Alternatively, we may use the determinantal formula (Theorem 4.3.25) to
define x“.

We need the following notation: if @ = (ui, 2,...,¢) -n and
p is a part of p, that is u;, =p for some i, we set u\p=
1y 02y« vy ity fhigls s fe). If 7 €Z and o € ZF then atre =
(o1, 00, ...,0 £7, ..., 0)(thatis,e; = (0,0,...,1,...,0)with I in position
i). Now we can state and prove Murnaghan’s rule:
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Theorem 4.2.15 (Murnaghan rule) Let A, i be two partitions of n. Suppose
that r is a part of i and denote by k the length of . Then

k
A A—T€;
X = Z Xpnr
j=1

Proof Since p,, = p,\, pr, from Proposition 4.1.15 and Proposition 4.2.9 we
deduce

Xﬁ = [P;ﬂa]wa

= [p;L\rpra(S]A+6
k
H—1 k—j+1)—1+ k)—1
=D D LeGpua T O,
j=1 1e6;
k
-1 (k—j+1)—1 -1
3 S el T
j=1 1e6;

k
= Z[pu\raé]k—re/ +8

j=1

k

_ A—T€;

- qu\r : O
=1

4.3 Schur polynomials
4.3.1 Definition of Schur polynomials
Theorem 4.3.1 For A - r, £(A) < n, set

Wts(X1, X2, ..., Xp)

as(x1, X2, ...y X))

(X1, X2, 00, X)) =

Then, each s, is a symmetric polynomial, and the set {s, : A = r, L(A) < n} is
another basis of A}.

Proof First of all, note that if the polynomial p(xi, x5, ..., x,) is antisymmet-
ric, then p(xy, x2, ... % ..., Xi, ..., Xx,) = 0. It follows that p(x) is divisible
by (x; — x;) and therefore by as(x). Indeed, if ax" x5 - - - x/“" - - -x;” coexkris
a monomial in p(x), so that wy, ua, ..., u, are all distinct and, say p; < p;,
then p(x) also contains the monomial —ax{" x5 - - x%/ - x/" ... x;", and the
sum of all these monomials is divisible by (x; — x;).

e X
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Denote by A/ the space of all antisymmetric polynomials of degree r +
n(n — 1)/2 in the variables xi, x5, ..., X,. From the above considerations, we
have that the map

Al — Al
p(x) > 29

as(x)

is a linear isomorphism. Then, s, is precisely the image of a; s and therefore
the statement follows from Proposition 4.1.15. O

The polynomials s, are called Schur polynomials.
We now give another expansion for the product m (see Lemma
4.1.11 and Proposition 4.2.3) in terms of Schur polynomials.

Lemma 4.3.2 We have

1—[(1—_” = Z Z $3.(0)s2(y).
i,j L J

r=0 Mk-r:
L(A)<n

Proof First of all, note that (using the geometric series expansion)

1
det <m) ”626: 8(7[)1_[ —
> % en [Ty

uj=0red,
and therefore if At-r, (1) <n, the coefficient of Xt i
det(1 — )is @51, Y2, - - ., ya). Since det (—— o )1s antisymmetric, both in

the x’s and the y’s, it follows that it is the sum of all polynomials of the form
s (X)ap45(Y):

]_[(1——xy Z Z At5(X)ay15(Y).
i,j t /

r=0 M-r:
L(A)<n

Then, the statement follows from Cauchy’s identity (Proposition 4.2.3). O

We end this subsection by evaluating a Schur polynomial for x; = x;
--x, = 1. This result will be used only in Section 4.4.4.
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Theorem 4.3.3 Suppose again that A is a partition of r of length k and that

n > k. Then setting xy = x, = - - - x,, = 1 in the Schur polynomial s, we have:
PR
A ..
s)\(l,l,...,l)zﬁnn(j—l+n). 4.37)
i=1 j=1
Proof First of all, note that if we set x; = x/=1 j=0,1,....,n—1inays

(where x/~! are the powers of a single indeterminate x), then
Gas(1,x, ., 2" = det[ (M)

is a Vandermonde determinant whose ith row is made up of the powers

(ritn=iyi=l i =1,2, ..., n,of x**"~1 It follows that
Gas(Lx,...x" )= ] @rn =yl (4.38)
I<i<j<n

and therefore

l_[l<i<j<n(‘x)w+n_i _ x)»ﬁ-n—j)

n—1
S)\.(17‘x7""x )_ 1_[1 L (xnfi_x”*j)
<i<j<n

M—Aj+j—i
ﬁ A= nl§i<.i5n(x )
= X . F—
iy [Tizicjza®/™" =1

Now we can take the limit for x — 1 and apply (4.30), getting (recall that
Al =+ Ay = 0):

[licicjcaBi =25+ —10)
[TizicjzaG =D
_ Hlsisk<j5n()‘i +j-0 H1§i<j5k()‘i —Ajt+Jj—0
B H1§i§k<j§n(j — i) . Hl§i<j§k(j — i)
by = Izzm ST ZD b ko
[Tic Hj:iJrl(] — 1) r!
dy 2 i+ n— i)

- ]

d kA
=ﬁnl—[(j—i+n).

Ci=1j=1 O

si(1,1,..., ) = lirr} si(Lx, ..., x" =
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The polynomial c(¢) = I—[f:l ]_[j: \(j —i+1) is often called the content
polynomial associated with the partition A; see [83] for more details.
The following expression, obtained in the above proof, is also noteworthy:

A— A4 j—i
sl D= [] % (4.39)

I<i<j<n

4.3.2 A scalar product

We introduce a scalar product in AJ, just by requiring that {s, : A =7, £(X) < n}
is an orthonormal basis.

Lemma 4.3.4
(i) The basis {m;, : L Fr, £(A) < n}andthe set{h) : . &= r, £(A) < n}are dual
to each other with respect to this scalar product, that is,

<h)u mu) = 3)L,;/.

forall A, u =r, LX), £(n) < n.
(i) If n = r, the basis {p, : A - r} is orthogonal with respect to the scalar
product:

(Pas Pu) = 206
forall ., u & r, where z;, is as in Proposition 4.1.1.

Proof (i) Define the coefficients a, , and b, , by requiring that

hy(x) = Zak,ﬂsﬂ(x) and m;(x) = be’psp(x).
P

n

From (4.10) and Lemma 4.3.2, we get the equality

D o hm(y) =Y s0s0).
A

A

Since, on the other hand,

D@m= (Z ax,ubx,p) 505, ()
A

P A
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we get ), a by, =08, ,. Then we also have ) a; .bp, =386 and
therefore

(hy., mg) E a ,ubep Sy Sp>

= E aA./LbG,M
m

=38;.0.
The proof of (ii) is analogous: one uses (4.9) in place of (4.10). O

Corollary 4.3.5 Ifn > r, then the involution w : A, — A! defined by w(e;) =
hy for all A \=r (see Section 4.1.5), is an isometry.

Proof From (iii) in Proposition 4.1.13 we have that the polynomials p,, with
A b r are eigenvectors of w with corresponding eigenvalues of modulus one.
On the other hand, by (ii) in the previous proposition, these vectors constitute
an orthogonal basis for A}, and this ends the proof. O

Corollary 4.3.6 The set {h), : A = r and £(1) < n} is a basis for A}, (see The-
orem 4.1.12(iii)).

Exercise 4.3.7 Show that in A3 we have: p) = m) = 2h@) — ha1, P21 =

may+my = h(3) and P11 =ma) + 3m2,1 = 2h2$1 — h(3). From these
identities it follows that (p21, p3)) =17#0, (p21,p1.1.1) =1#0 (and
{(p@3), p1,1,1) = —1 # 0) and therefore if n < r, then the power sums do not

yield an orthogonal basis.

4.3.3 The characteristic map

We introduce some notation: if ¥ € &,,, we denote by c(r) the cycle type of
7 (which is a partition of n). Moreover, we denote by p.(x) the function G,,
T = Per)(X), where p.(r) is the power sum symmetric polynomial associated
with ¢(;r). We denote by C(&,,) the algebra of central functions on &,,. Also,
for ¢ € C(6,) and A I n, we denote by ¢, the value of ¢ on 7w € C;. Finally,
for 0 < r < n, we define the characteristic map ch : C(8,) — A by setting

1
ch(¢) = = > ) pe = Z ¢AP ¢ Pe)L(s,)

" nes, Abr

for every ¢ € C(S,).
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Proposition 4.3.8 The map ~/r! ch is a linear isometry.

Proof Let ¢, ¢ € C(S,). Then

| |
(Vrlch(@), Vrlch(¥))a, = (> ﬁ¢xpx(x)s > ﬁwup,xx)m;

Abr N pkr <u

(by (ii) in Lemma 4.3.4) =Y r—!m%

A1 8

pRIEAIED)

e,
= (¢, V)Ls,)- g
Theorem 4.3.9 Letn > r. Then

s = ch(x”)
forall A \=r.

Proof Recalling that for &, u = r one has, by definition, (x*),, = x;;, we have

1
ch(x™) =Y —x}pulx).

ukr ®

On the other hand, the Frobenius character formula (cf. Theorem 4.2.8) may
be written in the form

Pu¥) =Y xhsi(x).

AFr
Therefore
1 , 1 oo 1
{835 \/_Z_MPM)A': = XM\/Z = (ch(x"), ﬁlh)/\;-

r

Since {\/pru : ;= r} is an orthonormal basis for A}, this ends the proof. O
Remark 4.3.10 We will also use the following form of the Frobenius formula:

Pu) =Y xhs(x). (4.40)
Z(A)LF)En

The case n > r was obtained in the above proof. For n < r, we can start
from the case » = n and use the following identities:

PuCxt, X2, ooy X )|y = oz =01 = Pu(X1, X2, .0, Xp),
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while

0 if¢(A) > n

$3.(X1, X2, s X))y =, =0) = {s,\(xl X x,) ifLA) <n
9 9 ey n - .

To get the last identity, we may apply repeatedly the following fact (see the
expression in Proposition 4.1.15): if A, = 0 then as;,(x1, X2, . .., X3)|x,=0 =
X1X2 Xy 1G5 5 (X1, X2 ooy Xnm 1), whereS =(n —2,n—1,...,1,0).

We now introduce a useful notation. For A - r and i = m we denote by x* o
x " the character of the representation Indg:*x”’em (§* X S*). We then extend the
operation o to the whole C(&,) x C(S,,) by setting, for all ¢ = >, a;x*
andy =3, b.x", where a;, b, € C,

oy = Z z:a;\bu)(A ox" € C(S,im)-
A=r pbm

It is clear that if ¢ is the character of a representation p of &, and  is the
character of a representation o of G,, (p and o not necessarily irreducible),
then ¢ o ¥ is the character of Indg:j’em (pXo).

Proposition 4.3.11 Suppose that n > m +r and let ¢ € C(S,) and ¥ €
C(S,,). Then
ch(¢ o ) = ch(¢)ch(y). (4.41)

Proof By linearity, it suffices to check (4.41) when ¢ = x* and ¥ = x*.
Let m =mm € &, x G, with 71 € &, and m € G,,. Then p.(x) =
Detry)(X) Peery) (x). We express this fact as follows

pc(x)|6,><6,,, = Pc¢ (X)PC2(X)-
Similarly, (x*x*)() = x*(1)x* () is the character of S* X S* (cf. (v) in

Proposition 1.3.4). Then we have

ch(x* o x") = (X" o x", P L&,

(r +m)!

1
(by Frobenius reciprocity) = m( X X" Pe, () Pe, () L&, x,)

1
= —,<X'\, P ) — (X" Pe,(®)) s,
r! m!

= ch(x*)ch(x™). O

Corollary 4.3.12 Let A - r and denote by y* the character of M* as in Lemma
4.2.1. Then we have

ch(y*) = h;.
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Proof Let A= (A, A2, ..., 7). Then yY* =y oy*o...0y™ and
therefore
ch(y”) = ch(y* )ch(y™) - - ch(Y™) = hy by, -+ - iy = ha,
where the second equality follows from
, 1 1
ch(™) = D — ¥y pu(0) = D —pu@) =y,
pukay T pkay SH

(in the last equality we have used Lemma 4.1.10). O

We can now use the characteristic map to translate, in the language of Schur’s
polynomials, the Young rule (Corollary 3.7.11) and the Pieri rule (Corollary
3.5.14).

Corollary 4.3.13 (Young’s rule) Let A - r and suppose n > r. Then
=) K sy

ukr

where K (i1, M) = |STab(u, A)| is the number of semistandard tableaux of shape
 and content A.

Corollary 4.3.14 (Pieri’s rule) Let A - r and suppose n > r + m. Then
SAS(m) = Z Sﬂ-
m

where the sum runs over all u - r +m such that A < p and /A is totally
disconnected.

Exercise 4.3.15 ([43]) (1) Prove the following identity:

|
G0 [ |77 =D aun®)
j=1 / I

where the sum is over all partitions p such that A < u and /A is totally
disconnected.

(2) From (1) deduce the Pieri rule in Corollary 4.3.14.

(3) From the Pieri rule in Corollary 4.3.14 deduce the Young rule in Corollary
4.3.13.

Pieri’s rule for Schur’s polynomial was proved in a geometrical setting by
Mario Pieri in [102].

Exercise 4.3.16 Consider the algebra A of all symmetric functions in infinitely
many variables (see Section 4.1.7).
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(1) Show that, for each partition A - r, there exists a unique s; € A such

that s;(xy, X2, ..., Xy, 0,0, ...) is the Schur polynomial in xy, x5, ..., x,, for
alln > £()).
Hint. Prove it for n + 1 variables: s; (x1, X2, ..., X,, 0) = s;3(x1, X2, ..., Xp).

(2) Prove that the characteristic map may be extended to a map

ch: @C(Gn) — A

n=0

that is also an algebra isomorphism (@:o:() C(6,) is an algebra with respect to
o). See the books of Macdonald [83] and Sagan [108] for more details.

Following the notation introduced in order to state and prove Theorem
4.2.15, given « € 7k, with o; + oy + -+ - + o = n, we can define a corre-
sponding Schur’s function by setting s, = dq+s/as. We have s, = %5, as in
(4.34) and

1
Sa = 2 Kb = chx®)

uker

4.3.4 Determinantal identities

In this section we give two determinantal expressions for the Schur polynomials.
The first one, known as the Jacobi—Trudi identity, was given without proof by
Karl Gustav Jacobi in [63] and subsequently proved by Nicola Trudi, a student
of Jacobi, in [119].

The second one is called the dual Jacobi-Trudi identity . Both identities
were rediscovered, in a geometrical setting, by Giovanni Zeno Giambelli in
[47].

In what follows, we extend the parameterization of the elementary and
complete polynomials e, and A; to nonpositive values of k, by setting eg =
ho =1 and ¢, = h; = 0 for k < 0. We also set ¢, = 0 for k > n (the number
of variables). We shall deduce the Jacobi—Trudi identities as a consequence of
the following expansion for ]_[f' =1 #y/

Lemma 4.3.17 We have

n

1—[ m - Z Z det(hy,—i4j ()52 (y)
]

i,j=1 r=0 Ak
e00<n
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where (h;,_i1+j(x)) is the n x n matrix whose (i, j)-entry is hj,_i; j(x) (and we
set heyr1 = Ay = - = A, = 0).

Proof We follow the proof in [84]. Let ¢ = (a1, @2, . . ., ;) be a sequence of
nonnegative integers. We set iy, = hg, hg, - - - hg, and aq.4s to be the determinant
of the n x n matrix whose (i, j)-entry is (x;"’Jr"*i). Clearly, a,.s = 0 if the
integers «y +n — 1,0 +n —2,...,a, are not distinct, while, if they are
all distinct, there exists a unique w € G, such that @ + § = (A + §), with
Aapartiionand 7 (A +8) = (Ayy +n — (1), Agey + 10— (2), ..., Ay +
n — mw(n)). Clearly, ays(x) = e(m)a; +5(x).

Let H(¢) be the generating function of the complete symmetric polynomials
(see Lemma 4.1.7). We have

n

1
1_[ 1—x;y

ij=1 i

asy) = [[THG) | as()
j=1
= det (yj-"iH (yj))

o0
= det Z he, (x)yj"dr"*i

o =0

n o0
= 3 0[] 3

ned, Jj=1az;H=0

- Z ha(x) Z S(n)ﬁy;‘mm—n—n(j)
j=1

o,0,...,0,=0 Ted,

= Y ha®awss(y)

Z Z Z My ar8)—8(X)r 045)(Y)

r=0 M-r: 7eq,

(@48 =m0 +98))

L(A)<n
o0
=Y @) Y e(hxps-s(x)
r=0 M\r: Ted,
L(A)<n

I
Nk

Z det (h)wthj(x)) GH(S()’)-

Ar:
£(A)<n

Il
=}

r

Dividing by a;(y), one gets the desired identity. O
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Corollary 4.3.18 (Jacobi-Trudi identity) Let A - n with £(L) < n and set

Aoyl = reoyp2 = =A, = 0. Then
hy, (x) o1 (x) o 1 (X)
hy,—1(x) hj, (x) o hygn—a(x)
$,.(x) = . . ) (4.42)
My —ns1(x)  hy,—pg2(x) - hy, (x)
Proof The statement follows from the expansions in Lemma 4.3.2 and Lemma
4.3.17. O

Note that, if £(A) < n, then the determinant in (4.42) is equal to the deter-
minant of the £(1) x ¢(A) submatrix at the upper left corner.

Corollary 4.3.19 The set {h;, : A \-r and £(1) < n} is a basis for A} (see
Theorem 4.1.12(iii)).

Lemma 4.3.20 Fork > 1, let Hy and & denote the k x k matrices whose (i, j)
entries are h;_j and (— 1)i—J e;_j, respectively. Then Hy and & are both lower
triangular with 1’s along the diagonal, and (Hy)™' = &.

Proof This statement is an immediate consequence of (i) in Lemma 4.1.9. O

Exercise 4.3.21 We sketch an alternative proof of the Jacobi—Trudi identity
taken from the book of Fulton and Harris [43].
(1) Prove that

D e =1 =0

k=0

forj=1,2,...,nand s > n.

Hint. (332 o(= Dbt (T es(x)r') = 1_[?;1. (1 + x;t).

i#]
(2) Show that there exist polynomials A(s, k) in ey, e> ..., e, such that
x5 =A(s, DX 4 AGs, x4 4 Als.n) (4.43)
forj=1,2,...,nand s > n, and

hy_m = AGs, Dhy_p_1(x) + AGs, Dhy_mo(x) + - - - + A(s, n)h_,,(x)
(4.44)
forO <m <mnands > n.
Hint. To show (4.44), use Lemma 4.1.9.
(3) For A = r and £(A) < n (and )\.E(A)_’,l = )L[(AH_Z =...=X, =0),let X,

. L. . i Ain—
X, A, and H, be the n x n matrices whose (i, j) entries are x; ’ x5 i
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A\ +n —1i, j)and hy, 4 ;j_;(x), respectively. Prove that
X, =H, X, (4.45)
where &, is as in Lemma 4.3.20.
Hint. Write (4.43) and (4.44) in the form X, = A, X, and H) = A, H,,
respectively, and use Lemma 4.3.20.

Taking the determinants in (4.45), one immediately gets the Jacobi—Trudi
identity.

In order to prove the dual Jacobi-Trudi identity, we need the following
identity for minors and cofactors of matrices. We follow the exposition in the
book by Fulton and Harris [43].

Lemma 4.3.22 Let A = (a; ;) be an invertible m x m matrix and denote by
B = (b; ;) its inverse Al Take o and 7w in &,,, and, fork € {1,2, ..., m} set
A = (axiyo())) j=1 and B = (botiy x ()} j=ps1- Then

det A = e(m)e(o) det A det B. (4.46)

Proof There exist m x m permutation matrices P and Q such that

A A “1pp-1 B, B
PAQ = d BP ' = 2,
Q <A2 AB) an 0 B3 B
for suitable matrices A, As, A3, By, B, and Bs (note that P~! = P’ and

0! = Q"). We then have

A A\(L B\ (A 0
A2 A3 0 B - A2 Im—k )

This implies that det(P A Q) det B = det A. Since det(P) = &(r) and det(Q) =
&(0), the identity 4.46 follows. a

We also need another lemma on partitions.

Lemma 4.3.23 Let A = (A1, A2, ..., Ax) be a partition and denote by \' =
(A, MY, ..., Ay) dts conjugate. Then {1,2, ... k+t}={ A +k+1—-i:1<
igk}]_[{k+j—/\’j:1§j§t}.

Proof In the diagram of A, consider the segments at the end of the rows and
at the end of the columns. Label consecutively all these segments with the
numbers 1, 2, ..., k + t, starting from the bottom. For example, in Figure 4.2,
ifA=(5,3,2,2,1),sothat A’ = (5,4, 2,1, 1), we have
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Figure 4.2

Then, the labels of the segments at the end of the rows are precisely {A; + k —
i+1:1<i <k}, and the labels at the end of the columns are {k 4+ j — A; :
l<j=t} O

Theorem 4.3.24 (Dual Jacobi-Trudi identity) Ler A - n with £(A) < n, set
Aeoy+1 = Aeoy+2 = -+ = Ay = 0 and denote by ' = (A}, A}, ..., A},) the con-
Jjugate partition. Then

h;, (x) i1 (x) oo o1 (x)
Ry,—1(x) hy,(x) e Mygn—2(X)
ha,—ns1(X) Ry, —pga(x) oo hy, (x)
ey (x) evr1(x) o enp—1(x)
ey, —1(x) e, (x) o en—2(x)
= ) . . “4.47)
ey —n+1(X) ey _pra(x) - ey, (x)

and therefore the Schur polynomial s, is also equal to the second determinant.

Proof Set k = £(L), t = £(1") and consider the matrices Hy, and &, as in
Lemma 4.3.20. Let o, m € &4, be defined by:

n@i)y=hi+k—i+1, i=12...k
m(j)=J—%} j=k+Lk+2,... k+1

(cf. Lemma 4.3.23) and

oi)=k—i+1, i=1,2,...,k
o(j) =/, j=k+1,k+2, ... k+1t.
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Applying Lemma 4.3.22 in this setting, we get
det(Hy+) = e(m)e(0) det(Hysr) det(Eer). (4.48)

Notice that 7-[k+r is the k x k matrix whose (i, j)-entry is hy,4;_; (indeed,
r@)—o(j)=k+tk—i+1—(—j+1)=2x+j—i), and &, is the
t x t matrix whose (i, j)-entry is e,y/,Jr,-,j(—l)’\./f*"*j, so that

det (&sr) = det (e341-5) - (= DEH (DX
— det (emi_,-) (=D,
Moreover
e(m)e(o) = (= HECHD(—HZED = (M = (=]

(to compute e(r), note that (w (1), 7 (2), ..., 7k +1) = +k, o +k—
L., +Lk—A+1, k=2, +2,...,k—A,+1)). Finally, if Aty =
A4z = -+ = A, = 0 then the determinant on the left-hand side of (4.47) is
equal to the determinant of its upper left k x k submatrix; similarly for the
right-hand side of (4.47).

Taking into account (4.48) and the above remarks we get immediately the
identity (4.47). a

Extend the definition of ¥* (see Lemma 4.2.1) to all sequences o =
(a1, @z, ..., o) of integers as follows. We set ¢* = 0 if any of the «;’s are
negative, and then we define /* to be the character of M*, if « is a composition.
Note that, in the notation of Proposition (4.3.11), we have

Y=y oy ooy, (4.49)

where w"‘j is the character of the trivial representation of Gaj ifa; > 1, 1//0 =1
and Y% = 0if a; < 0. Then we have:

Theorem 4.3.25 (Determinantal formula for x*) For any partition A =
(A1, Ao, ...y Ar) of n, the irreducible character x* of G, is given by

X)» — Z 8(7-[)1#0%+7f(1)_1~)h2+77(2)_2«“‘s)¥k+7'f(k)_k). (4.50)

ey

Proof It is an immediate consequence of the Jacobi—Trudi identity (Corollary
4.3.18) and of Theorem 4.3.9 and Corollary 4.3.12. O
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The formula (4.50) may be also written as a formal determinant:

wkl 1//.)»1-"-] . w)»]-i-k—l
I//}\z—l wkg . w)\.2+k—2
A
X = . . .
.(p)»kfk+l .(p)»kkarZ . wlk

keeping into account of Proposition 4.3.11 and (4.49). As a Corollary, we get
a stronger version of Proposition 4.2.4.

Corollary 4.3.26 Every irreducible character of S,, may be written as a linear
combination, with coefficients in {—1, 1}, of the permutation characters r*.

Corollary 4.3.27 The set {* : A |- n} is a vector space basis for the center of
S,.

4.4 The Theorem of Jucys and Murphy

The YJM elements were introduced independently by Jucys [70] and Murphy
[97] in order to prove the following remarkable result: every element in the
center of the group algebra L(G,,) may be written as a symmetric polynomial
in the YJM elements X5, X3, ..., X,,. This was also rediscovered by G. Moran
[93].

In Section 4.4.2 we reproduce Murphy’s original proof which is elementary
and similar to the proof of Olshanskii’s theorem (Theorem 3.2.6). In Section
4.4.4 we give an alternative proof due to Adriano Garsia, that is more con-
structive and gives an explicit expression of the characters of &, as symmetric
polynomials in the YJM elements.

4.4.1 Minimal decompositions of permutations as
products of transpositions

In this section, we present a technical but interesting result on the minimal
decomposition of a permutation as a product of transpositions.

Lemma4.4.1 Let 0,7 € G, and suppose that there exist distinct i, j,c €
{1,2,...,n} such that (i) 0 = (j - ¢ — j)n(i — ¢ — i) and (ii) (c) = c.
Then,

(D) if(c) =c, then 8 = m;
Q) ifn(c)=kF#c, thenk # jand0 = (j — k — j)k — ¢ - k)7.
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Proof First of all, note that, in any case, (i) and (ii) imply that (iii) 7 (i) = j.
Suppose that 7 (c) = c. Then, we also have (iv) 6(i) = j. Moreover, if h #
¢, i, then (by (ii) and (iv)) 8(h) # c, j, so that w(h) = [(j — ¢ — j)O({ —
¢ — i)](h) = B(h). It then follows that 7 = 6 and (1) is proved.
Suppose now that w(c) =k #c. Set 0o =(j > k — j)k — c — k).
Observe that (iii) implies that k # j, so that 8(i) = k. We then deduce that
o) =[(j—=k—=> j)k—>c=>krli) =1 >k— j)k—>c—>kI() =k
=0(3i)

and
o(c) =[(j=>k—= Dk—c—>krlc) =[(j > k— j)k—>c—>k)]k) =c
= 0(c).
Moreover, if h # i, ¢, then r := m(h) # j, k and therefore
oh)=[(j = k= j)k = c— k)m](h)
=10 = k= Dk — c— )

B {r ifr#c
j ifr=c
and, similarly
Oh) =[(j = c— i = c— Ih)
=[( = ¢— prlh)

=0 = c—> N

) ifr#c
| ifr=e
In conclusion, o = 6 and also (2) is proved. d

Example 4.4.2
(i) Fori=1,j=2andc=3,withrn =(1—->2—>4—>1)and0d =2 —
3521 —>2—>4— 1)1 >3 — 1), wehave

2->3-2)(1->2—-4->1DH1->3->1D=101->2—->4—->1)

(note that 8(c) = 68(3) = 3 = ¢. Moreover, n(c) = 1 (3) =3 = c : we are
in case (1), 8 = ).

(i) If i, j,k and ¢ are all distinct and w = (k - ¢ = k)i — j — i),
0=((—>k— j—i)thenwehaved =(j > c— j)n(i > c—i)=
(j > k— j)k - ¢ — k) : we are in case (2).
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Proposition 4.4.3 Let 11,15, ...,t, € S, be distinct transpositions and set
o =tity-- - t,. Suppose that there exist ¢ € {1,2,...,n} and £ ={(o) €
{1,2,...,m} such that o(c) = ¢ and t; = (i — ¢ — i). Then, there exist an
integer h > 1 and distinct transpositions t{, t}, ..., t;,_,, € &, such that

o=ttt o (4.51)
In other words, if a permutation o is a product of m distinct transpositions
and a fixed point of o appears in one of these transpositions (and therefore,
necessarily, also in a second one), then o can be expressed as a product of
m — 2h (distinct) transpositions, with h > 1.

Proof First of all, observe that given an expression o = t#t;---t,, with
1, t, ..., t, transpositions and ¢, = ¢, for some 1 < a < b < m, then
147 ! " " 4 / i
o= tlt2 e ta—lta+lta+2 U th—ltb-H o tm (452)
where ta+1’ ta+2, ..., t;_, are the conjugates oftaH, 42 t,_, byt,. More-

over, (4.52) may be used repeatedly until we reach an expression with all distinct
transpositions.

From our hypotheses, it follows that necessarily there exist ¢ = g(o) €
{1,2,...,m} such that t, = (j — ¢ — j) with i, j, c distinct (recall that, by
assumption, the 7,’s are all distinct). To fix the ideas, suppose that g < £ and
that g and ¢ are minimal and maximal, respectively, thatis, t; # (f — ¢ — f)
forall 1 <s<gandf <k<tand fe{l,2,...,n}. Set O =t,t541- -1
and observe that 6(c) = c. Given a product of transpositions p = sysp -« - Sy
we denote by n.(p) the number of transpositions s;’s containing c. Also setw =
tg+1tq42 - - - te—i. Notethatn () = n.(0) — 2 = n.(o) — 2. We distinguish two
cases.

First case: 7 (c) = c. This holds, for instance, if n.(fg412542 - -te—1) = 0. In
this case, Lemma 4.4.1.(1) guarantees that 7 = 0 and therefore

o =Hhiy 1410t 11y
=Ny g 1Tyl

=ty -ty 1(gqilg2 - to—Dlog1 - by

Thus, in this case, we are done.
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Second case: 7 (c) # c. Now, by applying Lemma 4.4.1.(2), we have 6 = (j —
k — j)(k — ¢ — k)m for a suitable k # j, c, and therefore

o =tll‘2---tq_19lg+1 B .
=ttty al(j = k= )k = c—> k)l 1y
=ty -ty 1l(j => k= j)k = ¢ > K)tgitgn - te1lterr -t
(4.53)

Denote by

o' =ty t,4[(j = k= k= ¢ = Ktgpitgrr - tooilterr - Iy

Y /
=1ty -t

the new expression of o given by (4.53). If ¢], 75, ..., t;, are not distinct we
may use (4.52) repeatedly, until we reach (4.51).

Otherwise, denoting by ¢’ = ¢g(o’) and £’ = £(¢”) the corresponding indices
in {1,2,...,m}, we have ¢’ =¢q + 1 (in fact t; = (k - ¢ = k)) and £’ <
. Note that n.(¢') = n.(o) — 1. Therefore, if 6" =t,t,41---ty and 7’ =
tysitgia - to—1, wehaven (') = n(0') =2 = n(0') =2 = (n.(0) — 1) —
2 = n () — 1. We can therefore apply Lemma 4.4.1.(2) to 7’ and 6’. Even-
tually, after b steps in which we follow the procedure, we arrive at a new
expression for o given by 0® = t{b)téb) -t with a corresponding 7 ® sat-
isfying 7?)(c) = ¢ (for instance, if n.(7?) = 0), so that we are in the first case
and the proof is complete. O

Theorem 4.4.4 Let 0 € G,. Suppose that o has cycle structure =
(W1, L2y« -+ W) 1, in other words, 0 = w w; - - - w,, With each w; a cycle
of length 11, and wy, w, ..., w, all disjoint. Let o also be expressed as o =
tty - - -ty With t;’s transpositions. Then, m > n — £(jt). Moreover, if m = n —
(), then the transpositions ty, t, . . . , t,, may be rearranged in such a way that

oy =Hhiy -ty -1,

@2 = Lyl 1 Ly pp =2

@3 = Ty ppp—1 0+ 0 Ty po s =35

Or = Im—p,+2Im—p,+3 ** * Im

(notethatm — pu, +2 =1 +puo+ -+ 1 —r+2and py + pa + -+ - +
Uy —F =n—r =m)

Proof We proceed by inductiononn — £(u). Forn — €(u) = 1 and 2, the state-
ment is trivial. It is also trivial when @, = 2, that is, the cycle decomposition
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of o consists of disjoint transpositions. Indeed, the product of m transposi-
tions moves at most 2m elements and the maximum is achieved when such
transpositions are all disjoint.

For the general case, we use the following decomposition. Letc € {1, 2, .. .,
n} be moved by o, say o(c) =k, with k # ¢, and let i = o~ 1(c). Observe
that ¢ is contained in a cycle of length u; > 2 of the form (--- — i — ¢ —
k — ---).Setting w = o0(i = ¢ — i), we have that w(c) = ¢ and w has cycle
type = (fb1, L2, ooy j—1, j — L, ijgt, ..., e, 1) (indeed, the jth cycle
becomes (---—>i—>k— ---) of length u; —1 and we have an extra
cycle (c) of length one. We may alsohavei = k,sothatpu; =2andu; —1=1
is another trivial cycle). Therefore, n — €(w) =n — (L(u) + 1) < n — £(w).

We first prove that m > n — £(u). Suppose, by contradiction, that o =
tity - - -ty With t1, 1p, . . ., t,, distinct transpositions, and m < n — £(u) (so that,
necessarily, m < n — £(u) — 2: to respect the parity of o). Then,

w=ttr - tuy(i > c—1)

with ¢ fixed by w. By applying Proposition 4.4.3, we obtain an expression of w
of the form w = {15 -- -, _,t/ _,, ., contradicting the minimality of n — £(jx)
for w.

Suppose now thatm = n — £(u). In this case, we may suppose that ¢ appears
only in one transposition, say #,. Indeed, m =n — (u) = p1 + o +--- +
us —s (f ug =2 and pyq) = fs42 =--- = pu, = 1) and o moves exactly
W1+ + -+ + uy numbers in {1, 2, ..., n}, so that such a ¢ (moved by o
and appearing only in one transposition) exists.

Lett) =(j — c— j).Setagainw =t1tp---t)—1(j > ¢ = tps1 -t~
(i > ¢ — i),wherei = o~ (c);nowt, ta, ..., th_1, th+ls - - - » ty donot move
c. Again, w is of cycle type & as above. We distinguish two cases.

First case: i = j. In this case, if one of the #;,,1, 442, . . ., t,, moves i, setting
h=—=>c—>iti—->c—i)ford=h+1,h+2,...,m weget
W=ttty th by (4.54)

By Proposition 4.4.3, (4.54) contradicts the inductive hypothesis (at least one
ofthet, |, 5, ..., 1, moves c). Therefore, none of the #,1 1, ty12, . . ., £,y can
move i and we must have

=10t ilpritpg2 o I (4.55)

By the inductive hypothesis, #1, 2, ... th—1, the1, thea - . - L,y May be grouped
respecting the cycle structure of w, and therefore this also holds for all the
t,tp...,ty and o.
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Second case: i # j. Now, we may apply Lemma 4.4.1.(1), obtaining again
(4.55). We then conclude as before. d

4.4.2 The Theorem of Jucys and Murphy

The following is the theorem of Jucys—Murphy. The proof that we present is
based on Murphy’s paper [97], but with more details with respect to the original
source.

Theorem 4.4.5 (Theorem of Jucys and Murphy) The center Z(n) of the
group algebra of the symmetric group S, coincides with the algebra of all
symmetric polynomials in the YIM elements X», X3, ..., X,.

Proof First of all, we show that if p is a symmetric polynomial, then
p(X2, X3, ..., X,) € Z(n). By the fundamental theorem on symmetric poly-
nomials 4.1.12, it suffices to show that

sie(X2, X3, ..., Xp)si = ex( X2, X3,..., X,) (4.56)

for each elementary symmetric polynomial e¢; and each adjacent transposition
s;. From the commutation relations (3.30) and (3.31) we get

siXi + Xig)si = Xin—si + Xi +5i = Xi + Xia
and
i XiXiv15i = 5 Xisi - 8i Xiq15i
= (Xiy1 —s)(X; +50)
=XiXip1— 85X + X5 — 1

= XiXiy1.
Moreover, from (3.29) we get that s; commutes with every X ; with j #i,i + 1.
Now, we can write each elementary symmetric function ey (xz, x3, ..., X,)
in the form

er(x2, X3, ..., X)) = f1 + (x; +x;) fo + xix; f3,

where fi, f>, f3 do not contain the variables x; and x;,; (for instance, we have
e4(x2, X3, X4, X5, Xg) = (X2 + X3)X4X5X6 + X2X3(X4X5 + X4X6 + X5X6)).
From this, and from the commutation relations proved above, we easily get

(4.56) and this implies that every symmetric polynomial in X,, X3,..., X,
belongs to Z(n).
We now prove that the elements p(X,, X3, ..., X,), with p symmetric

polynomial, span the whole Z(n). Recall that dimZ(n) equals the number of
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conjugacy classes in G,, and therefore, by Proposition 3.1.3, it is equal to the
number of partitions of n. Therefore, it suffices to construct a set of linearly
independent symmetric polynomials in X», X3, . .. X, indexed by the partitions
of n. For each u = (1, Wo, ..., u,) F n (with u, > 0), set

where the sum runs over all distinct monomials X[’T D¢ l’: =l x ff 1 with
i1,i2,...,1; distinct indices in {2, 3, ..., n}. This means that if a monomial
of this form may be obtained in two different ways corresponding to different
choices of the indices iy, i2, ..., i, then it appears in X, with coefficients
equals to 1. For instance, if 4 = (a, @) - n = 2a we have

Xoa= Y X'x97l

2<i<j<n

We also set X(jn) = 1.

Let u=(uy, 2,..., uy) —n. Suppose that pu, > 1 and that pug =
Mspa == = 1.
Claim 1 Among all the permutations o € &, in the support of the group

algebra element X,, € L(G,), those with the smallest number of fixed points
have the form

(i1—>a1—>a2—>-~-—>a,“,1—>i1)
(ip—=>by—>by— - = by, —> i) - 4.57)
iy > = s> cp = )

where the numbers

i17i27 "'9i55a1’a2’ "'7aul—lvblvb27 "'3bu2—17 .5 Cp, 0, ""cﬂl—l
(4.58)

are all distinct. Moreover, each permutation minimizing the number of fixed
points appears in X, with coefficient equal to 1.

Proof of Claim 1 Let o € &, belong to the support of X,,. Then o belongs to

i

. — — _ 1
the support of a monomial, say X" ngz b X = [T ij’ . Now,

XM/_IZ((ij—> 1—>l])+(l]—>2—>l])++(l]—>lj—1—>l]))ulil,

L
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and any 7; € &, in the support of X l’j’ ~"is therefore of the form
(ij —> dﬂj—l — lj)(lj — d;L/—Z - lj)(lj —> dl —> ij), (459)

where dy, d, ..., d,, 1 € {1,2,...,i; — 1}. Multiplying these 7;’s, we then
deduce that o may be written in the form

((1—>ay,1—i1) - ((1—>ay,—2—>i1)---([1—>a;—> i)
(o= by,—1—> i) (a—=>by,2—>i) - (la—>by—>i) -
s iy cp—1 > ig) - (Is—> Cpy—n—> i) -+ - (Is —> €1 —> Is).

(4.60)
We then deduce that o can move at most @ + s + - - - + @y, numbers, and
this maximum is attained when the numbers in (4.58) are all distinct. In this
case, the product of transpositions (4.59) equals the cycle

(ij>dv—>dy—> - —>dy 1 —> i)

and (4.60) yields exactly (4.57); moreover, (4.60) is the unique way to write
(4.57) as a product of w; — 1 transpositions coming from X; , po — 1 trans-

positions from X;,, - -+, and u, — 1 transpositions from X; . In this case, the
coefficient of o in X, is equal to one. O

We introduce some notation from [97]. Let u = (w1, w2, ..., 1) Fn,
with g > 1 and gy = syo = --- = u, = 1. We set fip = 0 and, for i =
1,2,...,1,

A=+ 2+

Claim 2 Consider the following permutation of type (4.57):
o= —pimi>n—pi—1— > +1>n— ).
i=1
(4.61)
Then o,, belong to the support of X, with coefficient 1.

Proof of Claim 2 Let us show that the permutation o, belongs to the support of
X, It suffices to show that it belongs to the support of the monomial

XD X )2 K)o (X )
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Now we have, fori =1,2,...,s,

X )™ = (0= i > 1> n= )+ (=i = 2> n— Qi)+
st (n—fig > n—i > n—[Ai)+
H—pig—>n—gi+1—>n—fAi)+n—Qi —>n—A;+2—>n—i)+ -
(=i = n— i — 1> n— )P
=n—fin—>n—fi+l—>n—0i1) M—fliqx—>n—i+2—>n—i1) -
<o (n—flisg > n—fis— 1 —n—[i;) + other terms
=m—fia—>n—Qiq—l—->n—fli1=2—--—>n—f;+1->n—f1)+

+ other terms

Note that all the numbers in {1, 2, ..., n} appearing in the cycles factoring
the permutation o, are all distinct (thus (4.61) is the cycle decomposition of
0,), so that, an application of the second part of Claim 1 ends the proof of
Claim 2. O

We now introduce an order relation between the partitions of n which is a
slight modification of the lexicographic order (cf. end of Section 3.6.1). Let
A, i n and denote by €(A) and £(u) their lengths (cf. Section 4.1.1). We
write A 2 p if £(A) > €(u) or £(A) = €(u) and A > p in the lexicographic
order. Clearly, 2 is a total order on the set of all partitions of n.

~

Claim 3 Let A, u & n and suppose that o, appears in X,. Then A 2, L.

Proof of Claim 3 Each permutation which appears in X, is the product of at
most n — £(u) transpositions. Therefore, from Theorem 4.4.4, if o, appears
in X, then n — £(X1) < n — £(w), that is £() < £(X). If £(A) > £(u), we are
done.

Suppose that £(A) =4€(n), say A=A, A2...,A) and pu=
(i1, U2y -+, ). If 0, appears in the monomial Xffl_lef_' ---Xff’_l
of X,,, then Theorem 4.4.4 ensures that all the u; transpositions taken from
X, contribute to a single cycle of o; (the cycle of o; containing i;). This
means that each part of A is the sum of one or more parts of . Therefore,
A B> u and, by Proposition 3.6.5, A > w. This ends the proof of the claim. O

Note thatif A # w, £(A) = £(w) and 0, appearsin X ,, then also the following
condition must be satisfied: the number of fixed points in o; must be strictly
greater than the number of fixed points in o, (= the minimum number of fixed
points for a permutation in X, ). This property follows from Claim 1, but it will
not used any more in the sequel. From Claim 2 and Claim 3, it follows that the
X,,’s are linearly independent and this ends the proof of the theorem. O
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4.4.3 Bernoulli and Stirling numbers

In this section, we give some basic notions on Bernoulli numbers, falling
factorials and Stirling numbers.

Let ap, ay, . .., a, be a sequence of numbers (or polynomials). The associ-
ated exponential generating function is given by

(o]
Z Zk
ay —
|
pre k!

for z € C.
The Bernoulli numbers are the numbers recursively defined by setting By =
1 and, form > 1,

“ 1

3 (m : )Bk —0. (4.62)
k=0

Exercise 4.4.6 Show that B, = —1/2, B, = 1/6, By = 0, By = —1/30, Bs =
0, Bg = 1/42, B; = 0, By = —1/30, By = 0 and Byo = 5/66.

All the By,,+1’s are equal to zero, for m > 1: this will be proved in Exercise
4.4.9.

We also define the functions R, (x), n =0, 1, 2, ... of a real variable x, by
means of the following exponential generating function:

o0

7" ex — 1
E —R,(x)=¢" . (4.63)
et n! et — 1

Note that by power series expansion, the R, (x)’s are polynomials.

In the following lemma we collect the basic properties of the Bernoulli
numbers, of the polynomials R, (x) and their relations with the sums of powers
of consecutive integers. For more on Bernoulli numbers and their applications,
see the monographs by Graham, Knuth and Patashnik [51] and Jordan [68].

Lemma 4.4.7
(1) The Bernoulli numbers have the following exponential generating func-
tion:

< k
Shi-ty

k! et —1
k=0
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(ii) For n > 1, the polynomials R,(x) may be expressed in terms of the
Bernoulli numbers by the following explicit formula:

| - 1
R = — S (" T+
n+1 = k

(iii) For m > 1 one has Ry(m) = m and, forn > 1,

R.(m) = iz".
=1

Proof (i) Settingn = m + 1 and adding B, to both sides, (4.62) may be written
in the form

" B, n=273,...

n
> (k>Bk ={1+B n=1 (4.64)
k=0 B() n=0.

Setb(z) = Y 1oy Ilfﬁ zF. Computing the exponential generating function of the
left-hand side of (4.64), we get

x 2 <n) O L, gk By
PN WLEIBD ¢
o o K =0 koo (1R [
0 P 0 Bk
— —_— . - k
(Cauchy product) = (Z m!) (kX(; 0’ )

m=0
= &°b(2).

On the other hand, the exponential generating function of the right-hand side
of (4.64) is simply Y o0 ) B, % 4 z = z + b(z). Therefore, z + b(z) = €7b(2),
that is,

b(z) =

21
(ii) From (i) and the power series expansion of e* we immediatley get

e* — 1 ez(x+1) e
et = b(z)

et — 1 Z
=\ B , (D -1,
(Zk— )(ZW

k=0 h=0

(Cauchy product) = |: ((x 4+ 1y — I)Bki|
Z kz K —k+ 1)

nO
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and therefore, from the definition of R,(x), we have

1 < 1
Ry(x) = —— (" N )((x + 1)k DBy
n+1 = k

n

1 1
(by (4.62)) = — (” * )(x + 1" By
n+1 = k

(iii) Again, taking the exponential generating function of the sequence
{3 " u=0,1,2,... We get
n

00 m i} m 00 (z1)"
Y=

n=0 t=1 t=1 n=0
— Z &
=1
_ e — 1
et —1
and therefore R, (m) =Y ., t". 0
Exercise 4.4.8 Show that
Ro(x) = x
x(x+1)
Ri(x) = —
x(x+D2x +1)
Ry(x)= ———
6
x2(x +1)?
Riw) = ———
x(x 4+ D2x +DGBx2+3x—1)
Ry(x) = .
30
Exercise 4.4.9 Show that B,,, 1 = 0 forallm > 1.
Foape 2 __ et +1
Hint: 755 = =5 + 555

Exercise 4.4.10 Seto,(m) =), t". Show that

n

n
> (k)a,,_k(m) =(m+1)" -1

k=1
Use this formula to compute the formulae in Exercise 4.4.8.
Hint: Compute (m + 1)" — 1 =>"/"[(t + 1)" — "] by means of the binomial
formula (r + 1" — " = Y, ({)" .

For z € C and n a nonnegative integer, the falling factorial is defined
by [z]l,=2(z—=1)---(z—n+1), and [z]o = 1. The raising factorial (or
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Pochhammer’s symbol) is defined by (z), = z(z+ 1)---(z +n — 1)and (z)9y =
1. It is obvious that (z),, = [z + n — 1],. Clearly, the set {[z], : n > 0} consti-
tutes a basis for the vector space of all complex polynomials in the indeter-
minate z. Therefore, there exists connection coefficients {S(n, k) : 0 < k < n}
and {s(n, k) : 0 < k < n} such that

n

[clh =) sk n=0,12...
k=0

and

n

= S(n, k)[z]k n=0,1,2,... (4.65)
k=0

The numbers s(n, k) (resp. S(n, k)) are called the Stirling numbers of the first
(resp. second) kind. We also set S(n, k) = s(n, k) =0fork <Qork >n+ 1.
It is also clear that

S(n,n)=s(n,n)=1 foralln >0,
S(n,0)=s(n,0)=0 foralln>1.

In the following exercise, we give some basic properties of the Stirling
numbers. Our main goal is to give another expression for the Bernoulli numbers.

Exercise 4.4.11

(1) Show that s(n+1,k)=s(n,k—1)—ns(n, k) and S+ 1,k)=
Stn,k—1)+ kS(n, k).

(2) Show that

> S, kys(k, m) = 8,

k=0

3) Set (Ef)(x) = f(x + 1) and (If)(x) = f(x), where f is any function of
one real variable. Show that

n k )
[(E-D'x"| =" ( .)(—1)’”1"
=0 N
and

(E — D! [x1nlimo = h!8) 1.

Deduce the following formula:

1 [k ,
Stk =) < .)(—Dkfj".
" =0 J
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(4) Using (3), prove that the exponential generating function for the sequence
{S(n, k)},en is given by

BEREY
Zs(n k)_:u

(5) Use (2) and (4), to show that that the exponential generating function for
the sequence {s(n, k)},cn is given by

& 7" k
Z s, k) _ [log(1 + Z)]
e k!

(6) Use (4) to deduce the following expression for the Bernoulli numbers:

e S, k)
B, _Z( ¥k ———2 P (4.66)

foralln > 0.
Hint: (1) Use [z],+1 = (z — n)[z], and 7 =z

(3) For (E — I)*x", apply the binomial expansion to (E — I)X.
(6) Show that the exponential generating function of the right-hand side of

In the following tables we give the Stirling numbers of the first and second
kind, up to n = 10. These numbers will be used in the subsequent section to
write explicit formulae for the characters of the symmetric group.

Table of Stirling numbers of the first kind s(n, k).

n\k 1 2 3 4 5 6 7 8 910
1 1

2 -1 1

3 2 -3 1

4 —6 11 —6 1

5 24 —50 35 —10 1

6 —120 274 —225 85 —15 1

7 720  —1764 1624  —735 175 =21 1

8 —5040 13068 —13132 6769 —1960 322 -—-28 1

9 40320 —109584 118124 —67284 22449 —4536 546 —36 1

10 [—362880 1026576 —1172700 723680 —269325 63273 —9450 870 —45 1
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Table of Stirling numbers of the second kind S(n, k).

n\k | 1 2 3 4 5 6 7 8 9 10
1 1

2 1 1

3 1 3 1

4 1 7 6 1

5 1 15 25 10 1

6 1 31 90 65 15 1

7 1 63 301 350 140 21 1

8 1 127 966 1701 1050 266 28 1

9 1 255 3025 7770 6951 2646 462 36 1
10 1 511 9330 34105 42525 22827 5880 750 45 1

Both tables may be obtained using the recurrence relation in (1), Exercise
4.4.11.

We refer to the books by Cameron [17], Stanley [112], Graham, Knuth and
Patashnik [51], Jordan [68] and Riordan [107] for more on Stirling numbers,
their combinatorial meaning and their applications.

4.4.4 Garsia’s expression for yx;

In this section, we present a formula due to Garsia which gives the characters
of G, as symmetric polynomials in the YJM elements. As a byproduct, we
obtain an alternative and more constructive proof of the theorem of Jucys and
Murphy (cf. Theorem 4.4.5).

In the sequel, for T € Tab(n), we use the notation ar(j) to denote the jth
component in C(T), so that C(T) = (ar(1), ar(2), ..., ar(n)) (see Section
3.1.5). Then the spectral analysis of the YJM elements may be summarized by
the identity: X;wr = ar(k)wyr for all T € Tab(n), k =1,2,...,n (see 3.26
and Theorem 3.3.7). This fact has the following obvious generalization (recall
that X; = 0).

Proposition 4.4.12 Let P(x,, X3, ..., X,) be a polynomial in the variables
X2, X3, ..., Xn. Then

P(X27 X3a M) Xl‘l)wT = P(aT(z)a aT(3)7 R aT(”))wT
forall T € Tab(n).

As an immediate consequence of this we have the following corollary which
was already proved in the first part of the theorem of Jucys and Murphy
(Theorem 4.4.5).
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Corollary 4.4.13 Let P(xy, x3, . .., X,) be a symmetric polynomial in the vari-
ables x5, x3, ..., X,. Then P(X,, X3, ..., X,,) belongs to the center of the group
algebra of G,,.

Proof If P(x,, x3, ..., x,) then the eigenvalue P(ar(2),ar(3),...,ar(n)) of
P(X», X3, ..., X,) depends only on the shape of T, and therefore it is the same

for all T € Tab(}). O
Note that, in the notation introduced in Chapter 2, P(X,, X3, ..., X)wr is
the Fourier transform of P(X;, X3, ..., X,) applied to wr, so that in the proof

above we implicitly use Corollary 1.5.16.

The theorem of Jucys and Murphy suggests the existence of a family {Q; :
A = n} of symmetric polynomials such that x* = 0,(X», X3, ..., X,) foreach
partition A - n.

Proposition 4.4.14 Let {Q, : A F n} be a family of symmetric polynomials in
n — 1 variables such that

if T € Tab())

2),ar(3), ..., = @
0O,(ar2),ar(3) ar(n)) 0  if T € Tab(w), u # X.

Then,
X =0 X2, X3, .., X0,

Proof This follows immediately from the fact that x* and Q;(X», X3, ..., X,)
have the same Fourier transform (see the expression of the Fourier transform
of a character (Corollary 1.3.14) and Proposition 4.4.12, respectively). O

Following [45], we shall give an explicit expression for a family of symmetric
polynomials Q; satisfying the condition of Proposition 4.4.14. As a byproduct
we obtain an alternative, more constructive proof of the theorem of Jucys and
Murphy.

Consider the polynomials m, x(x) (here x = (xy, x2, ..., x,)) defined by
setting

Ny
() = Re(n = D)+ ( )[nf — (0 = 1)1 pies (1)
=1 M

where pi(x) = x{‘ + x’z‘ + .-+ x* are the usual power sum symmetric poly-
nomials and R;(n — 1) is as in Section 4.4.3.
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Note that 7, is a symmetric polynomial of degree k in the variables
X1, X2, ..., Xy, but it is not homogeneous.

We introduce the operator 7, on the vector space of all symmetric poly-
nomials in n variables by setting (w, px)(x) = 7, «(x) for every power sum
symmetric polynomial, and then, if A = (A;, A2, ..., Ap)

(7T P2)(X) = T2, (XT3, (X) - - - T 2, (X)

(we recall that p, = p;, p, - - - p»,)- Finally, given a symmetric polynomial P
we have, for suitable a;, € C, P = ZM—n a; p;. (cf. Theorem 4.1.12) and we set

(T P)X) = D a3 (T pi)().

Abn

Clearly, 7, is linear and multiplicative: 7, (P Q) = m,(P)m,(Q) if P and Q are
symmetric polynomials in n variables.

We need a little more notation. If P is a polynomial in n variables and
a = (a,a,...,a,)is an n-parts composition, then we simply write P(a) for
P(ay,ay, ..., a,). If, in addition, P is symmetric and 7 € Tab(}), A - n, we
set

P[C(\)] = P(ar(1),ar(2), ..., arn)). 4.67)

In other words, the right-hand side of (4.67) does not depend on the par-

ticular tableau T € Tab(X) (because P is symmetric) and C(A) denotes the

content of the shape of L. We also recall that if A = (A, A2, ..., A) F n then

A+éd=M+n—-1,04+n—=-2,..., A +h—1,h—2,...,1) (see Section
4.1.6). We also set pp = 1 and po[C(})] = n.

Theorem 4.4.15 (Garsia’s replacement theorem) Let P be a symmetric
polynomial in n variables. Then for all A - n we have

(7, PYIC()] = P(A +9).
Proof Clearly, it suffices to prove that
Pe(A +8) = m k[C(A)] (4.68)

foralAFnandk=0,1,2,...
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Let A = (A1, A2, . .., Ay) F 1 with, possibly, Ay = Ay = -+ A, = 0 for
some 1 < h < n. First of all, note that for k > 1 we have

n Ai
=Y (j—if

i=1 j=1

=S (A

i=1 j=1m=0
n k k o
=33 )= R ().
i=1 m=0 m
Observe that this formula is also valid for k = 0 because
PlCON =n=d1+r+ - +x =D Ro(h).
i=1

We now apply the above formula to the exponential generating function
associated with the sequence { px[C(A)]}k=0.1.2....-

PlCM)] C(?»)] s m()») o —l)k "
_ Zi Ruhi) i
i=1 m=0 m'
3 zeAiZ -1 —iz
(by (4.63)) = ge ¢
_ " Xn:(eaiﬂ-uz_em—t)z)
1—e¢ P
P no o Zk
== 2 2 i — i — =DM
i=1 k=1 :
e—nz

k
Z
Z[pka +8) = Re(n = DI
and therefore

> G+ 9y = Z Ri(n — 1>— 1" = eV Y P CO
k=1 =
(4.69)
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Since e" — " D: = 3" [n' — (n — 1) % we have

ook k

nz n—1)z = Zh k t 12 <
[e"e — "D 1h2:;ph[ca>]ﬁ =y > <t>[" = (= V1P [CI

k=1 =1
and therefore (4.69) yields

. k t t
A +68)=R(n—1)+ Z (l)[n — (= D'1pe—[CM)]

t=1

which is precisely (4.68). O

Let A - n be a partition. Define the symmetric function E, ;s by setting

- det ([xi])»j-‘rn—j)i,]-
Enps(X1, X0, 0y xy) = ——m—.
as(x)

Lemma 4.4.16 For ), it = n we have

! .
- T ifu=2x
Eips(u+8)= 1% .
0 otherwise.

Proof Setting x; = u; +n — i, the determinant in the numerator of E;.s
becomes

Yo @[ [ +n =iy
oeq, i=1
Since [n]; = 0 whenever k > n, in the above sum, the only nonzero terms are
those for which
wi+n—1i>xig+n—o() (4.70)
foralli =1,2,...,n. But

Z(ui+n—i>=n+@=2w+n—n
i=1 j=1

and u+n—-1>u+n—-2>---u, and Aj+n—1>i+n-2
> ... > A,. Therefore, (4.70) is satisfied if and only if A = u and o is the
identity. This means that E, s(u + 8) = 0 if u # X, while

M +n—DGa+n—=2)---%,!  n!
asQi+n—1204+n=2,.... %) d’

where the last equality follows from Proposition (4.2.10). O

Errs(d +6) =

For A - n define the polynomial Q; by setting

O5.(x1, X2, .., Xp) = (71, Bjps) (X1, X2, . . ., Xp).
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Theorem 4.4.17 (Garsia’s formula for x*) For A, i - n we have

Zooifu=2
oiC(w]={*% ) 4.71)
0 otherwise.
and
b= 040, X2, X3, .., Xo). (4.72)

Proof (4.71) is a consequence of Garsia’s replacement theorem (Theorem
4.4.15) and Lemma 4.4.16. Then (4.72) follows from (4.71) and Proposition
44.14. O

Theorem 4.4.17, combined with Corollary 4.4.13 gives, as we mentioned
before, an alternative, more constructive proof of the theorem of Jucys and
Murphy (Theorem 4.4.5).

We end this section by giving another fundamental result of Jucys on the
evaluations of the elementary symmetric polynomials at the YJM elements.
This was a key ingredient in Jucys’ proof in [70] of the theorem of Jucys and
Murphy. Again, we follow Garsia’s notes [45] for its proof. We recall that C,,
is the &,,-conjugacy class associated with u - n.

Theorem 4.4.18 (Jucys, [70]) Fors =0, 1, ..., n, we have
€S(X1,X2...,Xn)= Z C,u_‘

ubn:
Upu)y=n—s

Proof We use the results in Section 4.3 with n replaced by N and r replaced
by n. From the characteristic map (Theorem 4.3.9) we get

1 1
S D=3 =il L =) =N,

ukn H ukn H
Combining this result with Theorem 4.3.3 and (4.2) we get the identity

L) A

[I[IG-i+m= Z'C' N,

i=1 j=I pkn
which is valid for all N > n, and therefore it may be transformed into a poly-
nomial identity (¢ is a real or complex indeterminate):

L) A

[[TlG-i+0= Z Gl xpt . (4.73)
)L

i=1 j=I1 ukn
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On the other hand, from the spectral analysis of the YJM elements in Section
2.3,if T € Tab(A) and wr is the associated Gelfand—Tsetlin vector, we have (¢ +
Xowr = (t + j — i)wr, where j — i is the content of the box of T containing
k. Combining this fact with (4.73), we get:

LA) A

Yo+ xowr =|[[[Je+i-0]|wr

k=1 i=1 j=1

[1Cul 5] e
Z d_)LXM t(ﬂ) wr

ukn =
n
C
DI
s=0 ubn: A
| tiy=n—s
Since
n n
D+ Xwr =) le(X1. Xa oo, Xiwrlt" ™,
k=1 s=0

from the arbitrarity of r we deduce that

|Cul

es(X1, Xo, ..o, Xpwr = E d—uxﬁwT'
ubn: A

L)=n—s

Bute, (X, X», ..., X,) belongs to the center of L(S,) (easy part of Theorem
4.4.5), and therefore

ICyul
e(X1, Xa, . X)X =) —d" x| (4.74)
ubn: A
Lu)y=n—s

From Corollary 1.5.12 we deduce that

ICl
Yoalr=| X d_’;xlﬁ x* (4.75)

pn: pn:
Lp)=n—s Lp)=n—s
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(following the notation introduced in Section 3.2.1 in the left-hand sides of
the last two formulae we have a convolution in the group algebra of the sym-
metric group). Since A is arbitrary, from (4.74) and (4.75) we get the desired
identity. O

From Theorem 4.4.18 and the fundamental theorem on symmetric func-
tions (see Theorem 4.1.12.(1)) we can deduce immediately a famous result of
Farahat-Higman [35].

Theorem 4.4.19 Fort =1,2,...,n set

zZ,= ) C.

ubn:
)=t

Then the center of the group algebra L(S,) is generated by the elements
21,2y, ..., Zy.

Actually, Jucys derived Theorem 4.4.5 from Theorem 4.4.18 and the
Farahat-Higman result.
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Content evaluation and character theory of the
symmetric group

This chapter is devoted to an exposition of the results contained in the papers
[81] and [24], together with some auxiliary results from [79, 80]. The papers
[81]and [24] give expressions for the characters of the symmetric group in terms
of the contents of the corresponding partitions. The results in [81] are more
explicit and we first derive them. Subsequently, we deduce those in [24]. We
have arranged all the material in order to give a self-contained and elementary
exposition which only requires the results already developed in the previous
chapters of the present book.

5.1 Binomial coefficients

First of all, we give some basic properties of binomial coefficients and we
introduce a generalization due to Lassalle [79]. We also present a new family
of symmetric functions from [80].

5.1.1 Ordinary binomial coefficients: basic identities

In this section, we recall some basic facts on the ordinary binomial coefficients
and present some more specific technical identities.

For z € C and k € N, the ordinary binomial coefficient (,Z{) is given by the
formula:

z\ _z—=D-(z—k+1)
k) k! '

It is useful to also set (6) = 1and (lzc) = 0if k is a negative integer.
Note that, if » € Nand 0 < k < n, then (Z) is the number of k-subsets of an
n-set, and (Z) = —(nj:)!k!.

221
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Let n, m and k integers, with n > 0 and z, w € C. The following identities
are elementary but quite useful:

(n) = ( " ) (symmetry property) (5.1
k n—k
<li> = (=Dt <k _Ii Bl 1) (superior negation) (5.2)
z zfz—1Y\ . .
<k> =2 (k B 1) if k # 0 (absorption) (5.3)
(Z ) (m) = <Z> <Z B k) (trinomial revision) 54
m/)\ k k) \m—k
('7>x"y"" = (x +y)" (binomial theorem) (5.5)
i
i=0

Z <Z>< v ) = (Z + w) (Chu—Vandermonde convolution).  (5.6)
iJ\n—i n

i=0

For z = a, w = b with a, b positive integers such that 0 < n < a + b, the
Chu—Vandermonde identity has the following nice combinatorial interpretation.
Let A and B be two disjoint finite sets with |A| = a and | B| = b. Then (9) (nﬁi)

equals the number of n-subsets C € A]] B such that [ANC| =i and |B N
c| = n — i. It follows that both sides in

(%)

equal the number of all n-subsets of A]] B. Then the general case z, w € C
follows because both sides of (5.6) are polynomials of degree n. For z =1
(5.6) reduces to the well-known

<w> + ( W ) = (w + 1) (addition formula). (5.7)
n n—1 n

Zhu Shijie (Wade—Giles: Chu Shih-Chieh) was a Chinese mathematician
that discovered (5.6) in 1303. It was rediscovered by Alexandre Vandermonde
in 1700.
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Exercise 5.1.1 Prove (5.6) when z = a € N, by induction on a. Extend (5.6)
for n negative integer.

In the following proposition, we give two elementary variations of the Chu—
Vandermonde formula; for further variations see the book by Graham, Knuth
and Patashnik [51].

Proposition 5.1.2
(1) For n, k integers, with k < n, and r € C, we have

n—k .
_1)i<r>(n—l—l)=(n—r—l) 5.8)
;( iJ\n—k—i n—k ) ’

(ii) For q, £, m, n integers, with £,m > 0 andn > q > 0 we have

¢
Z(E—k)(q+k):(£+q+l). (59
= m n m—+n—+1

Proof (i) We have:

n—k r n i 1 n—k , k
_1) —h — _1\y—k -
,Z:o:( 1)(i)<n—k—i>_§( D (i)(n—k—i)

(by (5.6)) = (—1y"* (’ - k)
n—=k

-(5)

where the first equality and the last equality follow from (5.2).
(i1) We have

i Z—k><q~|—k :i(_l)e_mﬂ_n( —m—l) —n—1
—\m n = —k—m)\g+k—n
o —-m—1 —n—1
_ (_1\—m+q—n
=D ! Z (6—k—m)<q+k—n>

k=n—q
gH—m—n
—-m—1 —n—1
setk'=qg+k—n) = (=1t ( )( )
( g+k—n) =(=1) ;; e |
—-m—n—2
by (5.6)) = (—1)-mra—n( TN
(by (5.6) =(=1) (E_mﬂ_n
_(tH+g+1
C\m4n+1

where the first inequality and the last inequality follow from (5.2) and (5.1). O
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Exercise 5.1.3 Prove that > ;_o (") = ("™"") and Y }_, (%)

n

(n )

where n, m are non negative integers.

Hint: Use (5.7) and induction.
The generating function for the binomial coefficients is given by the binomial
power series of elementary calculus (or elementary complex analysis):

A+2"=) <2{>zk

k=0

forz,o € Cand |z| < 1.

In particular, for « = n € N the series is a finite sum (the binomial theorem);
for « = —m — 1 (negative integer) the binomial power series, (5.2) and (5.1)
give

1 X (—m—1 . (k+m
—(1—z)m+1=Z( f )(_1)"Z"=Z< i )zk

k=0 k=0
= (k
_ Z( +’”)Zk. (5.10)
m
k=0

From this we deduce, forg € N,0 < g < m,

e o (kM — (K +4\ »
W—Z( m )Z = Z m <, (5.11)

k=0 k'=m—q
where in the last equality we have used the substitution k' = k +m — q.

Exercise 5.1.4 Use the last formulae to give an alternative proof of (5.6), (5.8)
and (5.9).

5.1.2 Binomial coefficients: some technical results

In this section, we collect three particular results involving binomial coefficients
that will play a fundamental role in the sequel. We begin with a formula that
involves the Stirling numbers of the first kind (see Section 4.4.3). From now
on, we shall often use the following convention: in a sum we omit the lower
and upper limits of summation and assume that index runs over all possible
value for which the coefficients are defined and nonzero. For instance, we can
write Chu—Vandermonde in the form ", (,.%,)(,") = G"2).

n—k m-+n
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Proposition 5.1.5 Given integers i,r, p, with p>0and 0 <i <r+p+1
we have:

pHr+1—i

(i) -1 .
> (—1)’< . >S(p,l+1—r—1)
Jj=max{0,r+1—i}

min{r,i}

=0 ) (—1>k(;)s<p + 1,0 —k).
}

k=max{0,i—p—1

Proof From the binomial theorem and the defining property of the Stirling
numbers (see Section 4.4.3) we get

p+1 [ p+1 m—1
> [Z(—l)’"—‘ s(p,m — 1><k B 1)] (=D
k=1 Lm=k
p+1 m m—1
=7y [Z (k _ l)(—z)“} (=D 's(p,m —1)
m=1

k=1
p+1
=z Z(Z — l)mfls(p, m—1)
m=1
=z[z—1],
= [Z]p+1
and therefore
p+1 m— 1
> (=1 s(pom — 1)(k 1) = (=D""s(p + 1, k). (5.12)
m=k
Then we have
pHr+1—i . .
Si4+j—1 L
) (—1)"< - : >S(p,l+1 —r—1
Jj=max{0,r+1—i} L=
min{r,i—1} ’ pr+1—i
_ i—r—1 i+j—r—1
(by (5.6)) = Z (k)<—1) ‘Z (= +=t
k=max{0,i—p—1} j=r—k
SR
.(h;ikil ) s(poi+j—r— 1)}

min{r,i }

—-1y Y (—l)k(lr<>s(p 10—k
1)

k=max{0,i—p—
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where in the last step we have used (5.12) with m replaced by i + j — r and k
replaced by i — k. O

The following lemma contains still another sum of products of two binomial
coefficients. It will be used in the proof of Proposition 5.1.7.

Lemma 5.1.6 For 0 < j < [n/2] we have:

[n/2] " .
S (o)) == (")
‘\2h ) \j n—j\ Jj
h
Proof We have

2 ()0-2[E050)0
=\n)\j) =g\ =1 )\
s =5 T D] G
=\ & h—1 J\k—n) | \j
byoy =3 (") (K
oo =3 (") ()
k (m—j\[(k
(by (5.3)) = ( )()
—n—j\ k J\J

(by (53) = — ("_j> ( 2.),1,-(”_2]__1) 'nj<"_2j>
A ”‘f§ k—j—1 )T 2 ke

k=j k=j
1 —j : .
by (5.5) = —(" , J) [(n —2j)2" " 4 j2 %]
n—j\ J
__n <n_j>2n—2j—1
n—j\ j
where the first equality follows from (5.9). O

Proposition 5.1.7 We have the following power series development.

n n a2 .
<1+\/21+—42> +<l—m> :Z n <n_])zj

2 J

—
="/

(which is actually an identity between polynomials).
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Proof We have

<1+_ ﬂ+4) +<1—_ ﬂ'+42> = (a4
k=0

2 2

[n/2]
. n h
(setting k = 2h) = 1 E <2h>(l +4z2)

[n/2] h
(by the binomial theorem) = = 5t Z <2h> 2, ( )4/ J

[n/2] [n/2]

1 .
= on—1 Z 4]Z‘]
j=0 h=1
N
(by Lemma 5.1.6) = Z o )ZJ. 0
=i\

Proposition 5.1.8 Forx,y € Cand a, b € N we have:

- 1)“*“( )( )(Z”)(w D+ 1

r,s,u,v=0
r+s_a
= (—1)"+? a+ 1\ x"t — ot
b+1 x—y

Proof This is just a series of applications of elementary combinatorial

identities.
- 1)“*“( )( )(Z“)m D+
"
) (—1)“+“<r> (s) (“) <”> 1y 4+ 1
r,s,u,v>0 u v k+l=a—b k ¢
r+s=a k>0
—k
by54) = Y (- 1)’“( )( ) [Z( ) — 1y }
k_[ r,s>0 u —u
PRy

> j —y - 1)”]

v



228 Content evaluation and character theory

(by the binomial theorem) = Z (r) (S>xr_kys_l(— DR
k,l,r,s>0 k ¢

SO

IR R R Elies i
(%) X—y 5

where the first equality follows from (5.6), in =, we used the equivalence

r—k=h r=h+k
s—€¢=b—h < {{=a—k—b — k+{l=a—-Db
r+s=a s=a—h—k
and in =, we have used (5.9) and the geometric identity I AL
oo Xy, 0

5.1.3 Lassalle’s coefficients

In this section, we introduce a family of positive integers, introduced by Las-
salle in [79], that generalizes the binomial coefficients (see also [69], where a
combinatorial interpretation of these coefficients is given).

Definition 5.1.9 For n, p, k nonnegative integers satisfying 0 < p < n and

k > 1 we set:
G)l=1=() G

r>0
We also set () = 0.
o
It is clear that (Z)1 = n and that (Z)k = 0 whenever k > n. We note that these
coefficients generalize the binomial coefficients because for p = 0 we have, by

0-6)

Exercise 5.1.10 Prove the following identities:

()= () (=4 = ()= G)

We give now an alternative expression for (Z)k
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Proposition 5.1.11 We have

()=S0

Proof Suppose first k = 0 (so that (;)k = 0). We have

L (n=i\(n=2\ _~ ., on (n—i\(p
;(—l)n_i( ; )(p_i)_;(_l)n—i< 14 )(l)
_ iy (MR
(by (5.3) and (5.1)) —pg( D <n— )(z)

p—i

(by (5.8) = ﬁ(""’”) o,
)4 n—p

where the first equality follows from (5.4). If k # 0 we have

Gl=r= (620

r>0

_n PA(" P
(by (5.1)) —kZO(r)< , )
_p\ ik —i—1
o £ () ()
< onn—i—1 n=p\|(P\("
won S (120
n—k nin—i—1 p n—p p—l
(by (54) = <—1>’—< )() ( )( )
ZO: E\ k-1 L s r r—1
nk nn—i—1\(p n=p\(r—i
(by 5.1)) =IZ_O:(—1)%< k—1 )(i>r>0< r )(p—r>
n—k . —i—1 —i
(by (5.6)) ZZ(—l)l%<nki1 )(f)(npl>

n—k
(by G4yand (53) = Y (1) — <”]:’

n—i
i=0

Corollary 5.1.12 For 1 < k < n, the coefficient (;)k is a positive integer.
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Proof Positivity follows from the definition. It is an integer because we can
express the result of Proposition 5.1.11 in the following form:

(AT o Gl T 1] Gl B e | R

We now present a two-variable generating function for the coefficients (Z)k

Proposition 5.1.13 We have

D> (Z) 3k = Gy(x, )

k=1 p=0 k

where

1 n
Gutx. y) = 3o {[ A0 49 + VAP T4 = dx(T4)]

+ [(1+x)(l+y) — V4220 y) = 4x(l+y)]n}—l—x".

Proof From Proposition 5.1.11 and the binomial theorem we get
S (1 pk:" . bk 1y n (n—i\(n—1i\(n—2i
X3 () =i mer () ()G
k=1 p=0 k=1 p=0 i>0
i_n (n—i n—i i n—2i
=Z(—1)n_l_ ; [+ )" = 1]x' 1 +x)
i=0
n (n—i X i
= (14+x)"(1+y)" —_— -
(0 ”§n—i( i )[ <1+x>2<1+y>}
n (n—i x i
— (1 +x)" —— .
(1) gn—i( i )[ (1+x)2:|

We can then apply Proposition 5.1.7 first with z = —x /(1 4+ x)?>(1 4+ y) and
then with z = —x /(1 + x)°. O

We now present a recurrence relation for the coefficients (Z)k.

Lemma 5.1.14 Ifk # 0and 1 < p < n, then:

n n n n—1
(n—p+l)( )—p( ) = (n—2p+1)( ) (5.13)
p—1) Ph n—1 p—1)
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Proof First of all, note that

wmren(" )T 0)0)
—o=en[(7)()-C2DCN) e

Indeed, (5.14) is equivalent to the elementary algebraic identity

m—p+D>  p?
rPrn—p—r+1) rXp—r)
1 1
- ("_2”“)[72_(p—r)(n—p—r+1)}

(to verify it, multiply by r>(p — r)(n — p — r + 1) and expand along the powers
of r: both sides then equal the quantity (n —2p + )p(n — p+1) —r(n —

2p + D+ 1)).
n—p }
(")
n n—r—1 p—1\yn—p p—
(by(5.14))=k(n—2p+1)2(k_r_1>[< . X . )—(r_

Then, the left-hand side of (5.13) is equal to:
L)
r—1
r>0

P (7)) ()
=g () (E0)- (5 2)]

r>0
(by(5.7))—k(n—2p+1);( . )( . ><k_r_1>
: (>-1)
=" _m—2p+1) . -
n—1 p—1)

We need another generating function for the the coefficients (Z)k and to
express it we introduce the following power series:

o0

(p+Du(n—p+ 1
D= D

(5.15)
h=0

0 < p <n, z € C. It follows immediately from d’Alembert theorem that the
radius of convergence of ¢, , is 1. Also note the particular case:

— DDy, = =2, "1 1
®0,0(z) = Z —— 2 = Z = — = ——log(l —2).
pard (h+ D'h! = h+1 — h z
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Proposition 5.1.15 For 0 < p < n and |z| < 1 we have:

. k
Z (:’)k <l iz) = nZ(pﬂ,p(Z).
k=1

Proof The proof is by induction on p. For p = 0 we have:

é;(él(liz>k22;(z>(liz>k

by 55) = g0 -
— (M)

(by (5.10)) = Wz’“
h=1
i M1 g
P h+1)‘
nZQOn,O(Z)

In view of Lemma 5.1.14, in order to prove the inductive step, it suffices to
show that the function ¢, ,(z) satisfies the identity

(n—p+ Dy p—1(2) = penp(2) = (n —=2p + Dp_i p-1(2).
But this is elementary, since its left-hand side equals
n-1p-1) - [ —p+h+ 1) —(p+M]=0—-2p+ Dep1,p-1(2). O

Remark 5.1.16 For p, g nonnegative integers, the hypergeometric function
p Iy 1s defined by the power series

ap, az, ...,dp | _ = (al)k(az)k'--(ap)kzk
qu[b,,bz,_”,bq ,Z} = kg AN (5.16)

Most of the identities in this chapter may be interpreted in terms of hypergeo-
—k, k —

) " ; 1] and (5.6) is equivalent

metric functions: for instance, ( ) = 2F1|:

to the identity

v — 2k _ 2F1|:—k,x;1].
Ok y
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We also have
<n> (n>3 2|:1—k,—p,p—n;1]
Pk k 1—n,1

p+1,n—p+l.zi|

and

©On,p(2) = 2F1|: ’ 32

In particular, the recurrence relation for ¢, , is a particular case of a contiguity
relation for , F;. We refer to the books by Andrews, Askey and Roy [4], Bailey
[6] and Rainville [105] for more details on hypergeometric series.

5.1.4 Binomial coefficients associated with partitions

In [80, 81] the following binomial coefficients were introduced: if A is a partition
of length £ = £(A) and k is an integer > 1, it is set

£0)
A Ai
()= > T1(;)
kikayoike i=1 NF
where the sum is over all £-parts compositions (k, k», . .., k¢) of k such that
ki>1fori =1,2,...,¢. Clearly, <2> =0ifk > |A| or k < £(A). The coef-

A
ficient
cien <k

ways in which we can take k boxes from the diagram of A in such a way that at

> has an immediate combinatorial interpretation: it is the number of

. . . A\
least one box from each row is taken. Also the generating function for < k> is
easy to derive (set £ = £(}X)):

[2] £(x)
Z A\ Z A
<k >x N l_[ (ki>x
k=£(.) kikayeske=1: i=1
kot ke <A

[409) Ai 'y
=11 2 (¢ )+
i=1 | k=1 ki

o)

=[Jla+x" -1
i=l

=[Jia+x" - 13m®

i>1
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where m;(X) is the number of parts of A that are equal to i (that is, A =
(Im® pm®) a3 where n = |A]). We can extend this definition to the
coefficients (;)k by setting, for [p| < |A],k > 1 and £ = £(})

A i <A
> > 10
<p>k 1P P Ky ke i=1 pi)kf
where the sum is over all compositions (pi, p2,...,pe¢) of p and
(ki, ka, ..., kg) of k such that 0 < p; < X; and 1 < k; < X;. Again we have

<2> —0ifk > |A| orifk < £(). (5.17)
k

Moreover, from Proposition 5.1.13 we get

Al 1Al %)

Z Z <j;> xpyk = 1_[ Gy (x,y)= H[Gi(x’ y)]mi()»)_ (5.18)
k

p=0k=t(0) i=1 i>1

A
Now we list some elementary properties of the coefficients < P > .
k

<A> _ {(p)l =n ifr=(n) 5.19
1

p 0 otherwise
51
D | Pk
A A n n
<0>k = <k> (from (), = (})) (5.21)

<T>,( =k<i>=k<$>k (from (}), = k(}) =k(}))  (5:22)

</\>k=< ' >k (from (), =(,",),) (523)

p Al —p

(-
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_ 4 A\ (1A :
from (5) = (5) and 32, ., [Tizi () = ('), where the sum is over all
decompositions (pi, p2, ..., pe) of p such that 0 < p; < X; (this is an easy

generalization of (5.6)).

5.1.5 Lassalle’s symmetric function

We now introduce a family of symmetric functions that will play a fundamental
role in the explicit formulae in the next section.

Definition 5.1.17 (Lassalle’s symmetric functions) If n, k, p are integers
satisfyingn > 1,1 <k <nand 0 < p < n, we set

"
(5]
Fapk = 3~ Pu (5.25)

ukn H

where p,, is the power sum symmetric function associated with p (see Sec-
tion4.1.3)and z,, = 1"'m 12" my! - - - 0" m,lif p = (1™, 2", ..., n"") (see
Proposition 4.1.1). We also set F;,,0 = 0 and Fypo = 1.

Observe that in (5.25) the sum can be restricted to all u - n with £(n) < k,
because

<“> — 0 for k < £(u). (5.26)
Pl

We now give some elementary properties of the functions Fj, .

For k = 1 we have F,,; = p, because <(Z)> =n (by (5.19)) and z(,) = n.
1

For k = n we have <'l;> = (Z) (by (5.24)) and therefore

()T (O

ukn
(the last equality follows from Lemma 4.1.10). In particular, for k = n and
p =0, F,0, = h,.For p = 1 we have < /f> =k < lg> (by (5.22)) and therefore
3 3
Fuik = kFyor.-

Finally, Fypi = Fyu_py since <“> =< ® > by (5.23).
Dl — Pl
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We introduce one more notation. We recall (see Section 4.4.4) that if P
is a symmetric polynomial in the variables xj, x;,...,x, and A - n then
P[C(M)] = P(ar(l),ar(2),...,ar(n)) denotes the polynomial P evaluated
at the content of A (7 is any tableau in Tab()), but the value does not depend
on the choice of the particular 7). We set

) A

&)=Y (=i =pACR],

i=1 j=1

that is d,(A) is the power sum symmetric function evaluated at the content of
A. In particular, dy(A) = |A|. Finally, to simplify notation, we set

(r)

a

Fup(A) i= Fup[CO)I = Y

H=(1 s U2,y )R

Ay, My, (1) - - - dyy, ().
(5.27)
Example 5.1.18 For instance,
H
9 h

F =
32 3 p3+ >

<(2, 1)> <(1, 1, 1)>
9 h 9 5

P21+ I

JZRRE

[2)-(2)-6)-0)»
HEREHEHEE
() ) G -
L)

F330 = F300 = p3 + p21 and F3p = F310 =2p3 + 2py 1.

and therefore
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Remark 5.1.19 We have
L) A
d:0)=Y_Y (j—i)
i=1 j=I
LA) A

(by (4.65)) Z S k)Y Y 1 —ilk

i=1 j=I1

(@s [z + g1 —[zlkr1 = k + Dlzl)
SO k L) A
Z u )ZZ{U 1= ilepr — [ = ilesr)
i=1 j=1
200

S(r, k
Z k(+ 1) ; (i — i+ Uegr = [=i + Hiegr)

and therefore, if we set

¢
PrG, X2, x) = Y (b — i 1 — [—i + 1}
i=1

we can write

S(r, k)
d,(n) = Z T PG k).

The polynomial p; is a so-called shifted symmetric function. For
instance, do(h) = pt(2), di(h) = L pi(0), da(h) = L pi() + L pi(h), ds(h) =
Lpi00) + piO0 + L3 and dy () = Lpz(0) + 1pi(0) + 2p500) + Lps ().
This means that it is symmetric in the “shifted” variables x; — i, for i =
1,2, ..., £. Therefore, both d,(}) and F,,(1) are symmetric polynomials in
the content {(j —i):1 <i <{,1 < j < A;} but are shifted symmetric poly-
nomials in the variables A, A3, ..., A;. We do not treat here the theory of
shifted symmetric functions; it was developed in several papers by Olshanski
and his collaborators, see for instance [98]. We will use two elementary facts
on shifted symmetric polynomials. First of all, a polynomial p(xy, x, ..., x¢)
is shift-symmetric if and only if it satisfies the identity

DXL, X2 ooy Xim 1, Xy Xig 1y Xig2s - -+ 5 Xg)
= p(xls X2y ooy Xi—1, xi+1 - 11 Xi + 1a xi+2! ceey X[) (5'28)
fori =1,2,..., ¢ Inparticular, d, (1) and Fj, satisfy this identity:

dr()"lr)‘Q»"")"ia}"i-Q—lv°"a}"5)zdr(}"l’)‘Q"-' i+1 — 1 )L +1 )
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The second fact is the following: suppose that we have an identity satisfied
by the functions Fy,(A) for all partitions A = (A1, Ao, ..., A¢) of length £: for
instance ka_ » dnkp Fuip(A) = 0, where the sum is over a finite set and the
coefficients a,y, are real (or complex) numbers. Then the identity holds true
for all real (or complex) values of A, Ay, ..., A;. We refer to this fact as to
the principle of analytic continuation.

5.2 Taylor series for the Frobenius quotient

This section is devoted to some technical tools that lead to a far-reaching
generalization of Proposition 4.2.11. It is based on Lassalle papers [80] and
[81] and Lascoux [78].

5.2.1 The Frobenius function

Let A = (Ay, A2, ..., A¢) be a partition. The Frobenius function associated with
A is the rational function

o)

z—A+i
F(z; M) = _—
@ E 41

We also introduce the following terminology: for a fixed positive integer m,
the rational function

F(z—m;%) z—M+i—m z+i
[Z]mW-[Z]mH -

(where [z],, is the falling factorial) will be called the Frobenius quotient.

Remark 5.2.1 In the notation of Proposition 4.2.11, it is easy to see that

o, Fe=mh gl —m)
" F@a " )

where x = £+ zand ¢p(x) = []r_,(x — A; — £+ ).

Actually, Frobenius used a slightly different notation to express a partition
and the corresponding Frobenius function. Let » be the number of boxes in the
main diagonal of the diagram of A. Then we seto; = X; —i,i=1,2,...,r
and B; = )Jj —j,j=1,2,...,r. In other words, ¢; is the number of boxes
in the ith row that are on the right of the box of coordinates (i, i), while
B; is the number of boxes in column j that are below the box (j, j). The



5.2 Taylor series for the Frobenius quotient 239

numbers (a1, &2, ..., & |B1, B2, ..., By) are the Frobenius coordinates (or the
characteristics) of the partition X.

For instance, the Frobenius coordinates of the partition A = (6, 4, 3, 3, 2)
are (5, 2, 0/4, 3, 1) (Figure 5.1).

Figure 5.1

In order to express F(z; A) in terms of the Frobenius coordinates, we need a
combinatorial lemma.

Lemma 5.2.2 Let A = (A1, Ay, ..., Ag) be a partition with Frobenius coordi-
nates (a1, o2, ..., & |B1, B2, - .., Br). We then have

.12, .. -] [ler+tar+ ... e+ 0)
:{A1+K—1,)»24—6—2,...,)%}]_[{6—1—ﬂ1,€— 1—p,....0—1-8,}
and both sides of the above equality represent two sets of € + r distinct numbers.
Proof 1t is clear that

AM+l—i=a;+€ i=1,2,...,r

It remains to show that

0.1.2, . = ={pp+L—r—Lap+t—r—2... 2]
[Je—1-Brt—1-p0....0—1-B} (529

To prove this identity, consider the segments at the end of the rows and at the
end of the columns. Consecutively label all these segments with the numbers
0,1,2,...,€ — 1, starting from the bottom as in the examples in Figure 5.2.
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ot
w

Figure 5.2

Note that the end of row 7 is the first unlabelled end. This may be proved in the
following way: each number at the end of a row is moved to the first box of the
same row; the number at the end of column j is first moved to the box (j, j) of
the main diagonal and then to the box (j, 1) (Figures 5.3(a)(b)).

| 0 | 0 |
2 2
— 4 — |4
45 ) b
3 3 3
2 i 1]
0
Figure 5.3(a)
| ] 0 [ ] 0 [ ]
2 2
- 4 — |4
3t 3 3
2 i 11
0

Figure 5.3(b)

Then, to prove (5.29) it suffices to note that the labels attached to the rows are
exactly

Aj+Ll—j, j=r+1Lr+2,...,¢
while the labels attached at the end of the columns are

L—1-B,l—=1=8, ..., 0 —1—p.
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Indeed, arguing by induction we have the following. First of all, the label
attached to the first columnis £ —1 -8 =€—-1—-Q,—-1)=£—-1| =0.
Suppose the ith column has attached the label £ — 1 — ;. Set j = A; — A ;.
Note that possibly j = 0. Then the numbers (¢ — 1 —8,)+ 1, —1—8;)+
2,...,(£—1— B;)+ j are attached to the j rows above and the label that we

attach to the (i + 1)st column is
E—1—B)+(G+D=l—1—(, =)=+ 1)
=L—1— (A= H—G+1)
=l—1-( —G+1)

={—1-fit.
On the other hand, the label attached to the last (i.e. the £th) rowis Ay + £ — £ =
¢ since the numbers 0, 1,2, ..., Ay — 1 are already attached to the first A,

columns. Suppose the kth row has the label Ay + € — k. Set j = Ay — A.
Then the numbers (Ay +€ —k)+ 1, A+ € —k)+2,...,A+L€—k)+ j
are attached to the j columns on the right and the label that we attach to the
(k — 1)st row is

MAL—k+j+l=0+)D+L—GK—-—D=q1+L—-G*k-1. O
We can now give Frobenius’ original axpression for the Frobenius function.

Corollary 5.2.3 Let A be a partition and let (a1, &z, . .., & |B1, B2y - .., Br) be
its Frobenius coordinates. Then

r Z—(X,‘
F(Z;A)ZE—Z+ﬂi+l.

Proof The equality

1409) L) r

[[e—a) - []Jc+d=]]c—r+0D-[]c+8+D
i=1 i=1 i=1 i=1

can be deduced from the set equality

{_£5_Z—i_15_Z+29”'5_1}]_[{“19a25"-7ar}
==L =2 = O] Jt-1 =B ~1=po....~1 =B}

which follows by subtracting “¢” from each element in the equality in the
statement of the previus lemma. O
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5.2.2 Lagrange interpolation formula

Fix two sets of variables, {x|, x2, ..., x,} and {y1, ¥, ..., Y} The symmetric
polynomials in the sum of the two alphabets is just the symmetric polynomials
in the set of variables {x, x2, ..., Xu, Y1, Y2, - .., Ym}. Set (cf. Lemma 4.1.7)

E)=]]0+x0 Ex)=]]0+yn

im1 j=1

Hy(t) =

1

H (1) = S —
® T =0

1
[T —xit)
Then the elementary and complete symmetric functions in the sum of the two
alphabets may be obtained by means of the generating series:

Ec\(t) = Ex(Ey(t) =) _ ex(x, y)i*
k=0

and

Hy y(t) = Ho(OHy(1) = Y hi(x, )i,
k=0

We define the symmetric polynomials in the difference x / y on the two alphabets
(it is not a set-theoretic difference nor an algebraic difference) as follows: the
complete symmetric functions i (xy, X2, . .., X,|y1, Y2, - . ., Ym) are defined by
means of the following generating function:

H, (1)
Hy (1) ==
’ H,(t)
= Hx(t)Ey(_t)
_ H;‘n:1(1 _yjt)
- IS —xin)
and
(o]
Hyy(0) =Y hi(x1, %2, o Xl yas ooyt (5.30)
k=0
Now hy(x/y) is a polynomial in the variables xi, xa, ..., Xu, Y1, Y2, - +» Ym

which is symmetric in each set of variables, separately. See [83] p. 58, and
[77]. Now we give a basic interpolation formula attributed to Lagrange.
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Lemma 5.2.4 (Lagrange) Let {xi, x2,...,x,} and {y1, y2, ..., Ym} be two
sets of variables and let r be a nonnegative integer. Then

l(xl y,)
= hrfn m 1(X/y) (531)
Z l"lk 1(xl — Xk) e
Proof First of all, we prove the following interpolation formula: if
X1, X2, ..., X, are distinct real (or complex) numbers
nem=] H(l—tyj)—z Hx — H(x,—yj . (532
i=I k=1
k#i

Both sides of (5.32) are polynomials of degree n — 1 in the variable ¢, so it

suffices to show that they assume the same values at n distinct points. Setting
n—1

t = 1/x;, in the left-hand side of (5.32) we immediately get the value (é)

]_[;":l(xh — ¥;), while in the right-hand side, for t = 1/xj, only the term with

i = h is nonzero and therefore we get again

n 1 Xk m l n—1 m
Hm'n(xh—yj)— <Xh> 'l_[(xh—Yj).
k=1 j=1 j=1
k#h
Since (5.32) is verified for t = 1/x;, h = 1,2,,...,n, it is true for all other
values of 7. If we multiply both sides of (5.32) by H.(t) = 1/[]/_;(1 — x;1)

and we apply (5.30) we get

i H?:l(xi -yj) _ neme ]_[;1:1(1 —ty;)
(

(1 - xt) H%;l(xi —x) T, —tx)
00
— th()C/y)lk-Hl_m_l.
k=0

On the other hand, a simple application of the geometric series expansion
S =321 x] yields

" H;n 1(xi ad " 1—11 1(x1 ))J)
Z l_xlt)l_[k I(X:—xk) Z Z ll_[k l(xt_xk)

i=

Then (5.31) follows by equating the coefficients of #” in the corresponding
power series expansions. O

For a partition A = (Aq, A2, ..., A¢) - n and two integers k, m with 1 < k <
£, we set A —exm = (A, A2y ooy Aty Ak — M, it 1, -+ -5 Ag). We can also
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extend the formula in Proposition 4.2.10 by setting

(n—m)lasGoy +€—1,00+0—2, ..
dk—ekm =

M Ek—m, )
A+ =D +£=2)!--

A+l —k—m)!--- Xy

(5.33)
We introduce the following notation:
! d —€xm
d(k, m) = _ " Gam
(n—m)! d,
¢ .
A+ L€ —k)! Ak — A —k—
__Mtt—h JUAAIEETM (s
()»k—i-f—k—m)' il )»k—)»i—i‘l—k
ik
Theorem 5.2.5 In the Taylor series at infinity
F(z —m; K)
m C.(X;
[z] WD r;m (Asm)z™"
we have
17}
Cria(sm) = —m Y d (k, m)(u — kY’
k=1
forr =0,1,2,...

Proof Consider the alphabets {a; = X; —i,i =1,2,...,¢} and {b; = A; —
i+m, i=12,...,£+m} (where Apy; = Apyo = -+ = dorm = 0). Note
that

F(l/z—m;0) [~ . b M4z ey l—zOu—itm)
F(1/z;4) _E[1+Z(l_m)]1:!1+z(i—m)g 1—z(A;—i)

Zm[l/z]m

1—z0h —i+m) — .
<*>1"[ T -E[l—z(m—E—w]
= H,;(2),

where =, follows from the elementary identity

[T+ 2G — m) [Tz, (0 + zi)

— nfz—nﬂ—l(l + Zi)
12,01+ 2G — m)]

Hf;r—nnﬁ—l(l + Zl)

=[]0t +2G+¢—m.
i=1
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It follows that

Fz—m;A)
[Z]mw =2z Ha/b(l/Z)

Y ua/by"

k=0

Z hr+m(a/b)z_r'

r=—m

We now apply the Lagrange lemma: we have, for 1 <i < ¢,

[T @ = b)) T15Gu—k =i +i—m)

MMz (@ — a) Moy G — k= 2 + i)

245

(5.35)

ik ik
l m
Ak—k—)»i+i—m
= — . M—k+i+0—
mil__ll PP — H(k +i+ m)
ik B
Sk —k—Ai4i—m O + £ — k)
==+ Out€—k—m)!
itk
= —md, (k, m).

Therefore, the Lagrange lemma yields, for r > 0,
170
—m Y ik, m) (ki = K = hynsi(a/b)

k=1

and this, combined with (5.35), ends the proof.

5.2.3 The Taylor series at infinity for the

Frobenius quotient

We now present the main result of this section: the Taylor series at infinity for
the Frobenius quotient. We still need another definition: for a partition A, r
a nonnegative integer and m an integer (but it may be any complex number)



246 Content evaluation and character theory

we set
e n+h+qg-—1
ctmy= Y (=m)"'(m+ 1>”< X 1 )
n,q,h=0
q+h+2n<r
min{n,r—2n—h}
n+ Al —1
1> ( )Frznh,q,km . (5.36)
P n—k

where F,_y,_p 4 k(1) is the Lassalle symmetric function evaluated at the content
of A (see (5.27): we recall that it is a symmetric function in the content of A but a

shifted symmetric function in the variables A, A,, ..., A¢; see Remark 5.1.19).
In the following theorem, we expand the quotient % in descending powers
of (z+1).

Theorem 5.2.6 We have

F(z —m; A) _ N
Fn) mz o)

(+1)"

Proof 1t is a long series of implications where we have merged the arguments
in the proofs of Theorem 3.1. and Theorem 5.1 in [80].

F(z—m;)»)_ﬁz—ki+i—m 2

F(z; 1) z4+i—m z—XM+i

i=1
_ﬁﬁ c—ji-m  z—jHi+]
i:lj:lz_j+l_m+l z—j+i

) ki o -1
:Hn[l_(z—j+i—m)(z—j+i+1)]

i=1 j=1
) A

e {3

i=1 j=1

k
m) [(z—j+i—m)(z—j+i+1)]_k}

(since ﬁ = exp[—log(1 — 1)] = exp[)_,, %])

Q) wi

—l_[l_[exp{z o — ot — DI }

i=1 j=I

: __ 1 _ 1
(by settingu = ——7 and v = ——)

) k
—HHGXP{Z( e Z(k)’(k)s( uy (=)' (j — z)’“‘}
0

i=1 j=I r.s>
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. _ ),
(since (1 —1)~* = 20 (r), )

o (—muv)t k,kg
=exp{2% [Z OBy oy dmm“

r,s>0

:exp{z( ot [Zd,(wZ( u) ™ (—v —(k)’ Sg’fs),]]

k=1

. (—muv)* (k),—s (k)
[Zd'(”( u) Z( )Z k(r — 5)!s! }

k=1

= (1 + muv) " exp |:Z d; (M) (—u)' Z (E)S (—muv)go,,s(—muv):|

s=0

(since, by (5.15), @ (—muv) = Y ;7 %—;&M(—muv)h equals

— k ) ) R
_"“1“’ i % do(A) = |A| and, for 1 =0, Y ;= 1 muv)
= —log(1 4+ muv))

_ N ; muv
= (1 4+ muv)~ exp[zdtm( u) G’( 1+muv):|

t=1

(by Proposition 5.1.15 and Proposition 5.1.13)

X .
= (1 4+ muv)~ nexp |:dz()»)( u) Gt ( 1+ muv)]

t=1

dy(x - h
maemr 3 TP (1)

hy,hy,..>0 =1

00 —muv m ()
= (1 + muv)™ ™ Z( ) — ]‘[[d@)@( 1+muv>]

N

Grdy; u is the sum over all partitions yu = (1, 2k ), including u = (0), and
Zy = Ry, 1000

23— k
=1+ )~ 4] (— )IMI < > ( —muv )
muv Z u 2 ;}k%) ( ) 1+ muv

(o]

T oorm

t=1
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(by (5.18))

nw
rtq < > muv Y
= (1 4 muv)” Al Z( w) (—v)? Z Z kl_[[d ()L)]m/(u)<l+ uv)

P.q>0 k=0 utp+q u s

(by setting g = || — p)
ptq k
(—muv)
Z (—u)?(—v)? Z |: p+a.q. k()h)(l T muv)k+’\:|

r.9=0

(by Definition 5.1.17, by (5.27) and the convention Fyog = 1)

P+q A4+ n — .
=) (—wi- v)PZquk(x)Z( )(—muv)

P.q=0
(by (5.11))
[ min{n, p+q}
" AM+n—1
= (=muv)" Y (—wi(=v)’ Y (' | g )Fp+q,q,k(k)
n=0 p,q>0 k=0 n

00
" 1 m—+1
= Z(_m) Z (Z + 1)p+_q+2n <l e + 1 )
n=0 p.g>0
min{n, p+q}
A +n—1
' |: Z ( n—k >Fp+q,q,k()‘):|

k=0

(we have set —u = —5 and —v = (1 — Z5)™)

S mym + 1)h<h Fans 1).

n.p.q,h=0
min{n, p+q} W +n—1 . 1
' ; A L il e vavreravy

2

(by (5.11))

= (- m)Zc(m)

r>0

(settingr = p +q +2n + h).
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We can now give the Taylor series at infinity of the Frobenius quotient.

Corollary 5.2.7 We have

2] F(z—m;})
Zm F(Z,)\-)
=-m )y | > =1 (”Z_1>s(m,q+r—h> .
h>—m q,r>0

qg+r—h<m
Proof From (5.10) we get

1

—1
— —r q —q—r
o Yl M

and therefore (recalling the definition of the Stirling numbers of the first kind,
see Section 4.4.3),

M _ A 1\ r+q_1> —q—r
el m2)<m 1 3 com-n ( 1)

(ftr=q+r—h)

=—m Z Z cf(m)(—l)q (r +Z B 1)s(m, q+r—h) 77" o

h>—m q,r>0
q+r—h<m

We now combine the results in Theorem 5.2.5 and Corollary 5.2.7.

Theorem 5.2.8 Forr > 0, we have:

1409 r m+l+k
dec m)i — k) = (=1 ) D chm)(= 1)"( )s(m+1,h—k>.

k=0 h=k

Proof The left-hand side is exactly 1/—m times the coefficients of 1/z"*! in
Theorem 5.2.5, while in Corollary 5.2.7 1 /z“rl has the coefficient (without

(—m))
Z Cz(m)(—l)q(hjLZ_ 1>s(m,q+h—r— 1)

q,h>0
qg+h—(r+1)<m

r m+l+k
=)0 ) am=1 ( )s(m+1 h— k),

k=0 h=k

where equality follows from Proposition 5.1.5. O
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5.2.4 Some explicit formulas for the coefficients c;(m)

In this section, we give some explicit formulas for the coefficients c;\(m). We
recall that d,(A) = Y/ Y% (j — i) (and do(A) = |A).

Proposition 5.2.9 Let r > 1. Consider the terms in (5.36) with k = 0. Then
necessarily ¢ =0, 1 <n <r/2 and h =r — 2n. Moreover, these terms are

(m)" " (m + 1y~ (r - 1) <|M e l)
r—2n n

forl <n <r/2

equal to

Proof 1t suffices to note that F,,o # 0 if and only if n = p = 0 and, in this
case, one has Fygo = 1. Therefore we have ¢ = 0 and & = r — 2n. Moreover,
under these conditions we have (”*hzqfl) =" 1), which is equal to 0 if
r>1landn =0. ]

Proposition 5.2.10 Fix r,n, k such thatr > 2, 1 <n <r/2and k = 1. Then
the corresponding terms in (5.36) are

r—2n—1
el w1 =1
> (=m) <m+1>< i )

h=0
r—n n+h—1
— dr_on_p(A).
x [<h+1> ( h+1 )} -h(})
Proof First of all, we have F,_5,_4 4.1 = pr—2s—n (see Section 5.1.5). More-

over, the conditions in the sums in (5.36) yields thebounds 0 < h <r —2n — 1
and 0 < g <r — 2n — h. Finally,

r_fh(n—i-h—l-q—l)_r_fh<n+q—l+h>
por h pour n+q—1
r—n—h—1 n—2
h h
(settingp=n+qg—1) = Z (p+ )—Z(p+ )
=0 p p=0 p

(by Exercise 5.1.3)

Il
Yy
SN
+ |
——
N———"
|
ey
N
> +
4+ =
-
—_
N———"
Od
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We now give the formulas for cf(m) forO<r <7.

cé(m) = —

ci‘(m) =0
ch(m) = do(A) = ||
cs(m) = (m + Ddo(L) + 2d; (1)

cj(m) = (m + 1)?do(A) 4 3(m + Ddi (L) + 3dr(A) — %d@(l)(do()») +1)
= -+ Vo) + Y (0, o+ 1

nn D) £ 1)~ o) +
co(m) = (m + 1)*do(3) + g <h i 1)(m + 'dan(3)

— %m(m + 12 do(R)(do(X) + 1)

: 4
—m Y (m+ D*do() + 1) [(h N 1) - 1} dy n (V)

h=0

1
+ gmzdo(?»)(do(/\) + D(do(A) + 2) — 2md, (1) — 2mdr (%)

4

6

chm) = (m + 1°do(0) + Y _(m + 1)" (h o
h=0

= 2m(m + 1)*do(R)(do(M) + 1)
2
5

—m (m+1)h(do(k)+1)[< )—l}d“,(x)

hz(:) h+1

)dS—h()»)

m—+1

+ m*(do(h) + 2)(do(A) + 1) [ do(}) +d, (k)]

= 3m [20m + 1)di(0)* + 20m + Dda(A) + ds (W) + di(R)da(3)]
Exercise 5.2.11 Check the above formulas.

Hint: For r = 0 we necessarily have n = ¢ = h = k = 0, and since Fypp = 1
we get cé(m) = —1/m. For r = 1, we necessarily have n =k =0; for h = 1
and ¢ =0 we have (""7¢7") = (%) =0, while for =0 and ¢ = 1 we
have Fijo = 0. In conclusion, ¢/(m)=0. For 2 <r <5 the formulae in

Proposition 5.2.9 and Proposition 5.2.10 suffice to compute ¢*(m). For r = 6
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we also need the formulas Fa,p = (;)hz and iy = $p1; + 4 p,. Finally, for
r = 7 we also need the formulas in Example 5.1.18.

5.3 Lassalle’s explicit formulas for the characters of the
symmetric group

In this section, we complete the exposition of the results in [81] by providing
Lassalle’s explicit formula for the characters of the symmetric group. Actually,
these are formulas for the characters of the symmetric group normalized by the
dimension of the corresponding induced representation, namely x*/d,. That s,
they are spherical functions of the Gelfand pair (G, x G, é,,) (see Example
1.5.26) and the eigenvalues of the convolution operators with kernel - 4] ¢, with
C a conjugacy class of &,, (see Corollary 1.5.12). Following [81] we introduce
the notation
1
A= ZX;

We extend this definition to virtual characters, that is, to any o € Z* (see (4.35)
and (5.33)), by setting X7 = X,/ X(1n)-

5.3.1 Conjugacy classes with one nontrivial cycle

We first present the value of ¥ l’} when p = (m, 1"~ that is, the value of §*
on a conjugacy class with exactly one nontrivial cycle. To start, we give a basic
recursion identity that follows immediately from the version of Murnaghan’s
rule in Theorem 4.2.15. The coefficient d; (k, m) is as in (5.34).

Proposition 5.3.1 (Basic recursion formula) Lezr A, u - n and m a part of .
We have
)

AL—€rm
X = D ]m de(k m)R "

Proof From Theorem 4.2.15 we deduce

1408 1708
1 *) @)

sA X em __ AA—€gm
= g e = bk
k=1 "

Theorem 5.3.2 Let A Fn,2 <m <nand u = (m, 1"™™). Then

m+1

AN A
= — s(m + 1, h)c; (m).
“T [l & !
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Proof From Proposition 5.3.1 we get

()

X = L ]m de(k m).

Then we may apply Theorem 5.2.8 with r = 0, keeping into account that
s(m +1,0) = 0 and ¢} (m) = 0. O

Example 5.3.3 We now give some examples of applications of Theorem 5.3.2.
We compute ¥ :1 n-n for2 < m < 6. We shall use the results in Section 5.2.4 and
the table of the Stirling numbers of the first kind (see Section 4.4.3). Recalling
that dy(A) = |A| = n, we have

A 1 2
pere =L [-3c52) + c52)] = pros L)
1 3
25 e I [11c53) — 6¢5(3) + ¢ (3)] = R [3512@) - 5n(n - 1)]
1
R s = [n] [—50c5(4) + 35¢5(4) — 10c;(4) + ct(4)]
4
=——[4d5(2) — 4(2n — 3)d,(1)]
[n]4
1
R s = = [274c5(5) — 225¢5(5) + 85¢}(5) — 15¢5(5) + c4(5)]

| as(3) -15(3)
=——5d4(A) — 5(83n — 10)d, (1) — 10d; (1)~ + 25 —15
[n]s 3 2

1
R s =ﬁ[—1764c§(6)—|— 1624¢4(6)—735¢4(6)+ 175¢4(6) —21c£(6)+c5(6)]

:ﬁ[% (M)+24(7 =n)d3 () +12(3n —4)(n = 5)d1 (1) — 181 (A)da (W)
6

Remark 5.3.4 We can extend the formula in Theorem 5.3.2 in the following

way:
m+1
R =— Zs(m + 1, k)% (m) (5.37)
(n]n =
for all o eZ* Now, if o= (a,a,...,0,011,...,0) and o =
(o1, a2, ..oy oo i — 1o +1,..., ap) then ¢ = 2 (by (4.36)). Since

the right-hand side is a shift symmetric polynomial (see Remark 5.1.19) by
(5.28) the identity (5.37) holds true for every « € Z¢. For instance, from
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di(A) = 1p3(0) we get

1 12
Pi) = ——— > {[h —i + 1 — [—i + 1]},
i=1

1
nn—1) nn—1) =

AN _
Xon2 =

Often, this formula is written in the following way:

¢
1
AN .
ey = —— A —2 1),
X2, 1n2 n(n—l); ( i+1)

see [20, Theorem 10.6.2] and [26].

5.3.2 Conjugacy classes with two nontrivial cycles

We now give the explicit formula for )A(ﬁ when u = (m, g, 1"7"79). First we
need two technical lemmas.

Lemma 5.3.5 Let X be a partition of n and h, m, k, q positive integers with
k < £(L). Then

o "N =@ +mg Y @Ok —k+q+ 1) Ou—k—m+1).
r,s,t>0
r+s+t+2=h

Proof We first note that both sides may be seen as polynomials in the variables
Als A2, ..., Ag, so that, by the principle of analytic continuation (see Remark
5.1.19), it suffices to prove the identity when A — me; is a partition. Note also
that cz_"“k (g) is a shifted symmetric polynomialin Ay, Ay, ..., Ay —m, ..., Ay,
so that also the second member must be shifted symmetric in the same variable.

By elementary manipulations we get

F(z—q—1;A—me) F(z—1})
Fz—Lia—me) Fz—q—1;))
_Z—kk+k—q+m—1 =M+ k—1

z—A+k4+m—-1 z—M+k—qg—1
mq

4
=M +k4+m—-—Dz—A+k—qg—-1)

[e]
mq —r—
=14+ — ) u—k—m+1)Ou—k+q+1)z7"",
= (Ak ) (g qg+1)

r,s=0
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that is

F(z—q—1;A—meyp)
F(z—1;A—me)

_ Fz—g—L;») [

o
mq o
14— M—k— D (A —k Dz7" .
sl R D Ou—k—=m+1) e —k+q+1)z }

r,s=0
O

Lemma 5.3.6 Let A be a partition of n and h, m, k, q positive integers with
k < £(A). Then

Then it suffices to apply Theorem 5.2.6 (with z replaced by z — 1).

L) m—1
> dik.m)c; " g) =Y chm)ci(@)s(m + 1, j)
k=1 j=2
a+m+1
+mq Y Y cq)cim)sim+ 1, j —a+b)
uf;t:%()—Z /=0

min{a,m+14+a—j}

Z (a—i— 1> "t + m(—m)®

b=max{0,a—j} b + 1 q +m

Proof By Lemma 5.3.5 and the binomial theorem (5.5) we have

) ()

D dilke, m)cy ") =) di(k, m)ci(q)

k=1 k=1
r s r 5
sng ¥ doX X (1))
u)\v
r,s,t>0 u=0 v=0
r+s+t+2=h
)
. |:Z d)‘(k’ m)()nk _ k)u+vi| (q + l)rfu(l _ m)sfu
k=1
(by applying Theorem 5.2.8 to both summands)
m+1
=ci(g) ) cim)sim + 15 j)
j=2
A r s r—u s—v
+mg Zo ‘ (q)ugo (u) <v><q T m T s e
r+st+2=h e
u+v m+i+1

(=Y Y (—1)"c;(m)(” Jlr v)s(m 1) —0)

i=0 j=i
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By setting a = r + s and b = a — i, the order of the sums in the second sum-
mand may be manipulated as follows:

s utv m+i+l a m+i+1
Y YYE Y s XYY XY
rs,t>0  u=0 v=0 i=0 j=i a,t>0 i=0 j=i rs>0 0<u<r
r+s+r+2:h a+t=h-2 r+s=a 0<v<s
u+v>i
a m+l4+a—b

e XYY Y Y

a,t>0 b=0 j=a—b rs>0 O0<u<r
a+t=h—-2 r+s=a 0<v<s
ut+v=a—>b

m—+1+4a min{a,m+14+a—j}

=2 X 22X

a,t>0 j=0 b=max{0,a—j} r,s>0 O<u<r
a+t=h—2 r+s=a 0<v<s
ut+v>a—b

Now, the product of all the factors depending on r, s, u, v is:

(_1)u+u (u _l’_ U) (:) (f})(q + l)rfu(l _ m)S*U
— (_1)u+v <u + U) (r) (S>(q + l)riu(l _ m)sfv.
a—>b)\u/\v

Therefore, we may apply Proposition 5.1.8 with x = g and y = —m, getting
the desired expression for the second summand in (5.38). a

Theorem 5.3.7 Let A be a partition of n and let m, q be positive integer with
m + g < n. Then we have

1 q+1 m+1
R ren-g = 3> ch@)cimys(q + 1. ysm + 1, j)
[”l]m+q h=2 j=2
q—1 qg+m—h

mqZ Z ch(g)c(m):

a+
Z (b+1>s(q+1,a+h+2)s@n+1,j—a+b)
a,b>0

[n]m+q
qb+1 +m(_m)b

m—+q
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Proof From the basic recursion formula (Proposition 5.3.1) and Theorem 5.3.2
(see, in particular (5.37)) we get

1 200
=—— Y dik,mx,

mkl

A
p ST

£0) g+1

Zdwc m)Zs(q +1, e, (q)

[n] [n—ml, m]q

1 q+1 200
= D s(q+ 1)y dik, mic,” " (@)
[n]m+q h=2 k=1

We can now apply Lemma 5.3.6 and the following manipulation of sums:

q+1 a+m-+1 q—1 g—1—t a+m+1
§ E E =(h=a+t+2) E E E
h=2 a,t>0 t=0 a=0 j=0
a+t=h-2
g—1 m+q—t g—1—t

Finally, we also replace ¢ with % to uniform notation of both terms. O

Example 5.3.8 It is easy to check that for ¢ = 1 the formula in Theorem 5.3.7
becomes the formula in Theorem 5.3.2. For ¢ = 2, the formula in Theorem
5.3.7 becomes

m+1
[Mlni2Kyy 5 prne = [5(2) = 352 Y s(m + 1, j)c(m)
j=2
m+2
—m Zc;(m)[2s(m +1,j— 1) —@m+ Ds(m+1, j)].
j=2

In particular, for m = g = 2 we get

(Rl 1285 5 10s = [€5(2) = 35 (D)) — 26¢5(2) + 18¢5(2) — 4¢}(2)
= 4d;(1)* — 12d>(A) + 4n(n — 1).
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For g = 3, the expression in Theorem 5.3.7 becomes

m+1
[Mlni3 Ry 3. 10ns = [G(3)—6¢5(3) + (1143m)c3(3)] Y s(m+1, j)c(m)
j=2
m+3 3
27 +m’
_ A 6m —17 1, j 1,j
m;c,om[(m Jsma1, )+ ———msm+1, j)

—3m+Dsm+1,j—1D)+3s(m+1, j —2)].
For instance, for ¢ = 3 = m we get

[nl6R5 5 10 = [5(3) — 6¢5(3) 4+ 20c5(3))
— 876¢5(3) + 810c5(3) — 375¢4(3) + 90ck(3) — 9ci(3).

5.3.3 The explicit formula for an arbitrary conjugacy class

In this section we complete our exposition of the result in Lassalle’s paper [81]
and we give the explicit formula for j ﬁ, when p is an arbitrary partition.

We introduce the following notation. For & a positive integer, M® is the
set of upper triangular 2 x h matrices whose entries are nonnegative integers
and whose diagonal entries are equal to zero. If @ € M™ (so that a = (a; ;)
with ¢; ; nonnegative integer and ¢; ; = 0 unless i < j) we denote by a’ the
(h — 1) x (h — 1) submatrix obtained by deleting the first column and the first
row. We denote by E™ the subset of M formed by those matrices whose
entries belong to {0, 2} (the nonzero entries are equal to 2).

Let p = (p1, p2, - - ., pn) be a partition of n (in & parts). With € € E® we
associate the matrix # € M™ defined by setting, for 1 <i < j < h

0 . — 1 ifE,"j =0
h PiPj if €j = 2.

Whit this notation, if iy, i,, ..., i, are nonnegative integers, we define the
coefficients AEIE,)Q,...J,, (p1, p2s - - -, pp) by setting

Al(‘i)izw.,ih (/01,/02, ceey Ph)

. bi 41
= Z l_[ 0. (4 + 1\ pi(—pi)Pes + 0] i+
. Y\bij+1

abeMn | 1<i<j<h Pit+ P

n k1 h
JTstoc+ Vi +D ax + €)= D (are — bk,e))}
k=1 =1

{=k+1
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where the sum over a; ; and b; ; is restricted to a; ; = b; ; = 0 when ¢; ; = 0.
Moreover, for 1 = 1 the product over [ [, _; j<n 18 setequal to 1.

Lemma 5.3.9
(i) The sum Za’heM(,,. appearing in the definition of A is always finite (and
therefore A is well defined).
(i) The coefficients iy, iy, . . ., i, are subject to the following conditions: 1 <
ik<pe+1,k=1,2,...,hife isidentically zero, ZZ:I ir <|pl+h—
h k-1 . .
D i1 2 op— €ek in the generic case.
(iii)) We have the recursive property:

Al(lé)h zh(plv pZ»---,ph)
h
S T < k+1> pi(—p)" 4 p,
= 1k
ayp-ary k=2 bi+1 P1+ Pk
biobip

by i+

0
cs(or+ Lir = Y (are — b))

=2

("
A12+111 2+€12, lh+al,h+€Lh(p2’ e 'Oh)'

Proof (i) The coefficients a;  and by , are subject to the conditions:

(1) ik + Yo @estec) =i (@e —bie) < petlfork=1,2,...,h
(2) bex <agpforl <l <k<h

(1) for the existence of the Stirling numbers and (2) for the existence of the
binomial coefficients. If we take 1 <s < h and we sum (1) from k = s to
k = h, keeping into account that

hok—1 h hos—1 h—1 h
E E gk = E agx + E E apr = E E agx + E E agk,
k=s (=1 k=s {=1 k=s+1 l=s k=s (=1 l=s k=(+1

we get the conditions

Z(zk+2m+2aek+ Z bu)<2pk+<h—s+1) (5.39)

t=k+1
fors =1,2,..., h.Inparticular, for | <s <hand1 <t <s — 1, we get
h s—1
,,s<ZZaM<Zpk+<h—s+1><|p|+h

k=s {=1

that is, as, which is the generic nonzero elements in a in M®  remains
bounded.
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(2) implies that also the coefficients in b remain bounded.

(i) This follows from (5.39) written for s = 1 and the conditions for the
existence of the Stirling numbers.

(iii) This factorization property is trivial: we limit ourselves to observe that
the second argument in the kth Stirling number may be written in the form

k=1
(ix +arp +ep) + |:Z(au+62k)— Z (akz—bu)i|

(=2 t=k+1

for k = 2,3, ..., h and that the second term contains terms depending only on
the coefficients in a’. O

The following is a generalization of Lemma 5.3.6.

Lemma 5.3.10 Let A - n and let p = (py1, p2, . .., pr) be an h-parts partition
with |p| < n and iy, i3, ..., i, be nonnegative integers. Then we have:

L)

de(e m)]‘[ci " (or)
=Y ci(o) Y, > s+ 1. — Z(al ¢ = b))

1>0 Lblli Z:Ze,z -€1.€{0,2}
h -
1_[ ¢ (or)o <a1’k + 1) p1(—p)"1* + pkl.kJr
' )01k
k=2 " biy+1 P
Where ty =iy —ay — €1, fork =2,3,..., h.

Proof Set

By(r, 5,1, v) = (=" (r) (s)u + ) T = o)
u)\v
From Lemma 5.3.5 and the binomial theorem, we get

¢ ") = (o) + proc Y H (e — €+ p+ 1) (e — £ = py + 1)

r,s,t>0
rts 2=y
A X
= ¢}, (pr) + p1Px E ¢y (px) E Bi(r, s, u, v)(£ — 1)" .
r,5,t>0 u,v>0
r+s+t+2=i;

Therefore, recalling the convention on the relationship between ¢; ; and 6; ; and
introducing the convention that the sum over ry, sy is restricted to r, = s = 0
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when €; , = 0, we can write:

£2(x) L)

ch m)]‘[é "'“—ch /)1)1_[ D b Y. oo

k=2 | €1€{0,2} 7,8k, 1 >0
ritsktHter =ik

D Bulrie st i, ve)(€ — A

ug, v >0

h
- Z Z Z H[el,kc;\k(pk)Bk(rk,sk,uk,vk)]~

€12€1,,€{0,2} rary >0 wp-up >0 k=2
$2-+87 =0 vz vp >0
1, =0
TSkt t€1 k=i
h

o)
. (_l)zzzv(ukJrUk) Zd)‘(e’ o)l — M)ZZ:Z(ukm)_
=1
(5.40)

This cumbersome expression is obtained simply by developing the product
]_[ t—> and grouping into the sum ZM) all the terms containing £. From Theorem
5.2.8 we get:

o)

Dol p(E = rey =T
=1

= > 1y (Ze 2(“””)) b1+ 10— ko), (54D)

t1,j=0

while from (5.6) we get

<Zz (e + vz)) - ¥ (“2 + ”2> <“” T ”h)_ (5.42)

J inz0 J2 Jh
Jattjn=]

We also need to reformulate Proposition 5.1.8 in the following form:

Ug + Vg
> Bulri e e vk)< )
arx —bix

Tk S5, Vg >0
re+Sk=ai k

by x+1

by,
e <Zlk+ 1),;1( PV (543
e+ 1 p1+ Pk
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Then the formula in the statement may be obtained by inserting (5.41) and
(5.42) in (5.40) and using (5.43) to simplify the expression. d

Theorem 5.3.11 (Lassalle’s explicit formula) Let A be a partition of n, let
o = (p1, P2, . .., pp) be a partition with |p| < n and set o = (p, 1"~1°). Then
we have

h

) 1 ;

X = SN A9 o]k, (544
k=1

n
[ ]\PI ecEM iy,ip,...,i5>0

Proof The proof is by induction on 4. We have already obtained the case
h =1 (in Theorem 5.3.2) and h = 2 (in Theorem 5.3.7). Indeed, for h =
1 we have € = (e11) = a = (ar,1) = b = (by,1) = 0 and therefore A" (p;) =
s(p1 + 1, i1), and (5.44) reduces to the formula in Theorem 5.3.2. Even though
this case is not necessary for the induction, we check the formula for 7 = 2:
we can write A© with a, b, €, 6 in place of a 5, b 2, €1.2, 012 so that

b+1

. a+1\pi(=p)’ +p
A,(l,)iz(/)l,,oz)= E 9( )—2
o bl p1+ P2

cs(or+1,i1 —a+b)s(pp+1,is +a+e),
with the convention that if € = 0 then & = 1 and the sum over a, b is restricted
toa = b = 0,whileife = 2,0 = p; p, (and the sum over a, b is for all possible

values). Then the formula (5.44) coincides with that in Theorem 5.3.7, since
the latter may be written in the form

1

o Y _choek (oD AL (o1, p2)e], (1)e (p2).
Mprtp2e 0.0y i ir20

)2,();1”02,]”*/’1*/’2 =
Note also that by the principle of analytic continuation (Remark 5.1.19) we
may assume that the inductive hypothesis holds true also when X is replaced by
an arbitrary sequence of integers (that is, x* is replaced by a virtual character).
Now we can apply the inductive hypothesis to the basic recurrence formula.
We have, by Proposition 5.3.1 and induction,

20
[l Re =D di(l. pD)n — pilipi—p, R o
(=1
20

—Zw YD A(i?,,,,h(pz,...,ph)]"[ i (e

€'eEt=D ip-iy >0
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which equals, by Lemma 5.3.10,

S A Y o) Y

B iyerif>0 >0 app--a1p=0
b12-b1 4>0

h byx+1
Z 1_[ |:C?(,0k)91 k(zl,k + 1) pr(—p)Pis 4 ot :| |
' ' 1k +1

€12€1.,€{0,2} k=2 p1+ Pk

h
ss(pr+ 1,0 — Z(al,e —b10)

(=2

h
=Y > AL won o [ ] ek (o),
k=1

€€EM 111,20
where the last equality follows from Lemma 5.3.9.(ii1). O
Exercise 5.3.12 Show that setting p, = 1 one gets exactly the formula for
h—1.
Exercise 5.3.13 Check the following formulas from [81] in two ways:
e by applying the formula in Theorem 5.3.11;

e by using the basic recursion formula, Lemma 5.3.6, Lemma 5.3.10 and the
formula for )2;2 |- in Example 5.3.8.

(11625 55106 = (5(2) = 3c5(2))° + 2(c5(2) — 3¢5(2)):
- (27¢5(2) — 47¢3(2) = 6¢5(2))
+40c%(2) — 240c}(2) + 560c5(2) — 600c5(2)
and
[n1733 5.5 107 = (c5(2) = 3c5(2))* — 4c}(2) + 18¢5(2) — 50c5(2))-

(ch(3) — 6c5(3) + 11c5(3))

— 12(c5(2) = 36524 3) — 8¢5(3) + 23¢;(3) — 28¢5(3))

+72(c§(3) — 10c(3) + 40c(3) — 80c(3) + 79¢5(3)).

5.4 Central characters and class symmetric functions

This section is an exposition of the results of Corteel, Goupil and Schaeffer
in [24]. Their work originated from some conjectures of Katriel (see [72] and
[50]). We derive most of the results of that paper from the explicit formulas
in Section 5.3. We also give a version of the classical asymptotic estimate of
Kerov—Vershik (see [121]).
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5.4.1 Central characters

In Section 5.3 we have obtained for g* an expression in terms of sym-
metric functions evaluated on the content c¢(A) of A. If 0 = (p, 1,..., 1),
then such symmetric function depends only on p. Following [24], for o =
(01,072, ..., 0%) partition of length k, (with o3 > 0), the reduced partition &
associated with o is defined by setting

5'2(01—1,02—1,...,O’k—1).

Given a permutation 7 of cycle type o, its reduced cycle type is just . If u is
partition, with || 4+ £(1) < n, we denote by C,(n) the conjugacy class of &,
formed by those partitions of reduced cycle type w. Note that this established
a bijection between

E, = {partition u : |u| + £(un) < n}

and the set of all conjugacy classes of &,. For instance, C;(n) is the set of all
transpositions, C,(n) the set of all 3-cycles, and so on.

There is an obvious algebraic interpretation of the correspondence &, >
u = Cy(n): In view of Theorem 4.4.4, |u| is the minimal number of trans-
positions needed to write 7 € C,(n) as a product of transpositions, and this
minimal number is achieved by writing the first cycle into the product of
1 transpositions, the second cycle into the product of w, transpositions and
so on. We introduce the following notation: if w and n are partitions, u U 6
is the partition obtained taking the parts of u and n and rearranging them
in decreasing order. For instance, (5,3,1,1)U4,2)=(5,4,3,2,1,1). We
write i <, n when the parts of n are obtained by adding some parts of . For
instance, (2,2,2,1,1,1) <, (4,2,2,1). Clearly, u <, n implies ¢ < n and
() = £(n), with equalities if and only if © = 5. For u, n € E,,, we denote by
C,.(n)Cy(n) the convolution of the characteristic functions of those conjugacy

classes. Clearly, there exist coefficients Cﬁ.n(n) such that

Cu(m)Cy(n) = > Ch (m)Co(n).
0el,

We give some basic properties of those coefficients.

Proposition 5.4.1 The following conditions are necessary in order to have
Ch ,(n) #0.

(1) || =+ In| and |0| must have the same parity;
(i) we must have: 10| < || + Inl;
(i) if 10| = |u| + In| then (u U n) <, 0 and Cf”] does not depend on n.
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Proof 1t is an easy consequence of Theorem 4.4.4 and the details are left as an
exercise. We limit ourselves to prove that if |0| = |u| + |n| then wa does not
depend on n. Suppose that 7 is a permutation of reduced type 6. Then Cz’n is
equal to the number of ways we may rewrite m = m;7,, with r; of reduced type
w and 1, of reduced type 7. If we write 7y and m; as in Theorem 4.4.4, then in
the product mm, = 7 there is not simplification between transpositions. This
implies that if A € {1, 2, ..., n} is the subset of numbers moved by 7 (i.e.,
{1,2,...,n}\ A are fixed points of =) then 7| and 7, belong to the symmetric
group G4 over A. Therefore the number of possible factorizations w = mm;
depends only of the size of A (and on 0, u, n obviously), but it does not depend
on n. O

Remark 5.4.2 In order to clarify the case |6] = || + |n| in the last propo-
sition, consider the following construction in Theorem 4.4.4. Suppose that
7 is a permutation of reduced type 6 and w = t1ty - - -tg, - - - to, 4o, , - o)
is a decomposition as in Theorem 4.4.4. We can construct a graph whose
vertices are the numbers moved by 1,1, ..., fj5; (and therefore by m) and
whose edges are the pairs {ig, ji} if txr = @G = jx = i), k=1,2,...,160].
Clearly, the connected components of this graph correspond to the cycle
of . Suppose that 7; is of reduced type w, m, of reduced type n, = of
reduced type 6 and |0| = |u| + |n|. If we multiply a decomposition of m;
with a decomposition of 7, then we get a decompositon of 7 and the con-
nected components of the graph of 7 may be obtained by gluing the connected
components of r; with those of m, that have common vertices. For instance,
ifu=@3,2,n=2,1),0=05,3),11=1—-2—->3->4—->1)5—>6—
7—5, m=101—->8->9->1H)5—->10—->5,7r=01—->8—>9—>2—
34— 1)5—> 10— 6 > 7— 5) we have the permutations shown in
Figure 5.4(a) and the composition in Figure 5.4(b).

3 7 9 )

Figure 5.4(a) The two permutations m; (left) and m, (right)
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3 2 6

Figure 5.4(b) The composition 7 = 77>

Exercise 5.4.3 Prove that Cz.n is a polynomial in » and that its degree is less
than equal to 5(|u| + |11 = 161) + £(10) + £(n) — £(6).

Hint: prove the bound for C]g,n(n) and then examine C;(n) - - - C;(n)C,(n); see
—

| p|-times
[24, Proposition 2.1] for more details.

In what follows, we introduce the order C in &, by setting u T n when
1| > |n|or || = |n] and w <, n. In other words,

nwCn s {lul > Inlor[lul =Inland u <, nl}.

Proposition 5.4.4 Let = (1",2™, ..., k™). Then we have the following
expansion:

Culn) = mylmy! - - .mk!CM,(n)Cm(n) - Cu)
+ ) dim)C, (1)Co,(n) -+ Cy, (n)
Vve:n':‘ll:
for some coefficients d, (n). For |v| = || the coefficients d,, does not depend
on n.

Proof A repeated application of Proposition 5.4.1 yields

Cpu (MCyiy (1) -+ Cpiy (1) = (my I - - mNCu(n) + Y b1()Cy(n)
uuejaﬁ:
for some coefficients b, (n) (and for [v| = |ul, b, (n) does not depend on n).
This is a triangular relation (compare with Lemma 3.6.6) that may be easily
solved, giving the relation in the statement. O
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If A = n and p is a partition with || + €(n) < n, the central character w,,
evaluated at A is the coefficient

[AQ)] ,
W = =1 =GR

ifu=6,0kFn.

5.4.2 Class symmetric functions

From Theorem 5.3.11, we know that there exists a symmetric polynomial, that
we denote by (", such that

o), = o"[C(V)] (5.45)

where (’[C(1)] denotes the evaluation of {” on the content of A - n. The
symmetric polynomials w}f) are called class symmetric functions. Observe that
they are not homogeneous. Note that in Theorem 5.3.11 o does not denote
a reduced partition, so that the formula for a)/ﬁ is obtained from those for
IC,(n)| %2, o F n such that & = p.

Now we give a basic relation between the polynomial wﬁf) and the conjugacy
classes.

Proposition 5.4.5 We have
(n) (n) _ 60 (n)
wun wn1 - Z Cu,nwé’
0€E,
with the same coefficients in Proposition 5.4.4.
Proof From Corollary 1.5.12 we get C,L(n))(A = wg’)[C(k)]Xk and therefore
o [CM)IICO) X = Culn)Cy(n)x*
= > Ch (mCyn)x*

0eg,

{ZC o[ C(A)]} . 0

0eg,

Corollary 5.4.6 We have

1

(n) — (n) (n) (n) (n) (n) ()

=0, . + d’'(n [OM Ry

,u m 'n’lz' mk! v; ( ) Vi
v:I/II.

with the same coefficients of Proposition 5.4.4.
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From Definition 5.1.17 (and (5.27)), the definition of c*(m) (see (5.36))
and Theorem 5.3.11, it follows that there exist coefficients Q;(n), which are
polynomials in n, such that

ol =" Q) n)p,. (5.46)
v

where p,, are the usual power sum symmetric functions. Note also that if again
& = pand o = (p, 1"71°) then
IC.(m)  nl 1

= = —, 5.47
(nlp zolnlp  2p G4

For instance, from Example 5.3.3 we know that

) n n
o) = pr—2p10 = Gn =105 +5( 1) =3(}),

while from Example 5.3.8 we know that a)(lni = % Pl — % P2+ (;) Clearly,
the expansion (5.46) is unique: take n large and apply (iv) in Theorem 4.1.12 to
each homogeneous component of w}f). The assertions above are proved in detail
together with some other properties of the coefficients €2) (n) in the following
theorem.

Theorem 5.4.7
@) Q;’L(n) is a polynomial in n of degree at most w + () — £(v) whose
coefficients depend only on v and L.

(i) Qin) = g if = (17,27 k)

@iii) If |v| = |u| and v # p then 2}, (n) does not depend on n. Moreover, it
is equal to zero unless w <, v. If |v| > || then p, does not appear in
(5.46).

(iv) §2),(n) is equal to zero if || and |v| do not have the same parity.

Proof First note that, for the polynomials ¢’ (m), we have the following expan-
sion:

cHm) = (r — Dp,o[CAN+ Y Almp[CGI]  (5.48)

lv|<r—2
where A (n) is a polynomial in n of degree at most

r—|vl

—2v). (5.49)

Indeed, the term with p,_, is obtained by settingin (5.36)n = k = 1,h = Oand
summing from ¢ = 0 to ¢ = r — 2, taking into account that F,_, , | = p,_».
Note also that the # in (5.36) is just a summation index, while the n in the
present theorem coincides with |A| and that the polynomial in |A| is given by



5.4 Central characters and class symmetric functions 269

the binomial coefficient ("**1~"), which is a polynomial in || of degree n — k.

But p, appears in c;\(m) only in the terms withr — 2n — h = |v| and k > £(v)
(see (5.26)), and these conditions yield

r—|v|
n—k<

— ().

If we examine the formula (5.44), the power sum symmetric function p, comes
from the product ]_[Z=1 cl-*k (px), selecting a p,w appearing in clf\k (px) in such a
way that (v, v® .. v®)is a composition from which v may be obtained
rearranging the parts in decreasing order. Therefore, (5.48) ensures that the
coefficients of p, is the sum of products of the form

A AL ) - AL ().

Assume that p, > 2. Since iy, iy, ..., i must satisfy the condition ZZ:I ip <
lp| 4+ €(p) (see (ii) in Lemma 5.3.9) from (5.49) we deduce that the coefficient
of p, is a polynomial in n of degree at most

i1+ Aip— O = [p@|—. . . —]p®)
2
_ ol +p) — v el — I

< > — L) = — T () — £(v)

—M)—e(®)—. .. — (™)

(because w=(o1—1,00—1,...,0,— 1), h =£(p) = £() and therefore
lul = Ipl + £(p)). This proves (i).

From (5.48) and (i) in Lemma 5.3.9 it also follows that p, appears in
]_[Z:1 cﬁ(pk) only whene =0andiy = o+ 1,k = 1,2, ..., h. Moreover, in
], its coefficients are

ICu(n)l PP 1

102 Ph = P |
[n]‘p‘ Zp nypmoi---Mg.

where = (1,22 ..., k™) and the first equality follows from (5.47). This
proves (ii).

Now we prove (iii). First note that from (5.48), (i) and (iv) in the present
theorem and Theorem 5.3.2 we get, for u = (r),

o =p.+ Y Qmp,. (5.50)

[v|<r—2

Then all the assertions in (iii) are an immediate consequence of (5.50) and
Corollary 5.4.6. Note that we get also an alternative proof of (ii). To prove
(iv), first note that from Lemma 3.6.10 and (vii) in Proposition 1.3.4 it follows
that x*(m)e(w) = x* (), for A +n, m € &,, and therefore (for the central
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characters) /, = (—1)|“|wﬁ/ which in terms of »’[C(3)] yields
o [CON] = (=DM [C(k)] (5.51)

because if 7 has reduced type u then clearly e(n) = (—1)"*! (7 may be written
as a product of u; + up + - - - + uy transpositions; this is the easy part of
Theorem 4.4.4). On the other hand, we have C(A") = —C() and clearly

PlCGNT = py[=CIT = (=D" p,[CL. (5.52)
Now write w/(f) in the following form:
o = Y Qp,+ Y Q).
[v]even |v|odd
If || is even, (5.51) and (5.52) force
> Q@ m)p[CG) =0 (5.53)
|v]odd

foralln > 1 and for all A I n. But we can express the right-hand side of (5.53)
as a shifted symmetric polynomial in A (see Remark 5.1.19 and recall that
n = do(A) = pj (1) is also a shifted symmetric polynomial). Then the principle
of analytic continuation ensures that ), = 0 when |v]| is odd.

The case || odd is similar and this ends the proof of (iv). d

Exercise 5.4.8 ([50], [7]) Show that if . is a sequence of partitions such that
AW g, A(l") < Ay/n and £(A™) < A/n for some positive constant A, then

wl(il)[c(k(n))] -0 (n\M|/2+L’(M)) .

Hint: first prove that p,[C(A)] = O(n'/**) and then use Theorem 5.4.7.

Exercise 5.4.9 ([50])
(i) Show that if x1, x5, ..., x, are the YJM elements then
Cu(n) = wg’)(xl,xz, ey Xp).
Hint: C,(n)x* = oP[CO)Ix* = oP(x1, X2, ..., x,)x™; see Proposition
4.4.12.

(i1) Recalling that ¢, is the k-th elementary symmetric function, show that
e = Z a)g”.
nkk

Hint: recall Theorem 4.4.18.
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From (ii) and (iii) in Theorem 5.4.7 we get the following expression for a)g’):
if w=(1",2", ..., k™) then

1

(n) _ v
@ = P T doQmpe+ > Qump,.
[v|=|u| < pul-2
H<aqV
5.4.3 Kerov-Vershik asymptotics
Now we go back to the normalized characters g2 Clearly, if o = (p, 1"71°!)

with p = (p1, P2, ..., 1), P = 2, and p = 6, then

gL e
%= e o [C()]
_ L= lph! — o ')!wjp[cm]
n.
PIP2 " i §2,(m) (5.54)
= B2 pICMT+ Yz, PulC ()]
[7])p) i=] lo|
H<qV
+ 3 zp Y piCOl
wi<lul—-2 ]""

From this expression, it is easy to deduce the following form of the celebrated
Kerov—Vershik asymptotic formula for the characters of G, [121]. It was redis-
covered by Wasserman [122], whose proof was reproduced in [39]. In [7]
these asymptotics are generalized and extended using methods from the free
probability theory.

Proposition 5.4.10 In the same hypothesis of (5.54), we have the asymptotic
formula

oy P1P2 -
= CM)I+0O
Xo [n]\p\ #[ i <|)~|)

where the constant in O (%) depends only on p.

Proof Clearly, we have

L)

<Y D 1 =il <= Al A = (A

i=1 j=I

and therefore

|pu[COV]| < AV, (5.55)
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From (i) in Theorem 5.4.7 and (5.55) we deduce the following asymptotic
estimate: for [v| < |u| (so that [v] < || — 2 by (iv) in Theorem 5.4.7):

Qv (n)
am

1
pv[C()t)]’ =0 (W) , (5.56)

where = — [ 51 4 £0) — 0) | + [l + €G] = [1v] + )] = L1
> 1. On the other hand, if |v| = |u|, v # i, by (iv) in Theorem 5.4.7 we
know that €2, does not depend on n and that u <, v, so that £(v) < &(u).
Therefore (5.55) gives

‘ Qv (n)
Tipl

[n

1
pU[C(A)]‘ =0 (W) , (5.57)

where y = [|u] + €(w)] — [|v] + £(v)] = €(n) — €(v) > 1. Using the estimate
(5.56) and (5.57) in (5.54), one gets the result. O
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Radon transforms, Specht modules and the
Littlewood—Richardson rule

The aim of this chapter is to introduce the reader to the combinatorics of
pairs of partitions, a powerful method discovered by James in his fundamental
paper [64], also described in his lecture notes [65]. In particular, this leads to
a proof of the Littlewood—Richardson rule (which gives the decomposition of
Indg:,mxem(sﬂ X S$*), where A - m and v - n — m).

The reader may limit himself to the first section devoted to the proof of
the Littlewood—Richardson rule. Other proofs of this deep result may be found
in the monographs by Sagan [108], Macdonald [83], James and Kerber [66],
Fulton [42] and in the references therein. The proof we present is surely not
the quickest (those in [66] and in [83] are slightly simpler); however, the
combinatorics that we develop is quite powerful and we shall use it in the
second section.

This chapter should be thought of as a sequel to Chapter 3, but the reader
may also consider another possibility. The present chapter indeed, does not
require the knowledge of the whole of Chapter 3: once Sections 3.1-3.3 and
Sections 3.6.1,3.6.2,3.6.4 and 3.7.1 (that is, the basic facts on Young modules)
have been read, the reader will possess all the necessary prerequisites to read
Sections 6.1.1-6.1.3, the whole of Section 6.2, and then he may go back to
Sections 3.7.2 and 3.7.3. After that, he may complete Section 6.1 up to the
Littlewood—Richardson rule. Our treatment of the Young rule by means of
Radon transforms, altough entirely based on James’ work, is also inspired by
Appendix C in Sternberg’s monograph [115] and by several indications in
Diaconis’ book [26]. However, the emphasis on orthogonal decompositions of
the Young modules and the connection with the Gelfand—-Tsetlin bases for the
G, -invariant vectors in M“, are new. We also point out that James’ original
motivation was to develop a characteristic-free approach to the representation
theory of G,,: he was interested in linear representations of G,, on vector spaces
over arbitrary fields (possibly with positive characteristic). On the other hand,

273
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his approach led to most interesting results and applications also for ordinary
representations (i.e. on vector spaces over the complex field C), as previously
indicated in the books by Diaconis and Sternberg cited above.

6.1 The combinatorics of pairs of partitions and the
Littlewood—Richardson rule

6.1.1 Words and lattice permutations

Letm be a positive integer. The elements of the alphabet {1, 2, . .., m} are called
letters. A word of length n over the alphabet {1, 2, ..., m} is a sequence w =
X1Xy - - - X, where each symbol x; is a letter in {1,2,...,m},i =1,2,...,n.
Suppose that x; = j € {1, 2, ..., m}. We then say that x; is a j-symbol in w.
The type of w is the m-tuple a = (a, az, ..., a,) where a; = [{1 <i <n:
x; = j}lfor j =1,2,...,m.Inother words, a; is the number of j-symbols in
the word w. Clearly, a; + a; + - - - + a,, = n, that is, a is a composition of n.

Definition 6.1.1 Let w = x;x; - - - x, be a word. A symbol in w is said to be
good or bad according to the following:

(i) Each 1-symbol is good.

(i1) The (j + 1)-symbol x; is good if in the subword x;x; - - - x;_; the number of
good j-symbols is strictly larger than the number of good (j + 1)-symbols;
otherwise it is bad.

Example 6.1.2 Consider the word w = 1221133223 of length 10 in the alpha-
bet {1, 2, 3}. In the table below we label each good (resp. bad) symbol with a

g (resp. b).

1 22113 3 2 23

g & b ¢ g g b g 8 &
Definition 6.1.3 Let w = xx; - - - x, be a word of length n over the alphabet
{1,2,...,m}. Let j € {2,...,m}. We say that w has the lattice permutation
property with respect to the letter j if, fori = 1,2, ..., n, the number of j’s in
the subword x1x; - - - x; is less than or equal to the number of j — 1’s therein. We

say that w is a lattice permutation (or a ballot sequence, or Yamamouchi word)
if it has the lattice permutation property with respect to all letters j =2, ..., m.

Example 6.1.4 Consider the word w; = 112323233124 of length 12 over the
alphabet {1, 2, 3, 4}. Then w; has the lattice permutation property with respect
to the letter 4 (but not with respect to 2 and 3). On the other hand, the word
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wy = 112123231124 has the lattice permutation property with respectto 2, 3, 4,
that is, it is a lattice permutation.

Lemma 6.1.5 Let w = x1x5 - - - x, be a word.

(1) If every j-symbol of w is good, then w has the lattice permutation property
with respect to the letter j.
(ii) w is a lattice permutation if and only if every symbol in w is good.

Proof (i) For every k < n denote by w; = xjx3 - - - x; the initial subword of
length k. Then we have
{(j — 1)-symbols in w;}| > [{good (j — 1)-symbols in wy}|
> |{good j-symbols in wy}|

= |{j-symbols in wy}|.

(ii) Suppose that w is a lattice permutation and let jy € {2, 3, ..., m}. Then,
if all j-symbols with j < j, — 1 are good, we have that all the jy-symbols are
also good by Definition 6.1.3. The converse follows from (i). O

Note that the word in Example 6.1.2 has the lattice permutation property
with respect to the letter 3, but the 3-symbol x7 is bad.

Definition 6.1.6 Let w = x;x; - - - x, be a word of length n over the alphabet
{1,2,...,m}. Let2 < j < m.

(i) Suppose that there existsi € {1,2,...,n}suchthatx;_; = j — landx; =
J; then we say that (the (j — 1)-symbol) x;_; is 1-step j-paired to (the j-
symbol) x; and, reciprocally, x; is 1-step j-paired to x;_;.

(ii) Suppose there exist 1 <i <k <n such that x;, = j — 1 and x; = j and
every (j — 1)-symbol x, with i < £ < k (resp. every j-symbol x;, with
i <h <k)is (& — £)-step (resp. h — h’-step) j-paired to some j-symbol
xp, where € < £/ < k (resp. to a (j — 1)-symbol x;,, where i < h’ < h).
Then we say that (the (j — 1)-symbol) x; is (k — i)-step j-paired to (the
Jj-symbol) x.

If a (j — 1)-symbol x; is (k —i)-step j-paired to a j-symbol x;, for some
1 <i <k < n, then we simply say that x; and x; are j-paired. A j-symbol x;
(resp. a (j — 1)-symbol x,) which is not j-paired is said to be j-unpaired.

Clearly, in order to determine which couples are j-paired, one must start by
looking for, in order, the 1-step, the 2-step pairings, and so on. It is also obvious
that the j-pairing is unique: if the (j — 1)-symbol x; is j-paired to a j-symbol
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Xi, then for each j-symbol (resp. (j — 1)-symbol) x;, with j < h < k, x; and
xp, (resp. x, and x;) cannot be j-paired.

There is a simple way to describe j-pairing in a word w. Replace each letter
j — 1 occuring in w by a left-hand bracket and each letter j by a right-hand
bracket. The resulting expression is a parenthesis system and the symbols are
paired following the usual rules for brackets.

Example 6.1.7 Consider the alphabet {1, 2, 3} and let j = 3. In the picture
below, we write a word over the alphabet {1, 2,3} and we label every 1-
symbol with the letter 1 and every 2-symbol (resp. every 3-symbol) with a
left-hand (resp. right-hand) bracket. In addition, paired brackets are in turn
labelled with the same letter in {a, b, ¢, d, e, f}, while unpaired brackets are
unlabelled.

1231322311 112 3 33
LGda D) GGw 1 1))@GE1elD1G)hlf)

Lemma 6.1.8 A word w is a lattice permutation with respect to a letter j > 2
if and only if each j-symbol is j-paired.

Proof The “if ” part is obvious. Conversely, suppose that w = x1x;--- X,
is a lattice permutation with respect to j. Suppose that x; = j for some
1 < k < n. Then the number of (j — 1)-symbols in the subword x;x, - - - xx—1
is strictly larger than the number of j-symbols therein. Consider the largest
position i <k — 1 of a (j — 1)-symbol which is not j-paired to a j-symbol
in X;41Xj42---Xxk—1. Note that in the subword x;y;x;42---xx—; every j-
symbol must be j-paired with a (j — 1)-symbol: otherwise, taking the least
i+1<t<k—1 such that x, = j and x, is not j-paired with a (j — 1)-
symbol in x;1x;42 - - - x,—1, then x, would be j-paired with x;. It follows that
the (j — 1)-symbol x; is j-paired to x;. This shows that every j-symbol is
Jj-paired to some (j — 1)-symbol. O

In terms of parentheses, a word as in Lemma 6.1.8 has an expression of the
form

Po(PL(Py(-- (P (P
where Py, Py, ..., Py are j-closed, possible empty, parenthesis systems.

Lemma 6.1.9 Let w = x1x;...x, be a word and denote by w; = x1x5 ... x;
the initial subword of length i for i = 1,2, ..., n. Suppose that in w every
j-symbol is good. Then,

|{j-paired (j — 1)-symbols in w;}| < |{good (j — 1)-symbols in w;}| (6.1)

foreveryi =1,2,...,n.
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Proof Suppose that x; ;| is a (j — 1)-symbol and that it is j-unpaired. Then,

|{j-paired (j — 1)-symbols in w;}| = |{j-symbols in w;}| 62)
< |{good (j — 1)-symbols in w;}|

where the equality follows from the fact that the (j — 1)-symbol x;,; is j-
unpaired (by (i) of Lemma 6.1.5 w is a lattice permutation with respect to
Jj, and by Lemma 6.1.8 every j-symbol is j-paired to a (j — 1)-symbol),
while the inequality follows from the fact that every j-symbol is good. Con-
sider the word w’ = x1x;...x,(j — 1) = w(j — 1) of length n + 1. Then,
the (j — 1)-symbol x,.; is clearly j-unpaired in w’ and the j-symbols
in w’ (which are the same of those in w) are still good therein. Apply-
ing (6.2) to w’ we obtain (6.1) for i =n. We can now prove (6.1) by
reverse induction, starting from i =n and proving it for i =n —1,n —
2,...,2,1. Suppose that (6.1) holds for i = k + 1 and let us prove it for
i = k. Suppose first that x;.; = j — 1. If this symbol is j-paired then
(6.1) trivially holds for i = k (indeed |{j-paired (j — 1)-symbols in w;}| =
|{j-paired (j — 1)-symbols in wy1}| — 1, while the number of good (j — 1)-
symbols present in w; may only decrease by at most one). If the (j — 1)-symbol
Xg+1 1S j-unpaired then (6.1) follows from (6.2). Finally, if x;4+; # j — 1, then
the (j — 1)-symbols in wy and in w4 are the same and induction applies. O

6.1.2 Pairs of partitions

In this section, we allow the parts of compositions and partitions to be equal to

zero. That is, we consider a compositiona = (a1, az, . . ., a;) of n as a sequence

of nonnegative integers such thata; + a; + - - - + a; = n. Similarly, a partition

A = (A1, A2, ..., Ap) of nis acomposition such that A; > A, > --- > A, > 0.

Also, 0 will denote the trivial partition (of 0).

Definition 6.1.10

(1) A pair of partitions for n is a couple (A, a), where a = (aj, az, ..., a,)isa
composition of n, A = (A1, Aa, ..., Ay)is a partition of k <nand A; < g;
fori=1,2,...,m.

(ii) If (A, a) is a pair of partitions for n, we denote by W(A, a) the set of all
words of type a in which the number of good j-symbols is at least A ; for
j=12,...,n.

Note that a partition A of length % can be seen as a partition of length m > h
by setting Ap11 = Appo = --- =Xy, = 0.

Remark 6.1.11
(i) W(O0, a) is just the set of all words of type a;
(i) W(A, A) is the set of all lattice permutations of type A;
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(i) if A; < a; and we set A = (aj, A, ..., Aw), then Wk, a) = W, a),
because every 1-symbol is good;

(iv) in every word w, the number of good j-symbols is greater than or equal
to the number of good (j + 1)-symbols. Therefore, in the definition of
W (X, a) it is not restrictive to suppose that A is a partition.

From now on, unless otherwise specified, we assume that A; = a; (see
Remark 6.1.11.(iii)). We also adopt the following graphical representation for
a pair of partitions (A, a). We draw a Young frame of shape a and we put a
o inside the first (from left to right) A; boxes in row j, for j =1,2,...,m.
For instance, the pair of partitions of 23 given by ((7, 3, 3, 1), (7, 5, 8, 3)) is
represented by the diagram in Figure 6.1.

Figure 6.1

We now define two operations A; and R; on the set of pairs of partitions
(A, a) that satisfy the following conditions: A;_; = a;_; and A; < a;. Roughly

speaking, A; “adds” 1 to A ;, while R; “raises” a; — A; boxes (without e) from
row j torow j — 1.

Definition 6.1.12 Let (A, a) be a pair of partitions and suppose that for an
index jonehasA;_; =a;_jand A; < a;.

(a) The pair of partitions A ;(A, a) is defined in the following way:
—if A;_; > A; then A;(A, a) = (u, a), where the partition u is given by
w = A1, Az, ...,)Lj_l,)nj + I,Kj_»,_l, e A,
—if )‘j—l = )‘j then Aj()\., a) = (0,0).
(b) R;(X, a)is the pair of partitions (A, b), where b = (ay, az, ..., aj_2,a;_1 +
aj—Aj,Aj,aji1,...,ay); if j =2 we also replace Aj(= a;) with A +
a; — )Lz.

Example 6.1.13 For instance,
A3((5,4,2,1),(5,4,4,2)) =((5,4,3,1),(5,4,4,2))
and

R3((5,4,2,1),(5,4,4,2)) =((5,4,2,1),(5,6,2,2)),
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as in Figure 6.2.

Figure 6.2

Also, A3((5,4,4,1),(5,4,5,2)) =(0,0) and R,((4), (4,3, 1)) = ((7), (7,0,
1)) (Figure 6.3).

oefe]e] Ry [e[elefefefe]e]

H [ ]

Figure 6.3

The following proposition is obvious (note that in the definition of R,
we replace A; with A; 4+ a; — A,, that is, under repeated applications of the
operators of type A and R, we always have | = ay).

Proposition 6.1.14 Let (1, a) be a pair of partitions for n. Consider a sequence
of operations

/
(r.a) > R - RY(h,a) - A;;...Aglef;--.Rf;()\,a) N
N R;:...R?]Aiﬂ...AﬁlRf;f...Rff(k’a)_)

where ki, ... ke, hy, ..., hg,t1,... 1., ... are positive integers. Then, even-
tually one reaches a pair of partitions of n of the form (i, W).

Example 6.1.15 We have the representations shown in Figure 6.4 and 6.5.

olefefe]e] olofefe]e] olefofe]e]e]e] o[e[o]efe]e]e]
olelele Rs  lelelelel |1 B2 [elelelel As TeleTele

Figure 6.4
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AN AN BN BN J ‘ 2 o 0|00 o ‘ o 0|00 o ‘ [ ] ‘
L AN BN BN J A3 o 0|0 O R2 R3R4 [ K RE BN ]
LN J L BN J L] [ AR BN BN J
L] L] L
Figure 6.5

Let (X, a) be a pair of partitions for n with A # a. We construct a rooted,
binary, oriented tree as follows. The root is (A, a). Choose a j such that one
may apply to (A, a) the operators A; and R; (it is always possible to apply

Aj, R; where j is the first index such that A;_; = a;_; and A; < a;). Then,
the first level of the tree is given in Figure 6.6.
(A a)
Aj(Asa) Rj(X;a)
Figure 6.6

Then, we apply the previous step to the pair of partitions A;(A, a) and
R;(X, a), and so on. When we get a pair of partitions of the form (y, 1), the
procedure at that vertex stops. Eventually, we end up with a tree whose terminal
vertices, called leaves, are of the form (u, ).

An example is given in Figure 6.7.

Example 6.1.16

rd W

A?:/ X%g A/ ng

" e

Figure 6.7
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Clearly, given (X, a), in most cases, we may construct more than one tree
(depending on the j we start at each step), but we shall prove (see Theorem
6.1.30) that the number of terminal vertices of the form (v, v) only depends on
(A, a) and v.

Proposition 6.1.17 Let (1, a) be a pair of partitions for n. Then there exist a
composition b = (by, by, . .., by) of n and a sequence of operations of type A
and R that lead from ((by), b) to (X, a).

Proof Leth = (A1, A2, ..., Am).Takeb = (a1, Ao, ...y Ay G2 — Aoy o ooy Ay —
An) (recall that a; = A;). Then we have

Al Al AR (@), b) = (A, b)

m—1 :

and

[(Rm+1Rm+2 o RZm—l)(Rm Rm+1 T R2m—2) e
~(R3R4 -+ Ry ), b) = (R, a).

O
Example 6.1.18 For (A, a) = ((5,2,2, 1), (5, 4, 4, 2)), see Figure 6.8.
...‘.‘.‘ ...‘.‘.‘
N Ay AZA2 [ofo (RsRoRr)(RyRs Ro)(Ry RyRs) [ a1
1 = 8

Figure 6.8

6.1.3 James’ combinatorial theorem

Let (A, a) be apair of partitions for n. Suppose thatA;_; = a;_jandA; < a; (so
that we may apply A; and R;). Consider a word w € W(A, a) \ W(A;(%, a)).
The number of (j — 1)-symbols in w is equal to A ;_; and all of them are good.
On the other hand, the number of j-symbols is equal to a;: A; of them are
good, the remaining a; — A; are bad.

Definition 6.1.19 For w € W(A,a)\ W(A (A, a)) we denote by ®(w) the
word obtained from w by replacing every bad j-symbol with a (j — 1)-symbol.

For instance, for (A,a) =((5,4,2,1),(5,4,4,2)) and j =3 (so that
Az(h,a) =((5,4,3,1),(5,4,4,2))) and w = 113214332314212 of length 15
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in the alphabet {1, 2, 3, 4} we have:
w=113214332314212

g8bggbgbgggssss (6.3)
we W, a)\ W(A3(A, a)) and
v=>P(w)=112214322314212 6.4)

g88888bggbgggesses
Lemma 6.1.20 ®(w) € W(R;(A, a)) forallw € W(X,a)\ W(A;(X, a)).

Proof Let w =x1x3---x, and ®(w)=y;y2---y,. As usual, for k=
1,2,...,n we set wy = x1x3---x; and O(w)y = y1y2--- yr. We first show
thatfori =1,2,...,n,

[{good (j — 1)-symbols in w;}| < [{good (j — 1)-symbols in ®(w);}|.
(6.5)

Clearly, (6.5) is trivial for j = 2 so that we may assume j > 3. We proceed
by induction on i. First note that the statement is trivial for i = 1 (for any
word v, x; is good if and only if x; = 1). Now we examine the worst case
in the passage from step i to step i + 1. Suppose that (6.5) is true and that
Xiy1 = j — 1 = y;i41, that x;4 is good but y;1; is bad. Since the number of
(j — 2)-symbols in w; and in ®(w); is the same (as the quality good/bad), this
implies that the inequality in (6.5) is strict: the left-hand side must be strictly
smaller than the number of good (j — 2)-symbols in w;, while the right-hand
side must be equal to such a quantity. Therefore, (6.5) also holds for w;,; and
®(w);+1. In all the other cases, the passage from step i to step i + 1 is trivial
and thus (6.5) is proved.

Set (A, b) := R;(A, a). Clearly, ®(w) is of type b. But (6.5) implies that
®(w) contains at least A;_; good (j — 1)-symbols and that all the j-symbols
in ®(w) are good (they are the same that were good in w). Another conse-
quence is that, for k > j, the quality of each k-symbol does not change in the
passage from w to ®(w) (this is trivial for k < j — 1). In conclusion, ®(w) €
W(R;(A, a)). O

The main result of this section consists in showing that the map w +— ®(w)
is indeed a bijection between W(A,a) \ W(A;(A, a)) and W(R;(A, a)). This
will be achieved by constructing an explicit inverse map.

Suppose that v € W(R (A, a)). Then the number of j-symbols in v is equal
to A;, and all of them are good. On the other hand, the number of (j — 1)-
symbols is equal to a; | +a; —X;, and at least A; 1 of them are good.
In particular, v is a lattice permutation with respect to j and therefore, by
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Lemma 6.1.8, each j-symbol in v is j-paired toa (j — 1)-symbol. If we replace
the (j — 1)-symbols and the j-symbols by left-hand brackets and right-hand
brackets, respectively (see Example 6.1.7) we get an expression of the form

Po(Py(Pa -+ (Pa;_+a;-21;—1(Paj_+a;-21; (6.6)

where, for k =0,1,...,a;_1 +a; —2X;, each P; is a closed parenthesis
system. Indeed, the j-unpaired (j — 1)-symbols are (a;—1 +a; — A;) — A; =
aj_l +aj — 2)\1 many.

Now, if v = ®(w) for some w € W(A, a) \ W(A;(A, a)), then necessarily
w is obtained from v by changing the firsta; — A; j-unpaired (j — 1)-symbols
into j-symbols. Otherwise, assuming that all the (j — 1)-symbols in w are good,
the number of good j-symbols in w would be greater than A ;. In other words,
in the expression (6.6), we must reverse the first a; — A; unpaired left-hand
brackets, which become unpaired right-hand brackets:

Po)P) Py -+ )Paj—3;(Paj—3;+1( - (Pa;_y4a;-2- (6.7)

Definition 6.1.21 Forv € W(R;(A, a)), we define W (v) as the word w obtained
by replacing back in (6.7) the left-hand brackets and right-hand brackets with
(j — 1)-symbols and the j-symbols, respectively.

For instance, if v is as in (6.4), then w = W(v) is as in (6.3). The most
difficult point is now to prove that W(v) € W(A,a) \ W(A;(A, a)). We need
another technical lemma.

Lemma 6.1.22 Let v = y1y,---y, € W(R;(A,a)) and w = x1x2 - - - X. Sup-
pose that w = V(v). Then, for all i such that x; | = j — 1 we have

{good (j — 2)-symbols in w;}| > |{(j — 1)-symbols in w;}|. (6.8)

Proof First of all, note that if x;; = j — 1 then also y;; = j — 1. We divide
the proof into two cases. In the first one we assume that v; contains the first
aj — Aj j-unpaired (j — 1)-symbols in v; compare with (6.6), (6.7) and the
definition of W (these j-unpaired (j — 1)-symbols in v become j-symbols in
w). In the second case, we assume that the (a; — A ;)th j-unpaired (j — 1)-
symbol in v occurs in position > i 4 1 (also note that the (j — 1)-symbol y;
cannot be one of the first (a; — A;) j-unpaired (j — 1)-symbols in v as these
become j-symbols in w).
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First case. Since v € W(R;(A, a)), it contains at most (a; +a;_; — A;) —
Aj—1 =a; — Aj bad (j — 1)-symbols. Therefore
[{good (j — 2)-symbols in w;}| = |[{good (j — 2)-symbols in v;}|
> [{(j — 1)-symbols in v;}| — (a; — A;)
= |{(j — 1)-symbols in w;}|
and (6.8) holds in this case.

Second case. Now, the (j — 1)-symbol y;;; is j-paired. Moreover, every j-
symbol in v is good and Lemma 6.1.9 applies:

[{(j — 1)-symbols in w;}| = |{j-paired (j — 1)-symbols in v;}|
(by Lemma 6.1.9) < |{good (j — 1)-symbols in v;}|
< |{good (j — 2)-symbols in v;}|
= |{good (j — 2)-symbols in w;}|,

where the first inequality is strict when the (j — 1)-symbol y;; is bad (apply
Lemma 6.1.9 to v;4), while the second inequality is strict when the (j — 1)-
symbol y;; is good. This proves (6.8) in the second case. O

Lemma 6.1.23 Letv € W(R;(A, a)). Then ¥(v) € W(A,a)\ W(A;(X, a)).

Proof From Lemma 6.1.22 it follows that every (j — 1)-symbol in W(v) is
good, while from the discussion preceding the definition of W (see also (6.6)
and (6.7)), it follows that W(v) contains exactly A ; good j-symbols. O

Summarizing we have:

Theorem 6.1.24 (James combinatorial theorem for words) Let (A, a) be a
pair of partitions for n. Suppose that .j_; = aj_; and A; < a;. Then the map

D WA, a)\ WA, a)) = W(R;(, a))
is a bijection and its inverse is V. In particular,
W, a)l = [W(A;(x, &) + [W(R;(A, a))l.

Proof In the discussion preceding Definition 6.1.21 we have shown that if
ve W(Rj(A,a)) and v = &(w) for some w € W(k,a)\ W(A;(A, a)), then
necessarily w = W(v). Then the theorem follows from Lemma 6.1.23. d

6.1.4 Littlewood—-Richardson tableaux

Let v be a partition of n and u be a partition of n — m such that u < v (cf.
Section 3.1). Let v/u be the corresponding skew diagram and 7" a skew tableau
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of shape v/ (cf. Section 3.5.1). We say that T is semistandard if the numbers
in T are strictly increasing from top to bottom along each column and weakly
increasing from left to right along each row. The weight of T is the composition
a =(ay,a,...,a), where a; denotes the number of boxes in T occupied by
the number i, for i = 1,2, ..., k. The word w(T) associated with T is the
sequence consisting of the numbers in the first row of 7 in reverse order
followed (on the right) by the numbers in the second row still in reverse order,
and so on. For instance, if T is as shown in Figure 6.9,

1[1]2]3]5]6]
T= T[1]2]3]3
12]4]4

Figure 6.9

then
w(T) = 6532113321442.

A box in T containing the number j is called a j-box. We say that a j-box
is good/bad if the corresponding j-symbol in w(7T) is good/bad. Similarly a
j/(j — 1)-box is j-paired (resp. j-unpaired) if the corresponding j/(j — 1)-
symbol in w(T) is j-paired (resp. j-unpaired).

Definition 6.1.25 Let (A, a) be a pair of partitions for m, u a partition of n — m
and v a partition of n such that u < v, 1 <m <n.

(1) A Littlewood—Richardson tableau of shape v/u and type (A, a) is a
semistandard tableau T of shape v/u and weight a such that w(T) belongs to
WA, a). If a = A, we say that T is of type A.

(2) We denote by C; , , the set of all Littlewood—Richardson tableaux of
shape v/u and type (A, a). If A = a we simply write C; .

(3) We denote by c(; , , (tesp. ¢; ) the cardinality of Cj; ) , (resp. C; ).

Now, we present some results on the numbers c(; , o These are the
cardinalities of the semistandard tableaux of shape v, weight a such that
w(T) € W(A, a). We use the notation and some results from Section 3.6.1
and Section 3.7.1.

Lemma 6.1.26 Let (A, a) be a pair of partitions for m, with A = (A1, Ao, ...,
.o os M), = 0 (in particular, n = m) and v a partition of n.

Q) If A =0, then CFO,a),O = |STab(v, a)| is the number of semistandard
tableaux of shape v and weight a; in the notation of Corollary 3.7.11
(and of Corollary 6.2.21), c( ;0 = K(v, a).
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(i) Ifv # a, then ¢y , o = 0.

(iii) ¢; o = d8y.5. Moreover, the unique T € Ci‘,o is the tableau with all the j’s
intherow j =1,2,...,k.

@v) If A m and a = (A, n — m) we have

) |1 ifv/kistotally disconnected
o (n—m)),0 =

0 otherwise.
Proof (i) It follows immediately from the definition of C:O,a),O'

(ii) It is an easy consequence of Lemma 3.7.3.

(iii) Suppose that 7' € C i,0~ Since T is semistandard, a number j can only
appear on a row i with i < j (along the columns, the numbers are strictly
increasing). Suppose that some j appears in a row { with i < j, and suppose
that j is minimal number satisfying this condition. Then in the rows i’, with
i’ < i there is no j — 1, by minimality. Also in row i there is no j — 1 on the
right of j (since T is semistandard, so that, along the rows, the numbers are
weakly increasing). Then in w(7T') the corresponding j-symbol is bad, and this is
a contradiction. Therefore all the j’s must appear inrow j,for j = 1,2, ..., k.
In particular, C; = # for v # A and C} , only contains the tableau with all the
j’sinrow j,sothatc} = 1.

(V) If T € C; (5 1—my.0- then the boxes containing the number k + 1 form
a totally disconnected skew shape (recall that, since T is semistandard, along
the columns the numbers are stricly increasing). Such a skew shape is of the
form v/u for some partition . Deleting the boxes containing the (k 4 1)’s, we
remain with a semistandard tableau S of shape u such that w(S) € W(x, 1).
From (iii) we deduce that & = p and that S is the unique tableau in C;,o- d

Remark 6.1.27 Note that (iv) in the previous lemma may be also expressed
in the following form: C&,(A,nfm)),o = cfnfm)’ ;- Compare this with Pieri’s rule
(Corollary 3.5.14).

Let (A, a) be a pair of partitions for m and suppose that A; < ajand A;_; =
aj— so that we may apply R; and A;. For T € C(; ), \ C/lif(,\,a),u we denote
by CT)(T) the tableau obtained by replacing the number j in each bad j-box, by
the number j — 1. Similarly, for § € Clvef(,\,a),u we denote by \TJ(S) the tableau
obtained by replacing the numbers j — linthe firsta; — A; j-unpaired (j — 1)-
boxes, by the number j. In particular we have

w(S(T)) = d(w(T)) and  w(T(S)) = W(w(S)).

The following is the Littlewood—Richardson tableaux version of James com-
binatorial theorem for words (Theorem 6.1.24).
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Theorem 6.1.28 (James combinatorial theorem for Littlewood—
Richardson tableaux) The map

®: Chau \ Chnarn = Chyarn
is a bijection and its inverse is 0.
Proof By virtue of Theorem 6.1.24, we only need to prove that
T is semistandard if and only if 5(T) is semistandard (6.9)

(note that, 5(T) may be defined even if T is not semistandard).

Suppose that T is semistandard. Then all j-symbols in a row of T appear
consecutively in a single block. Moreover, this block is divided into two sub-
blocks: the left-one (possibly empty) formed by the bad j-symbols and the
right-one (possibly empty) formed by the good j-symbols. This shows that the
rows of &(T) are weakly increasing. Let us show that the columns are stricly
increasing.

We prove it by contradiction. Note that the only situation that may produce
a column in ®(7") which is not strictly increasing is the following: there exists
a bad j-box (which therefore becomes a (j — 1)-box in 5(T)), denoted by X,
with a (j — 1)-box, denoted by Y, immediately above. Denote by s > O the
number of j-boxes on the right of X. Since 7 is semistandard, there are at least
other s (j — 1)-boxes on the right of Y.

Therefore we should find this situation:

s+1

.
\
[t

& o [ald -
PR Py P Y

where the &’s indicate numbers smaller than j and the #’s numbers greater
than j. Therefore the word w(T') looks like

s+ 1 s+1
=D =Dk WG (6.10)

Now, all the (j — 1)-symbols in w(T") are good. But, on the right of a
sequence of at least s + 1 consecutive good (j — 1)-symbols, the next s + 1
Jj-symbols are all good as well. Therefore, the j-box X should be good, con-
tradicting our assumptions. We have shown the “only if” part of (6.9).
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Suppose now that T is a tableau such that w(T) € W(x, a) \ W(A;(X, a))
and that ®(T) is semistandard. If a row of T is not weakly increasing, then
it necessarily contains a bad j-box immediately followed by a (j — 1)-box.
But this is impossible because in w(7') all (j — 1)-symbols are good and we
would be in the same situation of (6.10) (with s = 0 and without the subword
& -8B -- @) Thus, the j-symbol is necessarily good. This shows that the
rows are weakly increasing.

Suppose now that a column in 7' is not strictly increasing. Again, this column
necessarily contains a good j-box, call it X, with immediately above a bad j-
box, call it Y. Let s denote the number of (j — 1)-boxes on the left of Y. As X
is good we necessarily have s > 1. We claim that each (j — 1)-box on the left
of Y has a good j-box immediately below. Indeed, X is a j-box also in d(T)
(recall that X is good in T') and 5(T) is semistandard.

Therefore we find the following situation:

S

Y

y—1 J

] A ]

X

and the word w(T') looks like:
S S
b g g g g g

where each * is a symbol different from j — 1. This clearly contradicts the
definition of a good/bad symbol (we have a bad j-symbol followed by exactly
s good (j — 1)-symbols and at least s 4 1 other good j-symbols). Therefore,
the columns of T are strictly increasing and this ends the proof. O

Corollary 6.1.29 We have

v v v
Conarn = Ca;0na.m T CR Gua) e

Theorem 6.1.30 (James combinatorial theorem for pair of partitions) Let
(A, a) be a pair of partitions for n. Then in any tree with root (A, a) as in
Example 6.1.16, the number of leaves of the form (v, v) is equal to Ca,a),o

Proof The proof is by induction on the number of the level of the tree. If the
tree has just two levels, then we must have a situation as in Figure 6.10,
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(A v)
2N
(v,v) (0,0)
Figure 6.10

where v and 6 are partitions of n with v = (v, vo, v3,...), A = (v, vy —
1,vs,...)and 0 = (v; + 1, v, — 1, v3, ...). From Corollary 6.1.29 and Lemma
6.1.26.(iii),

Como =CrotCho=1+0=1
while similarly, again from Lemma 6.1.26.(iii),
o0 9 2]
Como =ChotCoo=0+1=1
Therefore the statement holds if the tree has exactly two levels. The general

case is easily obtained by induction using again Corollary 6.1.29. O

Note that we may rewrite Theorem 6.1.24 in the following form. There is
a natural bijection between W(A, a) and W(A;(A, a)) [ [ W(R; (%, a)), given
by @ and the inclusion W(A (A, a)) € W(A, a). This means that in the tree in
Figure 6.11 (compare with Example 6.1.16), there is a natural bijection between
the first and the second level. We may then iterate this procedure, for instance
like in Figure 6.6, and we associate a tree as in Figure 6.11.

((4.2,0),(4,3,1))
%/////// ‘\\\\\\\\&
7((4,3,0),(4,3,1)) ((5,2,0),
((4,3,1),(4,3,1)) 7((4,3),(4,4))
),(4,4)) W (( ),(5,3)) W (

Figure 6.11
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The following corollary collects the resuts from Proposition 6.1.14, Theorem
6.1.24, Theorem 6.1.30 and the construction in Figure 6.11.

Corollary 6.1.31 (James combinatorial theorem for words II) Ler (), a) be
a pair of partitions for n. Construct a binary tree as in Figure 6.11. Then, the
tree establishes a natural bijection

W a) = | [ et aoW. v,

vbn
where c{, ,, oW (v, v) stands for c{, ,, o disjoint copies of W (v, v).
Exercise 6.1.32 (1) State and discuss the tree-like version of Theorem 6.1.28.

(2) Prove that if (A, a) is a pair of partitions for m, u =n —m and v - n,
then

v _ n v
Conapn = § :C(A,a»ocn,u'
nEm

6.1.5 The Littlewood—Richardson rule

Let C(S,,) be the vector space of central functions defined on &,,. We set

A=,

n=0

where C(6&y) = C.

For two partitions A - 7 and u - m, we denote by x* and x* the characters
of §* and S*, respectively. We define the product x* o x* as the character of
the G, ., -representation

Indg' s (S* B &),

Then, we can extend the operation o to the whole A: for ¢ = >, a; x*
and ¢ =3, bux", ay, by, € C, we set

poy = Z Zaxbux* ox" € C(Grym).

AeropbEm

This is well defined because the characters form a basis for 4. This way, .4
becomes a commutative graded algebra. Indeed, A is an algebra and

¢ € C(Gr) and W € C(Gm) = ¢ © W € C(6r+m)~
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For instance, for a composition a = (ay, a, . . ., a;,), denoting by ¢ the char-
acter of M?, then we have

wa — w(al) o 1p(az) 0.0 w(ah) = X(al) o X(az) 0.0 X(ah)_

Let (A, a) be a pair of partitions for a positive integer m. We associate with
(A, a) the linear map

O*D. 4 > A
defined by setting, for u - n —m (with n > m),

@(A,a)(XV-) — Z CE})L,a),HXU-

vkn

We simply write ©* instead of ®*», We now present some basic properties
of the operators @%*®,

Lemma 6.1.33

(i) For any composition a = (a1, aa, . . ., ap) we have
000 — 0@ O.@) .. gO.@).

(i) @OO(x0) = Y4 = Y@ o @) o ... o ylan;
(iii) for any partition A we have

@A(X()) — X)\;
(iv) let (X, a) be a pair of partitions with A; < aj and Aj_| = a;_,, then

®()\,,a) — @Aj()»,u) + ®Rj(k,a),

(v) for any partition A = n we have:

©" =Y H@®n,»e"",
nkn:
n>a

where (H(n, A)) is the inverse matrix of (K(n, 1)) (see Corollary 3.7.13).

Proof First of all, note that a tableau T € Cp, ,, , may be constructed with
the following procedure (compare with Section 3.7.2). We start by adding
to the diagram of A a; boxes containing 1 in such a way that no two 1’s are
on the same column and the resulting diagram has the shape of a partition v
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with 4 < v™¥ < v. We then continue by adding a, boxes containing 2, a3 boxes
containing 3, and so on. We then get a sequence of paritions

)\' < U(l) < V(z) < ... =< U(h_l) < .

This means that

v _ MG @ v
C0.a)0. = 2 : €(0,a1).1.€(0,a2),v0 """ €(0,a,),v0- 1+
A=< <p@D<...<pthi=hH <y

It follows that @0 (x*) = @@ @O.@-1)) ... @0.))(x4) Since Lemma
3.7.1 also holds for skew shape tableaux, we get

®0a — @0O.@a-1,..a)) — g0a)gOa) gOa)

(i1) This is just a reformulation of the Young rule (Corollary 3.7.11; see also
Corollary 6.2.21): from Lemma 6.1.26.(1) we have

O = chwox’ =Y Kw.a)x" =y

vkn vkn:
vP>a
(iii) This is an immediate consequence of Lemma 6.1.26.(iii).
(iv) This follows easily from Corollary 6.1.29.

Finally, from (iv), Theorem 6.1.30 and Lemma 6.1.26.(i), we deduce that,
forn - n,

©0" =3 K(. e’

Abn:
by

and therefore (v) follows from Corollary 3.7.13. O

We are now in position to state and prove the main result of the whole
chapter.

Theorem 6.1.34 (James’ proof of the Littlewood—Richardson rule) Ler X
be a partition of n and wu a partition of n — m. Then

O (x") = x" o x™.
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Proof We have

O (x") =
(by Lemma 6.1.33.(iii)) = ©*0"(x")

(by Lemma 6.1.33.(v)) = Z Hn, MWH(®, n)@0neO(y0)

n,v
(by Lemma 6.1.33.(1)) = Y  H(y, WH (v, ))@*M@@n ... g0m.
n,v
L ONEO.02) L @O0, 0)
(by Lemma 6.1.33.(1),(ii)) = >~ H(p. WH, m)y ™ o ) o+ 0y

n,v

° 1p(vl) o 1/,(vz) 0.0 I//(Vk)

_ (Z H(, mw) o <Z H(, u)w“)
n v

(by Corollary 3.7.14) = x* o x*. O

Corollary 6.1.35 (The Littlewood—Richardon rule) Let A F-m, un—m
and v & n be three partitions.

(1) The multiplicity of S in Indgl”n S, [S* X S#] is equal to C;.. o namely the

number of skew tableaux of shape v/u, weight X such that the associated
word is a lattice permutation.

(i) The multiplicity of S* X S* in Resgl s, 3" isequal to c; .

6.2 Radon transforms, Specht modules and orthogonal
decompositions of Young modules

6.2.1 Generalized Specht modules

We begin with an alternative description of the Young modules (see Section
3.6.2). Leta = (ay, ay, ..., ay) be a composition of n. A (bijective) tableau of
shape a is a bijective filling of the Young frame of shape a with the numbers
1,2,...,n. A tableau of shape (3, 5, 2) is shown in Figure 6.12.

3[1]5
7/814]6]2]
10[9

Figure 6.12
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If T is atableau of shape a and w € G,,, then 7 T is the tableau obtained from
T by replacing j with w(j), j = 1,2, ..., n. The row stabilizer Ry of T is the
subgroup consisting of all permutations of w € &,, that globally fix the rows of
T.In other words, m € Ry if and only if T and = T have the same numbers on
rowi,i = 1,2,..., h. Similarly, the column stabilizer Cr of T is the subgroup
consisting of all permutations of 7 € G, that globally fix the columns of
T.Clearly, Rt = 6, x G4y X -+ X Gy, and Cr = Gp, X Gp, X - -+ x Gp,,
where b; is the number of boxes in the ith columnof T',i =1, 2, ..., k, where
k = max{ay, a; ..., ay}. For instance, for the tableau in Figure 6.12 we have

Rr =635 X 6246738 X G109y = 63 x 65 x 6,
and
Cr = 637,100 X G189 X Spa5) X Spg3 X Gp) = 63 x 63 x G,

where G 4 denotes the symmetric group on the set A.

We now define an equivalence relation on the set of all tableaux of shape
a. Given two such tableaux 7} and 7», we say that they are row-equivalent if
there exists w € Ry, such that 7, = 7w T;. Thus, 7} and T, are row-equivalent
if and only if they have the same numbers in the ith row, fori = 1,2, ..., h.
Note that 77 and 7, are row-equivalent if and only if Ry, = Ry,.

The row-equivalence class of the tableau T is called a rabloid of shape a
and is denoted by {T'}. In other words, a tabloid is just a tableau with unordered
row entries and we shall represent it as a tableau without vertical lines. For
instance, the tabloid in Figure 6.13 corresponds to the tableau of Figure 6.12.

Oy | Ot
N
oo

\]
B~
D
DO
11l
O | =
=W

Figure 6.13

Clearly, the set of all tabloids of shape a is the same thing as the space
Q, of all compositions of {1, 2, ..., n} of type a, introduced in Section 3.6.2:
the tabloid {7’} corresponds to the composition (A, A, ..., Ay) where A; are
the numbers on the ith row of {T'}. For instance, the tabloid in Figure 6.13
corresponds to the composition ({1, 3, 5}, {2, 4, 6,7, 8}, {9, 10}). In view of
this identification, we shall denote by €2, the set of all tabloids of shape a.
Clearly, Q, = 6, /(6,, x &4, X -+ x G,,). This way, the Young module M
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may be identified with the set of all formal linear combinations of tabloids:

M@ =1 3" FATWTY: f € L() (6.11)

{T}eQq

with the action of G,, given by:

| > rarniry] = Y fATHRT)

{T}e, {T}eQ,

= > @ HATHIT)

{T}eQ,

(where, clearly, (7 f)({T}) = f(rr’l{T})) forallmr € G,,.

Now suppose that (1, a) is a pair of partitions forn, withA = (A1, X2, ..., Ap)
and a = (aj, az, ..., ay). Let T be a tableau of shape a. We shall circle the
numbers contained in those boxes of the diagram of A. Figures 6.14 and 6.15
shown an example with T as given

1]5
41716]2]8]
10[9

Figure 6.14

T:

and (A, a) =((3,2,0), 3,5, 2)).

900
@@ 6 2 8

10 | 9

Figure 6.15

Definition 6.2.1 (1) Let (A, a) be a pair of partitions for n and let 7' be a tableau
of shape a. The generalized polytaboid of type (A, a) associated with T is the
element in M¢ (cf. (6.11))

Ep® =Y "e(m){nT),

g
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where the sum is over all 7 € C7 such that 7 fixes all numbers outside the
diagram of A (that is, 7 only moves the circled numbers).

(2) Denote by §*“ the subspace of M“ spanned by all generalized poly-
tabloids E;’”, with T varying in the set of all tableaux of shape a. The space
S§*4 is called the generalized Specht module of type (A, a). If a = A, S** is
called a Specht module.

Note that, in particular, $%¢ = M“ and S*° = {0}.

Example 6.2.2 With 7 and (A, a) as in Figure 5.1 and 5.2, respectively, we
have that E(T3’2’0)’(3’5’2) is equal to the polytabloid in Figure 6.16.

1 3 5 3 4 5
246 7 8 - 1 2 6 7 8
9 10 9 10
1 37 3 47
- 2 45 6 8 + 1 2 5 6 8
9 10 9 10
Figure 6.16

Example 6.2.3 The space S”~1:D:0=L.D i5 spanned by the generalized poly-
tabloids of the form shown in Figure 6.17.

h 31 d2 - Jn—2  _ kg1 Jo 0 Jn—2
k h

Figure 6.17
where {h, k, ji, jo, ..., ju—a} = {1,2,...,n}. SO=LD:@=LD g the subspace
of M L1 = L(6,/6,_1) (notethat G,,/S,,_; = {1, 2, ..., n}) spanned by all
the differences &y — 8, with h, k € {1, 2, ..., n}. Using the result in Example
1.4.5 (see also Example 1.4.10), it is easy to see that S©#~1:D-(=1L.D = gn—=1.1
as &,-representations. This is not incidental: we will show that $** = §* for
every partition A.

Exercise 6.2.4 Show that S©~21-("=2.2) jg the subspace of M"~>2 spanned by
all differences of the form

ik, jy — Sn,jy

where h, k, j are distinct numbers in {1, 2, ..., n}.
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Also show that §@—21-(=2.2) == gn—L1 gy gn=2.2 35 G _representation.

Hint. Use Example 1.4.10.

In the definition of $*+¢, it is not restrictive to suppose that A; = a;. Indeed,
the numbers in the last A; — A, boxes of the first row of an a-tableau T remain
fixed in the construction of E;“.

We now introduce an algorithm that associates, with each word w =
X1Xx3 - - - X, of length n and type a, a bijective tableau T,, of shape a.

Definition 6.2.5 Consider a word w = x;x; - - - x, of length n and type a.
Starting with x;, and then proceeding in order with x, x3, ..., x,,, we define a
tableau T,, as follows:

e if x; = j and x; is good, we put i in the first unoccupied box of the jth row;
e if x; = j and x; is bad, we put i in the last unoccupied box of the jth row.

For instance, with the sequence

1221133223
g8bggegbggs

the associated tableau T, is the following

1]4]5
819/3]
6107

[\

Lemma 6.2.6 The correspondence

W(@,a) >
w > {Tu},

that associates with each word w € W(0, a) the tabloid {T,} containing T,, is
a bijection.

Proof The word w = x1x; - - - x,, is associated with the tabloid that has i in row
x; foralli =1,2,...,n. O

Suppose w € W(A, a). Then the part of T, consisting of the boxes of A is
standard.

We now introduce an order on the set 2, of all a-tabloids. If {T1}, {T2} €
Q, and {T1} # {T>} we write {T1} < {T»} if ip :=max{i € {1,2,...,n}:1
occupies different rows in 7 and 73} is in a row of {77} which is higher than
the corresponding row of {7,}. This is a total order.
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For instance, the total order in (2 2 is shown in Figure 6.18.

34 24 14 23 13 12

B < — < — < — < — < —

12 13 23 14 24 34
Figure 6.18

Lemma 6.2.7 The vectors E;a w € W(X, a), are linearly independent in S*°.

Proof We first introduce a numbering wy, wo, ..., w, (h = |W(A, a)|) of the
words in W(A, a) such that

{Twl} < {ng} << {Twh}

with respect to the total order on €2,.

We observe that if w € W(A, a) then {T,,} is the gratest tabloid appearing
in the sum that defines E;ﬂ” Indeed, T, is standard inside A and therefore
if w € Cy, does not move the numbers outside the diagram of X, then the
following holds: if i is the largest number moved by m then it is in a row of
7 (T,) which is higher than the corresponding row of 7. This means that, for
k=h,h—1,...,2,the vector E ;‘: is not a linear combination of the vectors
Er’ Egt, ... Er? . O

Recalling Definition 6.1.12 we have:
Lemma 6.2.8 The inclusion S4i*® < §ha always holds.

Proof This is obvious if A;(A, a) = (0,0). If A;(X, a) is not trivial and T is a
tableau of shape a, we have
Ep Y =3 e0)0Ep”,
0e®
where © is a set of representatives for the cosets of the subgroup of Cr which
fixes the numbers outside the diagram of X in the subgroup of Cr which fixes
the numbers outside the diagram of u, if A;(A, a) = (u, a). d

6.2.2 A family of Radon transforms

Definition 6.2.9 Let a = (a;,a,...,a,) be a composition of n. Given
Jj€{1,2,...,m} suppose that a; > 0 and consider the composition b =
(ai,ay, ..., ajo,aj_1+a; —v,v,a541, ..., a,), where 0 <v < aij. We

define an intertwining operator

Rj,v MY — Mb
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by setting, for all {T'} € Q,,
Rio(T) =) (8)
where the sum is over all {S} € €2, such that

e the jth row of {S} is a v-subset of the jth row of {T};
e fork £ j, j — 1, the kth row of {S} coincides with kth row of {T'}.

In other words, R; ,{T'} is the sum of all tabloids obtained by raising a; — v
numbers from the jth to the (j — 1)st row of {T'}.

Exercise 6.2.10 Show that R, is a Radon transform in the sense of Section
3.6.4 and write down the corresponding matrix in M, p.

Example 6.2.11 Let a =4,4), j=2, v=2, so that b=(6,2). If
(T} € M“¥ is as given in Figure 6.19,

{T} _ 1357
2468

Figure 6.19

then we have R, »{T} as shown in Figure 6.20.

135724 135726 135728
Reail} = 53 TS 46
n 135746 n 135748 n 135768
28 26 24
Figure 6.20

The key lemma is the following.

Lemma 6.2.12 Let (A, a) be a pair of partitions for n. Suppose that \;_| =
aj_yand Aj < aj. Then

r,a _ ¢R;(}a)
Rj,AjS =S
and

Aj(ha) _
Rj,AjS i =,
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Proof Let T be an a-tableau and let E;’“ be the associated generalized poly-
tabloid. Since R ; ;; commutes with the action of &,,, we have:

Rja Er® = Rjs, ) e(0)n{T)
=Y e(maR,AT),

where, as usual, the sum is over all w € Cr that fix all the numbers outside the
diagram of A. But

(6.12)

R ATy ={T1} + ) _(S}) (6.13)

where T; is obtained by moving from the jth to the (j — 1)st row all the
numbers outside the diagram of A (that is, the numbers in the boxes A; +
I,A; +2,...,a;inthe jthrow of T) and the sum runs over all other tabloids
appearing in the definition of R, {T'}. This means that, in the notation of
(6.12),

> em (1) = Er . (6.14)
On the other hand, for every {S} in (6.13), there exists a number inside the
diagram of A, say the number x, that has been moved to the (j — 1)st row. If
y is the number immediately above x in T, then the transposition 7 := (x —
y — x) appears in the sum ) ()7 of (6.12) and, clearly, 7;{S} = {S}.
Therefore,

Y ey (s) = % [Z e(m) (S} + Ze(nm)nm{S}]
— % [>eeomisy =3 emis] 6.15)
— 0.
In conclusion, from (6.12), (6.13), (6.14) and (6.15) we deduce that
Ry ERT = ERO

and therefore
Rj,ij)"a = skt

Arguing as in (6.15), it is easy to prove that also R ; S4i%4) = (. Indeed,
if Aj(A, a) = (u, a), there is always an x inside the diagram of u that is moved
by R; ., to the (j — 1)st row. O

We are now in position to prove the fundamental result of this section. Its
proof is based on the deep combinatorial results in Section 6.1.3.
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Theorem 6.2.13
(i) We have

dimS** = |W(k, a)| (6.16)

and the basis for S*° is given by the set {E
6.2.7.
(ii) In the notation of Lemma 6.2.12 we have:

A,a

7, ‘WE W, a)} in Lemma

st N KerR;;, = §A k),

Proof First of all, note that (6.16) holds when A = 0: this is an obvious con-
sequence of Lemma 6.2.6 (now E (}u" = {T,}, so that the same lemma ensures
that the set {ng :w € W(0, a)} is a basis of $%¢ = M“). We can now prove
(1) by induction, starting from the pair of partitions (0, b) as the base and using
Proposition 6.1.17. The inductive step consists in showing that if (i) holds true
for $*4, then it also holds for S®i*-® and §4i*.®,
Now, if dimS*“ = |[W(X, a)|, then
IW(A, a)| = dimS**
(by Lemma 6.2.12) > dimS®*@ 4 dim§4/*@
(by Lemma 6.2.7) > |[W(R;(X, a))| + |W(A;(X, a))
(by Theorem 6.1.24) = |W(A, a)|

and therefore each inequality above is necessarily an equality. In particular, the
inductive step follows:

dimS® ™9 = |W(R;(%, )|
and
dimSA*® — [W(A;(X, a))l.

Finally, note that the equality dim$S*¢ = dimS®®*4 4+ dim§4/*9, coupled
with Lemma 6.2.12, gives (ii). O

We now recall an elementary fact of linear algebra. Let V and W be two com-
plex vector spaces with Hermitian scalar products (-, -)y and (-, -)y, respec-
tively. Let T : V — W be a linear operator and denote by 7" : W — V its
adjoint. Then

V = KerT @ RanT*,

where RanT* = {T*w : w € W} and the sum is orthogonal.



302 The Littlewood—Richardson rule

Indeed,

veKerT & (Tv,w)y =0 forallw e W
& (v, T*w)y =0 forallw e W
& v e (RanTH)*t.

Moreover, from the analogous decomposition W = Ker7* @ RanT it follows
that T is surjective if and only if 7™ is injective.

Note also thatif V; < Vand TV, = W; < W, in general we have (T'|y,)* #
T*|w,.Indeed, take V. = W = C?, T(z1,22) = (22,21 + 22), Vi = {(z,0) : z €
Cland W; ={(0,2):z€ C}. Then TV, = W, T = T*but T*W; # V.

From these considerations applied to the restriction of R to St and
from Theorem 6.2.13, we immediately deduce the following:

Corollary 6.2.14 We have the isomorphism (of &, -representations)

gha 2 gRj(.a) @ §Ai*a) (6.17)
with orthogonal direct sum.
Moreover,
§Ai(ha) ~ Kar (Rj’)\j |SM)
and

SRi%.a) ~ Rap [('Rj,/\, |S“‘)*] :

Remark 6.2.15 In the notation of Definition 6.2.9, the adjoint Rj’v of R,
has the following simple expression: for each {S} € €,

R Sy =) (T}
where the sum runs over all {T'} € 2, such that:

e the jth row of {S} is a v-subset of the jth row of {T'};
e fork # j — 1, j, the kth row of {S} coincides with the kth row of {T'}.

Indeed, with this definition we clearly have
<R>;,U{S}’ {T}>M“ = <{S}, R],U{T}>Mb

However, in general, (RM/ |SkAa)* is not the restriction ofR;f A to SRi*.a),
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6.2.3 Decomposition theorems

In this section, we collect several fundamental decomposition theorems that
are consequences of Theorem 6.2.13 and Corollary 6.2.14. We begin with the
decomposition of an arbitrary generalized Specht module.

Theorem 6.2.16 Let (A, a) be a pair of partitions for n. We have
S)»,a ~ @C(\}A,a),osv,v
vkn
where ¢, ) o is the number of all Littlewood-Richardson tableaux of shape v

and type (A, a) (see Definition 6.1.25).

Proof This follows from repeated applications of Corollary 6.2.14, taking into
account Theorem 6.1.30. O

Lemma 6.2.17 Let A = (Aq, Aa, ..., ) = m, n > m, and denote by S"~™
the trivial representation of G,,_,,. Then

Indg" o [$* & ST = ghCunmm, (6.18)

m

where (A, n —m) = (A, Ay, ..., A, n —m).

Proof For each A € Q,, ,_» (s0 that A is an (n — m)-subset of {1, 2, ..., n}),
let [S**7=m], denote the subspace spanned by all generalized polytabloids
E}®"™™ such that the last row of T is occupied by the numbers in A. Then,
clearly,

[S)»,()u,n—m)]A >~ S)»,)\ & S(n,n—m)

with respect to the action of the stabilizer G,, x &,,_,, of the (n — m)-subset
A. Moreover,

§hGn=m) _ @ [§h*xn=m)],
A€ n-m

and this proves (6.18) (cf. Lemma 1.6.2). O

Corollary 6.2.18 (Pieri’s rule) Let A = m, n > m and denote by S"™™ the
trivial representation of S, _,,. Then

S, s (n—m)] _ >
IndGmXGu_m [S bg s ] - @crn—m),ksv '

vkn

where c(”nfm)’A is as in Definition 6.1.25 (and in Lemma 6.1.26.(iv)).
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Proof Since

g Gn—m) ~ @Ca’wn_m»’oS”'“ (Theorem 6.2.16)

vkn

=Pl msS"" (Remark 6.1.27)

vkn

from Lemma 6.2.17 the corollary follows. d
As a particular case, we get:
Corollary 6.2.19 (Branching rule) IfA - n — 1 then

Indg" o [S"RsV] =P s".
vkn

VA
Corollary 6.2.20 (Specht modules) Forn > 1 and every A F n,
ghih o gh
as S, -representations.

Proof This follows from Corollary 3.3.12 and Corollary 6.2.19. O

In particular, we may now rewrite the decomposition in Theorem 6.2.16 as
follows:

§4 = @B el a0

vkn

Also, clearly, Corollary 6.2.18 coincides with Pieri’s rule (cf. Corollary 3.5.14).
Corollary 6.2.21 (Young’s rule) For any composition a of n we have

M = @ K\, a)S*

Ab-n:
r>a

where K(A,a) is the number of semistandard tableaux of shape A and
weight a.

Proof We have $*“ = M* and c{;, ,, , = K (X, a) (see Lemma 6.1.26). O

We now give an application of Theorem 6.2.16. We simply indicate by A a
pair of partitions of the form (X, A).
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Example 6.2.22 From the tree in Figure 6.21

(n—4,2),(n—4,3,1))

/\

(n—4,3),(n—4,3,1)) (n—3,2),(n—3,2,1))
(n—4,3,1) (n—4,3),(n—4,4)) (n—3,2,1) (n—3,2),(n—3,3))
(n—4,4) (n—3,3) (n—3,3) (n—2,2)
Figure 6.21

we get the following decomposition:
S(n74,2),(n74,3,1) o~ S'174’3’1 @ Sn74,4 @an73,3 @ Sn73,2,1 oy Sn72,2. (619)

Note also that Corollary 6.2.14 ensures that (6.19) is an orthogonal decom-
position: the isotypic component 25”3 is given as the orthogonal direct of
two copies of §"~33 corresponding with the two distinct paths of the tree in
Figure 6.21 ending at a vertex labelled by (n — 3, 3).

Leta = (ai, az,...,an), j € {1,2,...,m} and suppose that a; > 0. We set
Rj:=Rja-1: M* > M’ (6.20)
where
b=(a,a,...,aj2,aj_1+1,a;—1,aj11,...,an)

as in Definition 6.2.9. Actually, we think of R ; as an operator defined on the
direct sum of all M“’s with a; > 0, so that we can write R’; instead of the more
cumbersome expression R u, «Rja;—k+1* Rja;-1-

Lemma 6.2.23 Let a = (aj, az, ..., an), j € {1,2,...,m} and suppose that
aj > 0. Forv=1,2,...,a; consider the operators

Rjyvl M¢ — Mb(U)
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where b = (ay, as, . . ., aj_o,aj_1+aj;—v,v,aj41,...,0a,) as in Defini-
tion 6.2.9. Then, forv=1,2,...,a;, we have
R _;(R.)arv
v = J .
(qi—-vﬂ

Proof Let {T} € 2,. Then R;,{T} is the sum of all tableaux that may be
obtained by raising a; — v numbers from the jth to the (j — 1)st row, while
(R;)%~"{T} is the sum of all tableaux that may be obtained by repeatinga; — v
times the following procedure: take a number from the jth row and raise it to
the (j — 1)st. Clearly, a tableau {S} € 2, appears in the first sum if and only
it appears in the second. However, in the first sum it appears exactly once, while
in the second one it appears exactly (a; — v)! times (we have a; — v different
choices for the first raised number, a; — v — 1 choices for the second one, and
SO on). O

Theorem 6.2.24 (James’ intersection kernel theorem) Let A = (Aq, Ao, ...,
Ak) be a partition of n and let R j be as in (6.20). Then

k
s* = M*n ﬂKeer
j=2

Proof Let us show that

k Aj—1
St =M*n ﬂ ﬂKeer,v
j=2 \ v=0

Indeed, if we construct a tree for M* = S%* (as in Example 6.2.22), then S*
appears at the end of exactly one path, which is labelled only by A;’s, that is
of the form

Ay Ay Ay A3 A Az A Ax Ay

Moreover, from Lemma 6.2.23 it follows that

a1
ﬂ KerR;, = KerR;
v=0

and this ends the proof. O
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6.2.4 The Gelfand-Tsetlin bases for M“ revisited

In this section, we analyze the decomposition of M“ in Theorem 3.7.10 along
the lines of Theorem 6.2.16. We continue to denote by R ; the Radon transform
Rj.a;-1,as in (6.20). We first treat two particular cases.

Proposition 6.2.25
(i) For0 <t <k <n/2 we have

k
S(nfk,t),(nfk,k) — Mnfk,k N Ker (Rg_H—l) ~ @ Snfj,j

j=t
(for t = k, this is a particular case of Theorem 6.2.24).
(i) The decomposition

k
M = @R [M" N KerR, ]
t=0

coincides with (3.72). In other words, (R3)<~! [M"*” N Rz] coincides
with the subspace of M"~%K which is isomorphic to S"~"'.

Proof Consider the tree in Figure 6.22.

((n = k), (n =k, k))

A \
((n =k, 1)(n—k,k)) (n)
((nk,2),(nK(nl,l)

Ay ft>

(n—2,2)
Ao
(n—k,k—1),(n—k,k))
A \
(n—k, k) (n—k+1,k—1)

Figure 6.22
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Then from Theorem 6.2.13 and Theorem 6.2.16, it follows that

t—1 k
S(n k,t),(n—k,k) __ = M —k,k N <ﬂ KerRz v) ~ @S"_j‘j.

v=0 j=t

Since Row = g v), L RA™, we have
-1
ﬂ KerR,, = KerRy, | = KerR5 ™!
v=0
and (i) is proved.
Arguing as in Corollary 6.2.14, we get

MR = [ M- ""nKerRz,]@[R;,(M"—”)].

Since S$"7*' is not contained in M" *k N KerR,, = S —ki+D.(-kb) =
@k_tﬂ §"=JJ, the subspace in M"~** isomorphic to "' comes from
R5 (M"™""). Therefore, since M” N KerR, = §" ' and (taking the
adjoints in Lemma 6.2.23) R}, = o—; t), ——=(R3)*~", we necessarily have §" " =

(R5 [M™"" NKerR;] < < M- Rk, m

An elementary proof of Proposition 6.2.25 can be found in Chapter 6 of our
monograph [20] and a generalization is in Chapter 8 therein. These facts are
based on the papers of Delsarte [25], Dunkl [31, 32, 33] and Stanton [ 14].

Example 6.2.26 Consider the Young module M"~%!! and the associated tree
in Figure 6.23.

(n—2),(n—2,1,1))
/ m\
((n—2,1),(n—2,1,1)) ((n—1),(n—1,1))
(n—2,1,1) (n—2,1),(n—2,2)) (n—1,1)

(n—2,2) (n—1,1)

Figure 6.23
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Note that in (1 —2), (n — 2,1, 1) 2% (1 = 1), (n — 1, 1)) we have omit-

ted the intermediate (trivial) step in (7 — 2), (n — 2, 1, 1)) =% ((n — 1), (n —
1,0, 1)) LN (n—1),(n—1,1)). In any case, we deduce the following
decomposition

Mn72,1,1 ~ Sn72,1,1 @ Sn72,2 @2Sn71,1 @ S(n).

Note that we also have an orthogonal decomposition of the isotypic component
25711 Moreover, by Lemma 6.2.17 and from the first level of the tree in
Figure 5.6, we deduce the following decomposition:

Mn72,1,1 o~ S(an,l),(an,l,l) @ S(nfl),(nfl,l)
~ S(n—2.l),(n—2,l,l) oy Mn—l,l

=10dZ) o, [ B SV 0 mag: g, [0 0 S].

This is precisely the M"~21:! case of the decomposition used in Theorem 3.7.10
to get the Gelfand—Tsetlin decomposition of a general Young module.

The following lemma is an easy generalization of Lemma 6.2.17.

Lemma 6.2.27 Let A be a partition of m and let a be a composition of n — m.
Then

ndg; s, 15" M1 = 50

Our next purpose is to analyze the decomposition of M“ for an arbitrary
composition a = (ay, ay, ..., ay) of n. First of all, we have to draw a tree
for the pair of partitions ((a;), a). Recalling the condition “A;_; =a;_;” in
Definition 6.1.12, the tree starts with an application of A, and R;. Clearly,
there are several trees that may be constructed in order to decompose M“. We
choose a particular tree according to the following definition.

Definition 6.2.28 Given a pair of partitions ((a;), a), the associated Gelfand—
Tsetlin tree (GZ-tree) is the tree constructed using the following rule: at each
step (that is, at each node of the tree) we use the operators A; and R;, with the
smallest index j (among the operators that are applicable to that node).

For instance, given the pair of partitions represented by the tableau in
Figure 6.24, we apply the operators A, and R, (note that A4 and R4 are
also applicable).
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oo 0|0 o‘o‘
oo
°
Figure 6.24

In the GZ-tree of ((a1), a), a special node is a node of type (i, (i, b)), where
w= (1, Lo, ..., 1) is a partition with pu; > 0 and b = (b1, bs, ..., b,) a
composition. The nonnegative integer m is called the height of the special node.

In drawing the GZ-tree of ((a;), a), we also adopt the following conven-
tion: in a special node (u, (i, b)) with by =0, we simply replace b with
(by, b3, ..., by), as in Example 6.2.26. In particular, every node of the form
(u, ) is special.

Lemma 6.2.29 For a special node (i, (i, b)) of the GZ-tree of ((ay), a) one
always has

b= (blv b27 e bm) = (ah—m+lv Ah—m+25 « -+ 5 am)'

In other words, in the diagram of (i, (i, b)), the undotted rows (corresponding
to b) coincide with the last m rows of the diagram of a.

Proof The proof is quite obvious: applying the operators A; and R; with the
smallest index j corresponds to modifying the diagram of the pair of partitions
in the highest modificable row. We limit ourselves to give an example: we show
how the diagram of ((4, 3), (4, 3, 2, 2)) is modified when applying the rule in
Definition 6.2.28, and, accordingly, we determine the subsequent special node.

57" TR

Ag; \Rs R;i Ay
o RREE pREpEEE \ :

T )
SRl RREEEY RRERER

BE i ]

Figure 6.25

Every leaf in the tree in Figure 6.25 has [ T |in the last row. O
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The following lemma is just a rephrasing of Pieri’s rule.

Lemma 6.2.30 Suppose that (i, (i, b)) and (v, (v, ¢)) are two pair of parti-
tions that appear as special nodes in the GZ-tree of ((a), a) and that their
heights are respectively m and m — 1 (so that ¢ = (b, bs, ..., by)). Take a
node labelled by (i1, (i, b)) and let T be the tree below it. Then

e (v, (v, ¢)) appears exactly once in T if v/ is totally disconnected;
e (v, (v, ¢)) does not appear in T if v/ is not totally disconnected.

Remark 6.2.31 Lemma 6.2.30 has the following consequence:
S (mb) ~ @ Ssv .0

where the sum runs over all v = k + by such that v/u is totally disconnected.
Note also that (if by +b, +--- + b,, = n — k) by (6.18), Lemma 6.2.27 and
transitivity of the induction (cf. Proposition 1.6.6) we have

(b)) ~ S, b
s =Indg" &[S R M"]
=IndY o Indglorfe  [SMRS® R M)

XSy kX Spy X Sy—k—b| ©621)
~ S, b '
= Indg) s, x5, 4y, [S" BSTRMC]

~ S,
- Ind6k+b1 X &p—k-b,

{[mag:s, (572 s®)|mme)
and that the decomposition of Indgij‘ghl (8" X 87) is given by Pieri’s rule
(Corollary 6.2.18).

Just note that in the construction of the tree associated with ((a;), a), two
boxes raised from the same row and which become dotted cannot belong to the
same column (see the example in Figure 6.25).

The reduced GZ-tree of ((a), a) is obtained from the Gelfand—-Tsetlin tree
by deleting all the nonspecial nodes: two special nodes labelled by (u, (i, b))
and (v, (v, ¢)) are connected by an oriented edge (i, (u, b)) — (v, (v, ¢)) if
and only if the conditions in Lemma 6.2.30 are satisfied and v/u is totally
disconnected. This means that in the GZ-tree of ((a;), a) there is an oriented path
from (u, (u, b)) to (v, (v, ¢)) and all the intermediate vertices are nonspecial.
If the edges of a given path are labelled, for instance, by

Rn-1 An—2 Ru— Apm-3

—_— — — —
then, the corresponding edge in the reduced tree is labelled by A, _3R,,_»-
'Am—2Rm—1~

Example 6.2.32 The tree in Figure 6.26 is the reduced GZ-tree for ((n —
3), (n — 3,2, 1)) (we suppose n > 6).



312 The Littlewood—Richardson rule

((n—3),(n—3,2,1))

R3 Ry
(n—32)<(n—321)) (n—2,1),(n—2,1,1)) ((n—1),(n—1,1))
o A Ry &Rg / Ay R Ra Ry Ay Ry
(n—3,2,1) (n—3,3) (n—2,2) (n—2,1,1) (n—2,2) (n—1,1) (n—1,1) (n)

Figure 6.26

In particular, we obtain
Mn—3,2,l ~ S(n) o) 2Sn—l,l o) 2Sn—2,2 o) Sn—3,3 o) Sn—2,l,l @ Sn—3,,2$1

together with an orthogonal decomposition of the isotypic components 25"~ !-!
and 25"722,

Theorem 6.2.33 The decomposition of M® obtained via the GZ-tree of ((a1), a)
coincided with the orthogonal decomposition obtained in Theorem 3.7.10 by
means of the GZ-basis for the & ,-invariant vectors in M“. Moreover, if 1 =
nwt>a T eSTab(u, a) and p = v = =D = ... = (D = (a)) is the
path in the reduced Young poset Y, associated with T, then the subspace Sy
in Theorem 3.7.10 coincides with the S*-subspace of M* corresponding to the
following path in the reduced GZ-tree of ((ay), a):

0", a) = (ar), a) > VP, VP, b)) — ...
= 00T 00 B0 — 00 @) =

Proof Compare (6.21) with (3.78). ]

Corollary 6.2.34 With the same notation as Theorem 6.2.33, there exists a
chain of subspaces

1 — 2) 3) (h) — K
VD =pm*>Vv® >y >... >yl = gh
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such that
V(j) ~ SU(/),(V(/'),},(/))
~ S, p@) b
=ndg L, [ EM],
wherekj =a;+ay+---+aj, for j=1,2,..., h.

Remark 6.2.35 Observe that one may construct trees for ((a;), a) which are
not of GZ-type. Therefore, the corresponding orthogonal decompositions of
M* into irreducible representations (that is, orthogonal decomposition of the
isotypic components) given by Corollary 6.2.14 do not come from GZ-bases.

Exercise 6.2.36 Construct a non-GZ-decomposition of M" =321,
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Finite dimensional x-algebras

In the present chapter we give an exposition on finite dimensional semisimple
algebras over C and their representation theory. We need the representation
theory of finite dimensional algebras mainly to apply it to the commutant of
a representation of a finite group. We adopt an anusual approach (inspired by
Letac’s course [82]): we work with x-closed subalgebras of End(V'), where
V is a finite dimensional Hermitian vector space, and we call them (finite
dimensional) *-algebras. Our approach is concrete and concise; in particular,
we do not need any particular knowledge of the theory of associative algebras,
of ring theory nor of Wedderburn theory. In addition to the above mentioned
notes by G. Letac, our treatment is inspired by the monographs by Shilov
[110], by Goodman and Wallach [49], the lecture notes by A. Ram [106], the
course by Clerc [21] and the book by Goodman, de la Harpe and Jones [48].
More algebraic expositions may be found in the books by Lang [76], Alperin
and Bell [3] and Procesi [103]. An elementary book entirely devoted to finite
dimensional algebras is Farenick’s [36].

7.1 Finite dimensional algebras of operators

7.1.1 Finite dimensional x-algebras

Let V be a finite dimensional vector space over C endowed with a scalar product
(-, ). We denote by End(V) the algebra of all linear operators 7 : V — V.

A subalgebra of End(V) is a linear subspace A < End(V) which is closed
under multiplication of operators: 7, S € A = TS € A.If Iy € A, where Iy
is the identity of End(V'), we say that A is unital. The algebra A is said to
be commutative (or Abelian) if AB = BA for all A, B € A. Finally, A is
self-adjointif T € A = T* € A, where T* is the adjoint of T.

314
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Definition 7.1.1 A (finite dimensional) *-algebra of operators over V is a
unital, self-adjoint subalgebra of End(V).

Remark 7.1.2 From an abstract point of view, a C*-algebra is an algebra A
over the complex field C endowed with an involution (see Section 1.2.3) and a

map || - || : A — [0, +00), called a x-norm, satisfying the following axioms:
o [A+ Bl <Al + Bl

o llaAll = laf - [Al;

e ||[A|| =0ifand only if A = 0;

e A is complete with respect to || - ||;

e || 14| = 1if A is unital,

o [[AB| < |lAll - IBI;

o [|A*A| = |A|%,

forall A, B € A and o € C. Note that from the last two axioms, one immedi-
ately deduces that || - || is a *-norm, that is, | A*|| = ||A|| for all A € A. By a
celebrated theorem of Gelfand, Naimark and Segal, any abstract C*-algebra A
is *-isomorphic to a (closed) *-subalgebra of the algebra B(H) of all bounded
linear operators on a Hilbert space H. Note that if H is finite dimensional, every
linear operator is automatically bounded (i.e. continuous) and B(H) = End(H).
For more on this we refer to the monographs by Arveson [5], Connes [22],
Conway [23] and Dixmier [29].

Let A € End(V) be a subalgebra and let W < V be a subspace.

A vector w € W is cyclic (for W)if Aw :={Tw:T € A} = W.

The subspace W is A-invariant when Tw € W forall T € Aand w € W.
An A-invariant subspace W is trivial when W = V or W = {0}. Suppose that
W is invariant. We say that W # {0} is A-irreducible if its invariant subspaces
are {0} and W itself only.

Lemma 7.1.3 (Complete reduction) Let V be a finite dimensional unitary
space and A < End(V) a x-algebra of operators on V. Then there exists an
orthogonal decomposition

V= @ w; (7.1)
jeJ
where J is a (finite) set of indices such that every W; is A-invariant and

irreducible.

Proof We proceed by induction on n = dim(V). If dim(V) =1 then V is
irreducible and there is nothing to prove. Suppose that the statement holds
for all unitary spaces of dimension less than or equal to n — 1. Suppose that
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dim(V) = n. If V is irreducible there is nothing to prove. Otherwise, there
is a nontrivial A-invariant subspace W < V. Let us prove that its orthogonal
Wht:={veV:(v,w)=0,Vw e W} is also A-invariant. Indeed, if T € A
and v € W+ then, for any w € W,

(Tv,w) = (v, T*w) =0
asT* € Aand T*w € AW C W. We thus have the orthogonal decomposition
V=weWw"

into A-invariant subspaces. As dim(W), dim(W+) < n — 1, by the inductive

hypothesis we have
W=EPW and W' =P ws
iel irel’
with I and I’ finite sets of indices and every W; and W; .A-invariant and
irreducible. Setting J = I [ [ I, we deduce (7.1). O

7.1.2 Burnside’s theorem

In this section, we collect some general results on arbitrary nontrivial subalge-
bras of End(V).

In the following, once the algebra A is specified, we shall omit the prefix
A- in front of the terms invariant and irreducible.

Lemma 7.1.4 Let A be a subalgebra of End(V) and W <V be an invariant
subspace. Suppose that AW # {0}. Then W is irreducible if and only if every
nontrivial vector in W is cyclic.

Proof Suppose that W is irreducible. First of all, note that the set {v € W :
Av = 0} is A-invariant. Since it cannot be all of W, we necessarily have

{veW: Av =0} = {0}. (7.2)

Let w € W be a nontrivial vector. The subspace Aw is clearly invariant and
contained in W by the invariance of W. As 0 # w, we have Aw # {0} by (7.2)
and therefore, by irreducibility, Aw = W. This shows that w is cyclic.
Conversely, suppose that every nontrivial vector in W is cyclic. Consider
a nontrivial invariant subspace U in W. Pick a nontrivial vector # € U. Then
W = Au C U (the equality follows from cyclicity of u, and the inclusion from
invariance of U) and therefore U = W. This shows that W is irreducible. O

Note that if AW = {0}, then W is irreducible if and only if dimW = 1.
Moreover, if this is the case, W does not contain cyclic vectors.
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Letv € V and f € V' (the dual space of V). We define the operator T, €
End(V) by setting Ty, (w) = f(w)v (compare with Section 1.2.5). Such an
operator is called atomic. Denoting by rk(7") = dim7 (V') the rank of an operator
T € End(V), we clearly have rk(7,,) = 1, provided that v # 0 and f # 0.

Exercise 7.1.5 Let T € End(V).

(1) Show that rk(7") = 1 if and only if T is atomic and non-trivial.
(2) Show that the atomic operators span End(V).

Let V be a vector space and denote, as usual, by V' its dual space. We say
that a subset F C V'’ separates the points in V if forall v € V \ {0} there exists
f € F such that f(v) # 0.

Lemma 7.1.6 Suppose that W' is a subspace of V' that separates the points in
V.Then W =V'.

Proof Suppose, by contradiction, that W' C V’,andlet f' € V/'\ W.Let¢ €
V” (V" is the bidual of V) be such that ¢(f") =1 and ¢(f) =0 for all
f € W. As V" is canonically isomorphic to V, this amounts to say that there
exists v € V such that f'(v) = 1 (so that v # 0) and f(v) = Oforall f € W',
contradicting the hypothesis on W’. O

There is a fundamental theorem of Burnside that characterizes irreducible
representations of nontrivial subalgebras of End(V'). We present the short proof
of I. Halperin and P. Rosenthal in [55].

Theorem 7.1.7 (Burnside) Let A be a subalgebra of End(V), A # {0}. Then
the space V is irreducible for A if and only if A = End(V).

Proof First of all, we prove that V is irreducible for End(V). Fix u, v € V, with
v # 0. Let f € V' be such that f(v) = 1. Then the atomic operator T = T,
satisfies Tv = u. This shows that End(V)v = V, that is, v is cyclic. From
Lemma 7.1.4 we deduce that V is irreducible.

For the converse, we reproduce the proof in [55]. Let A be a subalgebra of
End(V) and suppose that V is A-irreducible.

First step We show that A contains an operator Ty of rank rk(7p) = 1. Set
d = min{rk(T) : 0 # T € A}. Suppose, by contradiction, that d > 1. Take
Ty € A such that rk(7Ty) =d and vy, v, € V such that Tov; and Tyv, are
linearly independent. Since V is irreducible for 4 and Tyv; is nontrivial,
by Lemma 7.1.4 there exists A € A such that ATyv; = v,. It follows that
the vectors ToATyv; and Tpv, are linearly independent, that is, the opera-
tor ToyATy — ATy € A is nontrivial for every A € C. Set W = Ty(V). Then
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there exists A9 € C such that the operator TpA — roly : W — W has a
nontrivial kernel (because C is algebraically closed) and therefore W' :=
(ToATy — AoTo)(V) = (ToA — Xolw)(W) C W. But then rk(ToATy — AoTpy) =
dim(W’) < dim(W) = 1k(Ty) = d, contradicting the minimality of d. There-
fore d must be equal to 1.

Second step We show that A contains all atomic operators in End(V'). From
the first step we know that there exist vy € V and f; € V', both nontrivial, such
that Ty, », € A. Forany A € A, define f4 € V' by setting f4(v) = fo(Av), for
allve V.SetW ={f e V' : T, € A}. Since T, y,A = Ty, v,, We have that
W' D {fa: A € A}. Let us show that W = V’. By Lemma 7.1.6, it suffices
to show that for all v € V \ {0} there exists f € W’ such that f(v) # 0. Let
u € V be such that fy(u) # 0. By Lemma 7.1.4, there exists A € A such that
Av = u. But then for f = f4 € W we have

f() = fa(w) = fo(Av) = fou) # 0.

Now, W’ = V' means that T, € Aforall f € V'.Onthe otherhand, ATy, =
Tt av, and since {Avy : A € A} =V, this implies that Tf, € Aforallve V
and f € V’. Since the atomic operators span End(V) (cf. Exercise 7.1.5) this
shows that A = End(V). O

7.2 Schur’s lemma and the commutant

7.2.1 Schur’s lemma for a linear algebra

Let V and U be two complex vector spaces. Let A be a subalgebra of End(V).
A representation of A on U is a linear map

o A— End(U)

such that p(T'S) = p(T)p(S), forall S, T € A. In other words, p is an algebra
homomorphism. If A is unital, we require that p(Iy) = Iy.

To emphasize the role of the space U, a representation p : A — End(U)
will be also denoted by the pair (o, U) or simply by U.

The representation p is trivial if p(T) = 0 for all T € A. Note that a rep-
resentation of a unital algebra cannot be trivial as p(Iy) = Iy. The kernel of
p is the subspace Kerp = {T € A : p(T) = 0}. Clearly, Kerp is a subalgebra
(indeed a two-sided ideal) of A. We say that p is faithful if Kerp = {0}. A
subspace W < U is A-invariant if p(T)w € W for all T € A and w € W.
A nontrivial representation (p, U) is irreducible if {0} and U are the only
A-invariant subspaces of U.
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Note also that a subspace W < U is A-invariant if and only if it is p(A)-
invariant, where p(A):= {p(T) : T € A}. Therefore, the following proposition
is an immediate consequence of Burnside’s theorem (Theorem 7.1.7).

Proposition 7.2.1 A nontrivial representation (p, U) of A is irreducible if and
only if p(A) = End(U).

Corollary 7.2.2 Let A be a subalgebra of End(V). If A is commutative, then
every irreducible representation of A is one-dimensional.

Proof If (p, U) is A-irreducible, then p(A) = End(U) is commutative, and
this forces dim(U) = 1. O

Let (p, U) and (o, W) be two representations of the algebra A. An inter-
twining operator is a linear map 7 : U — W such that

To(A) = o(A)T (7.3)

for all A € A. We denote by Hom_4(p, o), or Hom4(U, W), the space of
all operators that intertwine p and 0. When U = W then Hom4(U, U), also
denoted End 4(U), is a subalgebra of End(U). An isomorphism between (p, U)
and (o, W) is an intertwining operator 7 that is also a bijection between U and
W. When such isomorphism exists, we say that p and o are equivalent and we
write p ~ o (or U ~ W) to indicate that they are equivalent.

The following is the analogue of the classical Schur lemma (cf. Lemma
1.2.1) in the context of the representation theory of finite dimensional algebras.
Its proof, as well as the proof of several other analogues, can be deduced,
mutatis mutandis from the corresponding arguments in Chapter 1. We present
the proof as a sort of paradigm, while for the other analogues, we leave it as an
exercise.

Theorem 7.2.3 (Schur’s lemma) Let A be a subalgebra of End(V) and let
(p, U) and (o, W) be two irreducible representations of A.

(1) If T € Homy(p, o) then either T = 0 or T is an isomorphism.
(i)) Homy(p, p) = Cly.

Proof (1)) If T € Hom4(p, o), then KerT < U and ImT < W are A-invariant.
Therefore, by irreducibility, either Ker7 = U, so that T = 0, or KerT = {0},
and necessarily Im7 = W, so that T is an isomorphism.

(i) Let T € Homy(p, p). Since C is algebraically closed, T has at least
one eigenvalue: there exists A € C such that Ker(7 — AIy) is nontrivial. But
T — Aly € Homy(p, p) so that by part (i), necessarily T — Aly = 0, in other
words T = Aly. O



320 Finite dimensional *-algebras

We now suppose that A < End(V) is a x-algebra. A x-representation of A
on a unitary space W is a representation (o, W) that satisfies the following
additional condition:

o(A*) =0 (A),
forall A € A.

Proposition 7.2.4 Let (p, U) and (o, W) be two irreducible x-representations
of A and let T € Homy(p, o) be an isomorphism. Then, there exists a € C
such that «T is an isometry.

Proof For all A € A we have, in virtue of (7.3),
P(A)T* = p(A*)'T* = (Tp(A*))" = (c(AN)T)* =T (A")" = T"o(A),

that is, 7* € Hom (o, p), and it is an isomorphism as well. It then follows
that 7*T € Hom4(p, p) and, being nontrivial, there exists A # 0, necessarily
A > 0,as T*T is a positive operator, such that T*T = AIy. Setting o = 1//A,
we have that T is an isometry. O

7.2.2 The commutant of a x-algebra

Let A < End(V) be a finite dimensional x-algebra. The commutant of A is the
x-algebra A’ := End 4(V), that is,

A ={S€End(V): ST =TS forall T € A}.

We now use Schur’s lemma (Theorem 7.2.3) in order to determine the structure
of A’. The decomposition (7.1) can be written, grouping together the equivalent
representations, in the form

V = @m;\Wx,

where A is a set of pairwise inequivalent representations of A and the pos-
itive integer m; is the multiplicity of W, in V. More precisely, there exist
injective operators I, 1, I 2, ..., Ix.m, € Homu(W,, V), necessarily linearly
independent, such that

mAW,\ :®1)\,jW)\ (74)

j=1

and the decomposition is orthogonal. By Proposition 7.2.4, we may also sup-
pose that I, ; : W, — I, ; W, is an isometry.
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Denote by E; ; the orthogonal projection E; ; : V — I, ;W,. Clearly,
> sen 2izi Eij = Iy. Moreover, E; ;e A" for all A€ A and j=
1,2,...,my.Indeed,if v € V and A € A, then

AU:AZ§:E1JU:Z§:AE1JU

reA j=1 reA j=1

and, since each I, ;W, is A-invariant, we have that AE) jv € I, ;W. This
implies that AE, jv = E; ;jAv for all v € V, and therefore AE) ; = E, A,
showing that E; ; € A'.

Proposition 7.2.5 The set {I, 1, Ir2,..., Lm,} is a basis for the space
Hom (W, V). In particular, m; = dimHom 4(W,, V) and it does not depend
on the chosen decomposition.

Proof Exercise (see the proof of Lemma 1.2.5). O

Corollary 7.2.6 If V = @, . m} U, is another decomposition of U into A-
irreducible inequivalent representations, then necessarily A' = A and we have
m;, = my and m\ U, = m, W, forall . € A.

Proof Exercise (see the proof of Corollary 1.2.6). O

Definition 7.2.7 The positive integer m; is called the multiplicity of A for A
(or of W, in V). Moreover, the invariant subspace m; W, is the A-isotypic
component of A for A. Finally, V = @D, _, m; W, is called the A-isotypic
decomposition of V.

Let V = @, ., my W, be the A-isotypic decomposition of V.
For all A € A and 1 <i, j < m, there exist non-trivial operators TIA] €
Hom 4(V, V) such that

ImT}; = I, ;Wi
KerT, =V oI, ;W,
and

TN, = 8,08, T}, (7.5)

i,j st

We may construct the operators Tk’f_i in the following way. Denote by I, }
the inverse of I, ; : W), — I, ;W, < V. Then we may set

T)L~v= I,\,kli_}v ifUGI)\’jW)t
ki 0 ifveVeoel,W,.
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In particular,

)\’ = .
T}, = E; ;.

Moreover, by Schur’s lemma (Theorem 7.2.3) we have
HOI’I’IA(I)\J W}h, I)\,i WA) = CTI?LJ

We shall use these operators to study the structure of the commutant A’ of
the finite dimensional x-algebra A < End(V).

Theorem 7.2.8 The set
(T iheA 1<i j<m)} (7.6)
is a vector space basis for A'. Moreover, the map

"4/ g @)&A Mm»\qu((c)

N my
T > Djcn (%j). ,
i,j=1
A . . . .
where the o} ;’s are the coefficients of T with respect to the basis (7.0):
m;,
PR
T=3 > aT
reA i j=1
is a x-isomorphism (see Section 1.2.3).

Proof Exercise (see the proof of Theorem 1.2.14). O

Consider an algebra of the form A = @, End(V,), where V, is a finite
dimensional complex vector space for A € A and A is a finite set of indices.
Each A € A may be written in the form A = @, A;, with A, € End(V,). For
p € A define the A-representation (o, V,) by setting

0p(A) = A,

forall A = @,cpAs € A. Also, for p € A define I, € A by setting

v ifveV,
lyv = . .
0 ifv eV, with A # p.
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Lemma 7.2.9 The representations o,, p € A, are irreducible and pairwise
inequivalent.

Proof Trreducibility follows from Proposition 7.2.1. Let T € Homy(V,, V,)
with A # p. Then, for all v € V, we have

Tv=To(Lh)v=0,I,)Tv=0
since Tv € V,. It follows that T = O and V, # V. O

In other words, the theorem says that the representations of .4 on V, and
V, cannot be equivalent because the two blocks of the algebra A that act on
these spaces are different. In Theorem 7.2.8 we showed that the commutant of
A is isomorphic to the direct sum of full matrix algebras. Thus Lemma 7.2.9
gives | A| inequivalent representations of .4’. In the following sections we shall
prove, as a consequence of the double commutant theorem (Theorem 7.3.2),
that indeed every finite dimensional x-algebra A is isomorphic to the direct
sum of full matrix algebras and in Section 7.4 we shall prove that Lemma 7.2.9
provides all the irreducible representations of A.

7.3 The double commutant theorem and the structure of a
finite dimensional x-algebra

In this section we shall prove the fundamental theorem on the structure of a
finite dimensional *-algebra 4 < End(V), namely, that 4 is isomorphic to a
direct sum of full matrix algebras. Also, we shall study the actions of both .4
and A’ on V. We first need two basic tools: the tensor product of algebras and
of their representations, and the double commutant theorem.

7.3.1 Tensor product of algebras

Let V and W be two finite dimensional unitary spaces. There is a natural
isomorphism

@ : End(V) ® End(W) — End(V ® W)
where
DT RXSHvRw)=Tv® Sw,

forall T € End(V), S € End(W), v € V and w € W, and then ® is extended
by linearity.
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It is easy to check that @ is injective and since dim[End(V) ® End(W)] =
(dimV)*(dimW)? = dim[End(V ® W)], is also surjective. Alternatively, one
can check that a basis of End(V) ® End(W) is mapped by & onto a basis
of End(V ® W). In what follows, & will be usually omitted and End(V) ®
End(W) identified with End(V ® W).

Now, if A < End(V) and B < End(W) are two subalgebras, their tensor
product is defined as the subalgebra (A @ B) < End(V ® W) and we simply
denote it by A ® B. Note that if A}, A, € Aand By, B, € B, then we have

(A1 ® By) - (A, ® By) = A1A, ® B B;.

If (o, U) is a representation of A and (p, Y) is a representation of I3, then
their tensor product is just the representation 0 X p of AQ Bon U ® Y given
by setting

(c W p)A®B)=0(A)Q p(B),

forall A e A, B € B.
The proof of the following proposition is adapted from [106].

Proposition 7.3.1 Let A and B be two algebras. If (o, U) is an irreducible
representation of A and (p, Y) is an irreducible representation of BB then their
tensor product (c X p, U ® Y) is an irreducible representation of AQ® B.
Moreover, every irreducible representation of A ® B is of this form.

Proof Observe that

[(c W p)A®B)] = (0(A)®p(B): A€ A B e B)
=0 (A ® p(B)
(by Proposition 7.2.1) = End(U) ® End(Y)
=End(U ® Y)

and therefore, again by Proposition 7.2.1, (0 ® p, U ® Y) is irreducible.

Conversely, suppose that .4 < End(V) and B < End(W) and let (n, Z) be
an irreducible representation of A ® B. Consider the A-representation (o, Z)
defined by 0(A) = n(A ® Iy) for all A € A. Let X < Z be a A-invariant
and A-irreducible subspace. Consider the B-representation (o, Hom4(X, Z))
defined as follows

p(B)- T =n(ly ® B)T
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forall B € Band T € Homu(X, Z). It is well defined: if A € A we have

o(A)pB)T]=n(AQ Iy)n(ly ® B)T
=n(AQ® B)T
=n(ly ® B)n(A ® Iy)T
=n(ly ® B)Tn(A ® Iw)
= [p(B)T]o(A),

and therefore p(B)T € Hom (X, Z). Consider a nontrivial B-invariant and
B-irreducible subspace J in Hom 4(X, Z). Then the map

V: X®J—>Z
v®T — Tv

is a linear isomorphism of A ® B-representations. Indeed, ¥ € Hom gg5(X ®
J, Z):
MAQB)oV](v®T)=n(AQ® B)Tv)
=n(ly ® B)Tn(A ® Iw)v
= p(B)To (A
=W(o (A ® p(B)T)
=[Vo(0(A)®p(B)Iv®T),
forall A e A, B e B,ve Xand T € Homy(X, Z). Moreover, V¥ is nontrivial
because if T € J, T # 0, then by Schur’s lemma and A-irreducibility of X,
we have that 7(X) = X is nontrivial. Finally, by another application of Schur’s

lemma and A ® B-irreducibility of both X ® J (by the first part of the proof)
and Z, ¥ is an isomorphism. O

7.3.2 The double commutant theorem

In this section, we prove the finite dimensional version of the celebrated von
Neumann double commutant theorem.

Theorem 7.3.2 (Double commutant theorem) Letr A < End(V) be a x*-
algebra of operators on a finite dimensional unitary space V. Then

A = (.A/)/ = A

that is, the commutant of A’ coincides with A.
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Proof Theinclusion A C A" istrivial: if T € Aand S € A’, then T commutes
with S and therefore T € A”.
Let us prove the reverse inclusion, namely A” € A.

Claim1 If T € A" and v € V, then there exists S € A such that Sv = Tv.

Proof of the claim Indeed, Av is an A-invariant subspace and therefore the
orthogonal projection E : V — Av belongs to A’ (also the orthogonal (Av)*
is A-invariant; see the proof of Lemma 7.1.3). We conclude by observing that

Tv=TIyv=TEIlyv=TEv = ETv € ImE = Av. 0

We now use a clever trick of von Neumann to deduce the theorem from the
claim. Set n = dimV. Let V®" denote the direct sum of n copies of V. We
identify V®" with the set of all n-tuples v = (vy, va, ..., v,) with v; € V and
End(V®") with the setof all n x n matrices T = (T; ;)} ;_, with 7; ; € End(V).

sJ
Clearly if T € End(V®") and (v1, vy, ..., v,) € V¥, we have

n n n
T(vi,v2,...,00) = (Z Ty jvjys Z D jpvjs s Z Ty, j,v5,)-

Ji=1 2=l Jn=1
Let B be the x-algebra on V®" consisting of all operators of the form

S=,;A)

with A € A, so that S(vy, va,...,v,) = (Avy, Avy, ..., Av,) for all (v,
Vs, ..., Uy) € V®'. Then, the commutant B’ of B is formed by all operators
T =(T;,); -, suchthat T; j € A.

Claim 2 The double commutant B” consists of all operators of the form R =
(3;,;B); ;= with B € A”.

Proof of the claim The operators of the form E, ) = (Ivéi‘hﬁj,k)f',_i:, belong
to 5'. An operator R = (Ri,j);{j:l commutes with all the Ey ), h, k =
1,2,...,n,if and only if it is of the form R = (B(Si,j)ﬁjzl with B € End(V).
Moreover, R commutes with the operators (A§; j);f =1 A € A, (which belong
to 13') if and only if B € A”". O

We now apply the first claim to the algebras B and 5”. Let vy, vs, . . . , v, con-
stitute a basis for V and consider the vector v = (vq, va, ..., v,) € VO'.If A, €
A’ then T = (A18i )} =1 € B” and therefore there exists § = (A28 )} iy €
B (so that A, € A) such that Sv = Tv. But this means that A,v; = Ajv; for
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all j=1,2,...,n,thatis, Ay = A, (as {vy, v2, ..., v,} is a basis). We have
shown thatif A € A” then A € A, thatis, A" = A. O

7.3.3 Structure of finite dimensional x-algebras

Suppose now that 4 is a *-algebra of operators on a finite dimensional V and

that
V = @M)\WA

is the A-isotypic decomposition of V. Since A = A”, by Theorem 7.2.8, A is
x-isomorphic to a direct sum of full matrix algebras. We now give a precise
formulation of this fact. Consider the representatation (1, V) of A’ ® A defined
by

n(B ® A)v = BAv(= ABv)

forall Be A, Ac Aand ve V. Let A € A. Set dy, = dimW, and Z; =
Hom 4(W,, V) (so that m; = dimZ,, by Proposition 7.2.5). The algebra A’
acts on Z; in the obvious way: if T € Z;, B € A’ then BT € Z,; indeed for
w € W, and A € A we have

(BT)M(A)w = BATw = A(BT)w. (7.7)

We now show that the isotypic component m; W, is (A’ ® A)-invariant. For,
recalling (7.4) so that the generic element in m; W, is of the form Tw with
T € Hom4(W,, V) and w € W,, we have, forall B € A" and A € A,

n(B ® ANTw) = BATw = (BT)AMA)w € m, W,

where the inclusion follows from the fact that BT € Z,. We then denote
by (., my W,) the representation of A’ ® A defined by setting n, (B ® A) =
(B ® A)lm,w, forall B e A and A € A.

Consider the linear map

ZZZA®W)L—>W[)LW)\
TQw +— Tw

and the representation (o3, Z; ® W;) of A’ ® A defined by
0,.(B® AT ® w) = BT @ A(A)w,

forall Ae A, Be A, T € Z, and w € W,. That is, o, is the tensor product
of the representation of A" on Z; with A.

Lemma 7.3.3 7, € Homyg4(0y, 15) and it is an isomorphism.
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Proof 1t is easy to see that 7, intertwines the two representations, for:

(B ® A)[T(T ® w)] = nu(B ® A)[Tw]
= BA(Tw)
= BTA(A)w
=T,[BT ® M(A)w]
= T,[0:(B ® ANT ® w)]

foralAc A Be A, T € Z,andw € W,.

Let now I, 1, I 2, ..., I, m, be the injective operators which constitute a
basis for the space Z; (cf. Proposition 7.2.5). Then, every operator T € Z;
may be written in the form 7' = Z';';l ol jand,ifw # 0and 7,(T Q w) =0,
then Z;";l a;l, jw = 0, which implies «; = ap = - - = @, = 0 (recall that
the operators I, ; realize an orthogonal decomposition of m; W, ). This shows
that 7, is injective. Since dim(Z; ® W,) = m,d, = dim(m,; W,), 7, is also

surjective. O
Fix an orthonormal basis w; i, wy2,..., wrq of W, and for j =
1,2, ..., d,, consider the linear operator

S)L,jZZ)\—> ZA®W,\%mAW;\ cV

' (1.8)
T — T®U))\’j PZ> TU))\,J‘

Since the operators I, ;, are isometric and determine an orthogonal decom-
position, the vectors

I,\,,-u)x,j i=1,2,...,m,\,j=1,2,...,dx

constitute an orthonormal basis of m; W, . Therefore,
l/l/l)L‘/V)L = @S)\’jZA (79)
is another orthogonal decomposition of m, W,. It is also obvious that S, ; €

Hom (Z;, V).

Theorem 7.3.4 (Double commutant theory) Ser Z;, = Homy(W,, V) for
A€ A.

(i) The linear isomorphism

V= @(zA QR W), (7.10)

reA
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given explicitly by the linear map
@(ZA ® Wy) > Z T ® w; — ZTA(TA Q@ wy) = ZT)\U)A,
reA reA reA reA

determines a decomposition of V into irreducible (A ® A)-
representations (and this decomposition is multiplicity-free).
(i1) With respect to the isomorphism (7.10) we have

A=D1z, ® End(Wy)] (7.11)
AEA
and
A =P [End(Z:) ® I, ] .
AEA

where Iz, and Iy, are the identity operators on Z, and W,, respectively.
(iii) The A’-isotypic decomposition of V is given by

d
V= @@&sz =Paz.

AeAN j=1 AEA

Proof Given p € A, every operator T € Hom4(W,, V) = Z, may be written
in the form

T =Y Boilps:
k=1

with B, ; € C. Also, every B € A’ may be written in the form

m;,
B=) ) T}

reA i, j=1

where aéj € C and the operators Tl)‘j € Homy(1, ; Wy, I, ;Wy) (cf. Theorem
7.2.8). Since T,-?‘J-Ip,k =838 k1., we have

mp mp

BT =Y "> ol B | L (7.12)

i=1 \ j=1

This shows that A’ acts on Z, as My, ., (C) C P,y M, m,(C) = A’
(cf. Theorem 7.2.8) on C™. From Lemma 7.2.9 we deduce that the
A’-representations Z;, A € A, are irreducible and pairwise inequivalent.
This proves (iii). Moreover, from Proposition 7.3.1 and Lemma 7.3.3 we
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immediately get (i). The second isomorphism in (ii) is just a reformulation
of Theorem 7.2.8, while the first one follows from (iii), the double commu-
tant theorem (Theorem 7.3.2) and, again, Theorem 7.2.8: indeed, A is the
commutant of 4" and (iii) is the isotypic decomposition of V under .A'. O

Corollary 7.3.5 (Structure of finite dimensional x-algebras) Every finite
dimensional x-algebra is a direct sum of full matrix algebras: indeed, with the
above notation we have a *-isomorphism

A= @End(WA) ~ ED My, 4 (C). (7.13)
rEA rEA
Remark 7.3.6 If |A| > 2, then the representation n of A’ ® A on V is not
faithful. Indeed, take Aj, Ay € A, A\; # Ay, and T € A, S € A’ such that T =
IWM on W, T=0o0n W, for A #1, S = IZ.A2 on Z,,, S=0on Z, for
A # Ap. Then, n(S® T) = 0.

Example 7.3.7 Consider the subalgebra .4 of M, 1o(C) consisting of all matri-
ces of the form

A

B

with A € Mzz(@) and B € M3,3((C). Then A = M22((C) &) M3A’3((C) and A’ =
M, »(C) & M, »(C). Moreover, the decomposition (7.10) is given by

COZ(C?RCH) e (C?xCH.

Exercise 7.3.8 (1) Let V and W be two vector spaces with bases {vy, va, ...
..., Uy} and {wy, wy, ..., wy}, respectively. Let A € End(V), B € End(W)
and denote by (a;,;); ;_, the matrix representing A. Show that in the basis
i @we: 1 <k <n,1 <€ <m} the operator A ® B is represented by the
block matrix

al,]B al’zB e al,nB
az,lB az’zB e az.’nB
an,lB an,ZB e an,nB

(2) Use (1) to prove that for a finite dimensional x-algebra of the form

A=

1

(Im; ® Md,' ,d,' (C))

k
=1
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we have

k
A= (MmO 1)
i=1

7.3.4 Matrix units and central elements

Let A be a x-algebra of operators on a finite dimensional space V and denote
by V = @,cam; W, the A-isotypic decomposition of V. Let {w; 1, wa 2, ...
... Wx 4, } C Wy beanorthonormal basis. Using the first isomorphismin (7.13)
we can define a set of operators {E;i 21 <1, j <d,, » € A} in A by setting

Eif;we,k = 083,60k Wo,; . (7.14)

Clearly, under the second isomorphism in (7.13), the corresponding matrix rep-
resentation of E l)‘ ;has linthe (i, j)-position in the direct summand correspond-
ing to A and O in all other positions. We call the operators E 3‘ ; the matrix units
associated with the (orthonormal) bases {w; ; : 1 < j <d,}, A € A. More-
over, {E}J 21 <1, j <d,, A € A} is a vector space basis for .A. The diagonal
operators E;fi, 1 <i <d,, ) € A are called the primitive idempotents associ-
ated with the (orthonormal) bases {w; ; : 1 < j < d,}, A € A.

The following proposition is an immediate consequence of Theorem 7.3.4.

Proposition 7.3.9 Let S, ; be as in (7.9). Then we have
81.jZ. = E} V.
In particular,
d.
v=DDE,v

reA j=1

is an orthogonal decomposition of V into A’-irreducible subspaces, with
E?,jV = Z;\ ®ww = Z)L

forall j =1,2,...,d,, A € A.

Proof From (7.8) and (7.9) it follows that, under the isomorphism (7.10),
Sy,jZy, corresponds to Z; ® w;, ;. Keeping into account (7.14), an application
of (7.11) ends the proof. O

Clearly, we can use a set of primitive idempotents of A’ to get a decompo-
sition of V into A-irreducible representations.
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The center of AisthesetC(A) ={A € A: AB = BA,VB € A}. We con-
sider C™ as a commutative algebra with pointwise product: (a1, oz, . . ., 0ty)-

Bi, Bas ooy B) = (1 Brs oo, ooy o B) for oy, oo, ... om, Bi, Bas ..,
Bm € C. Moreover, we set C* = Z‘;‘: | E; ;. The following proposition is obvi-
ous, but it is important and we state it explicitely.

Proposition 7.3.10 We have C(A) = C(A') = C'A. Moreover, {C* : A € A}is
a basis for C(A).

7.4 Ideals and representation theory of a finite
dimensional x-algebra

In this section, we conclude the description of the representation theory of finite
dimensional x-algebras. We end with a revisitation of the representation theory
of a finite group.

7.4.1 Representation theory of End(V)

Let V be a finite dimensional vector space. Let A be a subalgebra of End(V).
A left (resp. right) ideal T in A is a linear subspace such thatif A € A, B €7
then AB € 7 (resp. BA € I). A twosided ideal is a linear subspace which is
both a left and a right ideal. The frivial ideals are {0} and A.

Proposition 7.4.1 Let V be a finite dimensional vector space.

(1) End(V) does not contain nontrivial twosided ideals.
(ii) The natural representations of End(V) on V is the unique irreducible
representation of End(V), up to equivalence.

Proof (i) Let n = dimV and denote by E; ; € M, ,(C) = End(V) the matrix
with 1 in position (i, j) and all the other entries equal to zero. Let Z # {0} be
a twosided ideal in M,, ,(C). Consider in Z a nonzero element A = (ai,j);” i1
Fix a nonzero entry of A, say ay ;. Then

1
Eh,k = _Eh,hAEk,k el
A k

andforalli,j=1,2,...,n
E,‘,j = Ei,hEh,kEk,j el.

Therefore Z = M, ,(C).
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(ii) Let (o, W) be an irreducible representation of End(V). Fix f € V',
f # 0, and for every v € V define T, € End(V) by

Tou = fuv

for all u € V (that is, in the notation of Section 7.1.2, T, = Ty,,,). We have
AT, = Ty, (7.15)
and therefore the subspace
V ={T,:v eV} <End(V)

is End(V)-invariant and isomorphic to the natural representation on V. Fix also
vg € V,vg # 0.ThesetKer(o) = {A € End(V) : 0(A) = 0} isatwosided ideal
in End(V); from (i) and the fact that Iy ¢ Ker(o), we deduce that Ker(o) = {0}.
Therefore there exists wy € W such that

o (Ty,)wo # 0. (7.16)
Define a linear map ¢ : V. — W by setting

¢() = o(Ty)wo

for all v € V. The map ¢ intertwines the natural representation of End(V') on
V with the representation (o, W). Indeed, for all A € End(V) and v € V, we
have

0(A)p(v) = o(AT,)wo = o (Tx)wo = G(Av),

where the third equality follows from (7.15). Moreover, by (7.16) ¢ is nontrivial;
by Schur’s lemma (i), we conclude that ¢ is an isomorphism. O

Exercise 7.4.2 Translate the proof of (ii) in the setting of a full matrix algebra
M, 1(C).

Hint. Take the space 1% consistig of all matrices whose columns 2, 3, ..., n are
identically zero.

An algebra A isomorphic to End(V) for some vector space V is said to be
simple. See also Remark 7.4.6.
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7.4.2 Representation theory of finite dimensional x-algebras

Let A be a finite dimensional *-algebra. Let {E;\,j tAeAN, j=1,2,...,d:}
be a set of primitive idempotents for .A as in Section 7.3.4 and set

d;,
A A
E*=>"E};.
i=1

Then the map A — AE* = E*A is the projection from .4 onto the subalgebra
isomorphic to End(W,), and ), _, E* = Iy.

Proposition 7.4.3 Take a subset Ay C A and set

BF{{O} i ¢ Ao

End(W,) ifx € Ao. .17

Then €D, ., By is a twosided ideal of A and every twosided ideal of A is of this
form, for a suitable A.

Proof Clearly, every subspace of the form €, _, B, is a twosided ideal.
Conversely, suppose that Z is a twosided ideal in A. Set Ag ={A € A :
End(W,) NZ # {0}}. Since End(W,)NZ is a twosided ideal in End(W,),
by Proposition 7.4.1 if A € Ay then End(W,) C Z. It follows that if we
define B, as in (7.17), then €, ., By C Z. On the other hand, if A € 7 then
AE* € End(W,) N Z and therefore

A=AY E'=) AE'=) AE' e (PB:

rEA rEA reAy reA

sothatZ = @, ., Bs. O

The following corollary is also an obvious consequence of Theorem 7.3.4,
but it seems more convenient to deduce it from the more simple considerations
that have led to Proposition 7.4.3.

Corollary 7.4.4 If an algebra A is the direct sum of full matrix algebras as in
(7.18), then this decomposition is unique (up to a permutation of the summands).

If A and B are finite dimensional associative algebras, an isomorphism
between A and B is a linear bijection ¢ : A — B such that p(T'S) = ¢(T)p(S)
forall T, S € A.

Corollary 7.4.5 Let A= @caMy, q,(C) and B = ®,cgMa, q,(C). Then A
and B are isomorphic if and only if there exists a bijection 6 : A — R such
that d,, = dyp, for all . € A. In particular, two finite dimensional x-algebras
are isomorphic if and only if they are *-isomorphic.
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The (unique) decomposition of A in (7.18) is the decomposition of 4 as a
direct sum of simple algebras.

Remark 7.4.6 An associative algebra is simple when it does not contain non-
trivial twosided ideals. The Jacobian radical of an algebra A is J(A) =
Ny Ker(o), where the intersection is over all irreducible representations 0. An
algebra A is semisimple when J(A) = {0}. Weddeburn proved the following
fundamental theorem for algebras over C.

Theorem 7.4.7 Let A be an associative algebra over C.

(1) A is simple if and only if it is isomorphic to End(V) for a finite dimensional
vector space V.

(i) A is semisimple if and only if it is isomorphic to an algebra of the form
D, o End(W)).

For the proof we refer to Shilov’s monograph [110]; see also the book by
Alperin and Bell [3].

Let 0; be the natural representation of A4 on W, (cf. (7.18)). We have already
seen that o;, A € A, is a set of irreducible pairwise inequivalent representations
of A (Lemma 7.2.9). We now show that this set is also complete.

Proposition 7.4.8 Every irreducible representation (o, W) of A is isomorphic
to one of the o;’s.

Proof Set Kero = {A € A:0(A) = 0}. Then Kero is a twosided ideal in A
and therefore, by Proposition 7.4.3, there exists Ag € A such that Kero =
D, A By Let 8 be the restriction of ¢ to @KA\AO End(W,). Then Ker = {0}
and therefore the map

0: @ End(W;) — End(W)
AEA\Ag
is injective; by Burnside’s lemma it is also surjective and therefore 6 is an
isomorphism.

Proposition 7.4.1.(i) and Proposition 7.4.3 (applied to P, . A\Ao End(W,))
force |A \ Aol = 1. Let A\ Ag = {p}. Then Proposition 7.4.1.(ii) forces 6 to
be equivalent to the restriction of o, to End(W,) and in turn o to be equivalent
to o,. O

From now on, we denote by Aa complete set of pairwise nonequivalent
irreducible representations of .A. Therefore we can write (7.13) as follows

A= P EndWy) = @D My, 4, (7.18)

reA red
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We shall also use A to denote a complete set of irreducible .A’-representations
via the natural pairing W, < Z, given by Theorem 7.3.4.

7.4.3 The Fourier transform

Let (o, W) be an irreducible representation of A. The Fourier transform of
A € Aevaluated at o is just the operator 6 (A) € End(W).
The Fourier transform on A is the map

A — B:= @, 3EndW,) < End(@, .z W»)

7.19
A @, q0.(A). ( )

The following proposition is an immediate consequence of Corollary 7.3.5,
Corollary 7.4.4 and Proposition 7.4.8.

Proposition 7.4.9

(i) The Fourier transform in (7.19) is an isomorphism between A and the
subalgebra B of End(€D, . 3 W»). Moreover, @, . 3 W, is the (multiplicity-
free) decomposition into B-irreducible representations.

(i) If p: A — B < End(U) is an isomorphism, then there exists a decompo-
sition of End(U) into irreducible B = A-representations

U= @M)\W)\,

withm, > 1 forall . € A

7.4.4 Complete reducibility of finite dimensional x-algebras

To complete the picture, we want now to show that every finite dimensional
representation of a finite dimensional x-algebra may be written as a direct sum
of irreducible representations. Our exposition is based on Shilov’s monograph
[110].

Lemma 7.4.10 Let V be a finite dimensional vector space, A a subalgebra of
End(V) and (o, W) a finite dimensional representation of A. Suppose that in
W there is a finite set Wy, Wa, ..., W, of invariant irreducible subspaces such
that W = (Wi, Wy, ..., W,,). Then, there exists a subset H C {1,2,...,m}
such that W = @, _,; W; with direct sum.

Proof Suppose that K C {1,2,...,m} and that W = @iek W; is a direct
sum. If j & K, then (., Wi) N W; is an invariant subspace contained in
W; and therefore it is either equal to {0} or to W;. We can construct a sequence
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H\, H,, ..., H, of subsets of {1, 2, ..., m} starting with H; = {1} and taking
H, if (EB,-eH,. Wi) NWjp1r = Wi

Hjy = )
HyUG+1) i (Brem, W) O Wyt = (0}

Finally, we have
Dw=w
ieH,
with direct sum. O

In the following lemma, {Ef’j L, j=1,2,...,dy, ) € .Z} is a fixed set of
matrix units for A (cf. Section 7.3.4).

Lemma 7.4.11 Let A be as in (7.18) (with A replaced by _,ZD_ Suppose that
(o, W) is a representation of A and that there exist w € W, p € A and
1 <t <d, such that wy := U(Et’ft)w # 0. Then the subspace U = o (A)wy =
{o(A)wy : A € A} is A-irreducible.

Proof Let A, B, C € A, then they may expressed in the form

;.
A= ZA@A Z R
B = ZAEA Zl = IIBl)Lj
C=Y calijm Vi E

Since wg := a(E,’f,)w, if we set u = o (A)wg and z = o (B)wy, then we have

d, d,
u= Zafto(Ef[)w, 7= Zﬂf,U(Eft)w
= i=1

and

d, { d,

G(C)M_Z Z Lo | o(Ef w.

k=1 \ j=I

This amounts to saying that if u, z € U, with u # 0, then it is always possible
to find C € A such that o(C)u = z (this follows from the irreducibility of
C% under Mg, 4,(C)). Therefore, any u € U, with u # 0, is cyclic and U is
irreducible. O

We are now in position to prove that every finite dimensional representation
of a x-algebra is a direct sum of irreducible representations.
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Theorem 7.4.12 Let A be a finite dimensional *-algebra. Then every finite
dimensional representation of A may be written as a direct sum of irreducible
representations.

Proof Suppose that A is decomposed as in (7.18) (with A replaced by .Zl\) and
let (o, W) be a representation of A. Let {wy, wy, ..., w,} be a basis for W.
Since I =Y, 1>, EZ, is the identity of A, then Y, 3% o (E}) =
o(I) = Iy and therefore the set

o(Erw ched i=1,2,....d, 1=12,....m)

spans W. By Lemma 7.4.11 we deduce that if a(E;\’I.)w, # 0 then U(AE;\J)w,
is irreducible. Therefore, the nontrivial subspaces of the form o (AE l* w; are
irreducible and span W. From Lemma 7.4.10 we deduce that W may be written
as a direct sum of irreducible representations. O

An associative algebra with the property that every representation may
be written as a direct sum of irreducible representation is called completely
reducible, see [49].

7.4.5 The regular representation of a x-algebra

Let A = @, .7End(W,) be a finite dimensional x-algebra.

The left regular representation of A is the representation A: A — End(A)
given by left mutiplication: A\(A)B = AB forall A, B € A.

We endow End(V') with the Hilbert—Schmidt scalar product defined by

(A, B)ys = tr(B*A)
forall A, B € End(V). Then the leftregular representation is a x-representation:

(AM(A)B,C)ys = (AB, C)pys
= tr(C*AB)
= 1r[(A*C)*B]
= (B, A*C)ys
= (B, MA")C) s,
which shows that A(A)* = A(A*) forall A € A.
The right regular representation of Ais the representation p: A — End(.A)
given by right mutiplication by: p(A)B = BAT for all A, B € A. Note that

p(A) belongs to Hom 4(A, 1), the commutant of the left regular representation
of A, forall A € A.
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Proposition 7.4.13
(1) Let A denote the left regular representation of A. Then, the map

A — Hom (X, A)
A — p(A)

is a x-isomorphism of x-algebras (see Section 1.2.3).

(i) A= P, 1doWs is the decomposition of Awith respect to the left regular
representation.

(i) A= P, 2(Ws ® Wy) is the decomposition of A with respect to the A ®
A-representation n: A® A — End(A) given by n(A ® B)C = ACBT,
forall A, B,C € A.

Proof (i) First of all note that p: A — Hom4(A, A) is an injective algebra
homomorphism. Let us show that it is also surjective.
Let T € Homy(A, A) and set A = T(Iy) € A. Then, for every B € A,

T(B) = T(Bly) = BT(Iy) = BA = p(A")B,

thatis, T = p(AT).
Finally,
(0(A)B, C)us = (BAT, C)us
= tr(C*BAT)
=tr(ATC*B)
= tr{[C(AT)"]*B}
= 1r{[C(A*)"T* B}
= (B, C(A") ) us
= (B, p(A")C)us,
which shows that p(A)* = p(A*) for all A € A. Thus p is a x-isomorphism.
(i1) and (iii) are obvious reformulations of (i) and (ii) in Theorem 7.3.4. The
details are left to the reader: it suffices to examine the case |A| = 1 (that is

A = End(W)) and then note that each block End(W,,) is invariant under A, p
and . O

7.4.6 Representation theory of finite groups revisited

Let G be a finite group. The group algebra L(G) = {f: G — C} is a x-algebra
with involution given by f(g) = f(g~") for all f € L(G) and g € G (see
Section 1.5.1).
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Any unitary representation (o, V) of G may be uniquely extended to a
representation (o), V) of the group algebra L(G) by setting

oL (f) =Y f(&)o(g)

geG

for all f € L(G). Indeed, o(f) =o(f)" for all f € L(G). Conversely, given
any x-algebra representation (o, U) of the group algebra L(G), then the map
og: G — End(U) given by o5(g) = 0(8,) for all g € G yields a unitary rep-
resentation (og, U) of the group G.

Therefore there is a natural bijection between the set of all unitary repre-
sentations of G and the set of all x-algebra representations of L(G). Moreover,
this bijection preserves irreducibility.

It turns out that many of the results in Chapters 1 and 2 might be deduced
from the results in the present chapter.

As an example, in the discussion below we establish a connection between
Corollary 2.1.6 and Proposition 7.4.13. After that, we shall discuss the repre-
sentation theory of the commutant (cf. Section 1.2).

Let o € G and denote by M the linear span of the matrix coefficients of
the irreducible representation o. Denote by ¢’ € G the adjoint of o. A slight
different formulation of Corollary 2.1.6 is the following:

LG =@Pm =Foed

oeG 0eG

is the decomposition of L(G) into irreducible representations with respect to
the action n of G x G on L(G) given by

(g1, £2)f1(g) = f(g ' gg2)

forall g, g1, € G and f € L(G).

Let us show why here we have o ® ¢’ (and not 0 ® o, as in Propo-
sition 7.4.13.(iii)). The right regular representation p: G — End(L(G)) is
given by p(g)f = f x 8,1 for all g € G and f € L(G). It corresponds to
the L(G)-representation given by p(¢)f = f * ¢°, where ¢°(g) = ¢(g™ "), for
all f,¢ € L(G) and g € G. Note that the map L(G) 3 ¢ — ¢" € L(G) is
an anti-automorphism which does not preserve the decomposition L(G) =
@D, M°. Indeed, from the elementary property of the matrix coefficients
<pl‘.fj(g’1) = m = ¢i/i(g), it follows that the map ¢ — ¢” switches M°
with M?’. On the other hand, the transposition used in Proposition 7.4.13 now
coincides with the map ¢7; - ¢ ;.

We end this section with a discussion of Proposition 7.3.9 in the setting of
a group algebra.
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Let G be a finite group and let (o, V') be a unitary representation of G. Let us
set A ={o(f): f € L(G)}. Then A" = Ends(V) and we can apply Theorem
7.3.4to A in order to decompose V under the action of Endg (V).

Theorem 7.4.14 Let V = @,crm,W, be the decomposition of V into G-
irreducibles, with R € G and, for all p € R, m, > 0. For p € R we set
Z, =Homg(W,, V).

(i) Under the action of Endg(V) ® L(G) the space V decomposes in the
following multiplicity-free way:
v=EPz, W, (7.20)
PER

(i) Ife"; p € G and j =1,2,...,d, are as in Proposition 1.5.17, then

dﬂ
V=P Po)Hv

peER j=I1
is an orthogonal decomposition of 'V into Endg(V )-irreducible represen-

tations with 0(e§)V =Z,forall j=1,2,...,d,and p € R.

Proof Just note that the elements a(ef), j=12,...,d,, p € R, are the prim-
itive idempotents (cf. Proposition 7.3.9) of A = {o(f): f € L(G)} associ-
ated with the orthonormal bases of the spaces W,, p € R, as in Proposition
1.5.17.(ii). O

7.5 Subalgebras and reciprocity laws

In this section, we collect some results that connect the operations of restriction
and induction for a representation with the operations of taking the commutant
and the centralizer of a subalgebra.

7.5.1 Subalgebras and Bratteli diagrams

Let A and B be two finite dimensional *-algebras and suppose that B C A. Note

that this implies that A and B have the same identity since they are x-algebras

of operators on the same vector space. We also say that B is a subalgebra of A.
Let (p, V) be a representation of \A. Its restriction to 3 is given by

[Resgp)(T) = p(T)
forall T € B.
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For (A, W,) € A and (p,Vy) € l?, we denote by m;,_, the multiplicity of p
in Resé)\, so that

Resp W, @m,\p

pEB

The .Z % B matrix
m(Aa B) = (mk,p)kez,peg

is called the inclusion matrix for the pair B € A (see [48]). Note that the
integers m, _, satisfy the following condition:

me,pdp = d)L

peB

forall A € A.

The Bratteli diagram (or branching graph) of the inclusion B C A is the
bipartite labelled multi-graph described as follows. The set of vertices is A 11 B,
each vertex 6 is labelled by dy. Moreover, two vertices A € A and pE B are
connected by exactly m;_ , edges. Plctorlally, we display the vertices on two
horizontal lines, with the vertices in .4 on the top row and the vertices in Bon
the bottom row (note that in [48] the positions of A and B are inverted).

Example 7.5.1

(1) From the representation theory of &,, developed in Chapter 2 (in particular
the Young poset in Figure 3.12 and the branching rule, Corollary 3.3.11)
we get the Bratteli diagram in Figure 5.1 for the inclusion L(G4) C L(Ss).

6
7N

Figure 7.1 The Bratteli diagram for L(S,) C L(Ss).
(ii) Similarly, for the inclusion L(G3) € L(Ss) we have the diagram in
Figure 5.2

1 6 5
D
1 2 1

Figure 7.2 The Bratteli diagram for L(S3) C L(Ss).

\



7.5 Subalgebras and reciprocity laws 343

When A = L(G) and B = L(H) are group algebras and H < G (so that B C
A) we also write SDT(G H ) to denote the inclusion matrix 93?(.21\ E)

We say that B C A is a multiplicity-free subalgebm of Aiftm, , € {0,1}
for all » € A and p € B. In other words, Res; W decomposes without multi-
plicity for every irreducible representation W of A. Clearly, the corresponding
Bratteli diagram does not contain multiple edges. For instance, L(G,_;) is a
multiplicity-free subalgebra of L(G,,), while the subalgebra L(S,,_) of L(G,,)
has multiplicity if k > 2 (see Example 7.5.1).

Exercise 7.5.2 Let B be a subalgebra of A Let{l,,;:j=12....,m,}
be a basis for Homp(Y, ResB W), A € A, p € B. Show that S € .Abelongs to
B if and only if for all p € B there exists S, € End(Y,) such that

SI)L,/).]‘U = I}L’p,jSpU,
for all A G.Zl\,j =1,2,....,my ,andv €Y.
Exercise 7.5.3 ([48]) Let A, B, C and D be finite dimensional *-algebras.

(1) Suppose that B < A, C € A and that 5 and C are isomorphic, say B =
C = @,erEnd(Y,).

Show that M(A, B) = M(A, C), if and only if B and C are conjugate in A,
that is, there exists a unitary operator 7' € A such that TCT* = B.

(2) Suppose that B € A and D C C and that the inclusions have the same
Bratteli diagrams. Show that there exists a *-isomorphism & : A — C
such that ®(B) =

(3) Suppose that C € B € A. Show that (A, C) = M(A, B)YIN(B, C).

Hint. (1) Use Exercise 7.5.2 and choose the operators I, , ; in such a way
my

that the decomposition Wy, = @,z &1 1., ¥, is orthogonal.

Example 7.5.4 Let A= Mg)g((C) D ngg((C), B= [M44((C) D M44((C)] D
Ms 3(C) and C = My 3(C) @ [M4,4(C) & M4 4(C)]. Note that B and C are iso-
morphic subalgebras of A with 9(A, B) # (A, C), so that they are not
conjugate in A. However, the Bratteli diagrams of the corresponding inclu-
sions are isomorphic and the flip ® : A — A which exchanges the two blocks
of A clearly satisfies ®(B) =

7.5.2 The centralizer of a subalgebra

Let A be a finite dimensional x-algebra and B a *-closed subalgebra. The
centralizer of B in A is the x-subalgebra of A4 given by

C(A,B)={A e A: AB=BAforall B € B).
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For instance, if A = End(V) then C(A, B) = B’. In general, if A is a x-algebra
of operators on V, then C(A, B) = AN B, where B’ is the commutant of 53 in
End(V). Let (o, U) be an A-representation and let (o, Y) be a 3-representation.
Consider the space of intertwiners Hompg(Y, ReséU ). There is a natural repre-
sentation T of C(A, BB) on this space: for C € C(A, B), T € Homp(Y, ReséU ),
the operator t(C)T is defined by setting
[t(O)T1(y) =o(CO)Ty,

forall y € Y, thatis, t(C)T = o(C)T (the action of 7(C) on T is the product
o (O)T).

Lemma 7.5.5 1 is a representation.

Proof 1Tt suffices to prove that t(C)T € Homp(Y, ReséU) forall C € C(A, B)
and T € Hompg(Y, ReséU). For B € Band y € Y, we have:
{[z(O)T1p(B)}(y) = a(C)Tp(B)y
(T € Homp(Y, RespU)) = a(C)a(B)Ty
(C €C(A,B) =a(B)(C)Ty
= {o(B)[t(C)T1}(y)
that is,
[z(C)T]p(B) = o(B)[t(C)T]
and therefore 7(C)T € Homp(Y, ResﬁU). |

The following theorem (and its corollaries) is a slight generalization of
Proposition 1.4 in [100] (see also Lemma 1.0.1 [73]).

Theorem 7.5.6 Let A and B be finite dimensional *-algebras and suppose that
B<A Let A=@, _zEnd(W)) and B = @pegEnd(Vp) be their decom-
positions into a direct sum of simple algebras and suppose that ReséWA =
@pegmk,pr for every A € A. Then we have a x-isomorphism:

CA.B =B EP M, ,m,,(©.
reA peB
Proof From Proposition 7.4.9 it follows that, for every C € A,
C € C(A, B) & 03(C) € C(0,(A), 0:.(B))
forall A € ]l\, and therefore

C(A, B) = @D C(01(A), 0:.(B)).

reA



7.5 Subalgebras and reciprocity laws 345

Since 0, (A) = End(W,), we may apply Theorem 7.2.8 and Theorem 7.3.4 to
conclude that

C(01(A), 01(B) = P My, , m, ,(C). O

peB
Exercise 7.5.7 Use Exercise 7.5.2 to reformulate the proof of Theorem 7.5.6.

Corollary 7.5.8 A subalgebra B < A is multiplicity-free if and only if the
centralizer C(A, B) is commutative.

Corollary 7.5.9 In the notation of Lemma 7.5.5, if U is A-irreducible and Y
is B-irreducible then Homp(Y, ReséU ) is C(A, B)-irreducible.

Proof Combine Theorem 7.5.6 with Theorem 7.2.8 and Lemma 7.2.9. O

We end this section by observing that given a subgroup H < G, then Corollary
7.5.8 with L(H) = B and L(G) = A yields another proof of the equivalence
between (i) and (iii) in Theorem 2.1.10.

7.5.3 A reciprocity law for restriction

Let B C A be an inclusion of %-algebras of operators on a complex vector
space V. We have also the inclusion A’ C B'. Applying the structure theorem
7.3.4 we get a multiplicity-free decomposition

7= 69(2A QW;) (7.21)
)»G.Z

with respect to the action 6 of A’ ® A (where Z; = Hom 4(W,, V)). Similarly,
under the action of B’ ® B we have

7= @(Up ®7Y,) (7.22)
peB

where U, = Homp(Y,, V). We recall that we use the same index set A (resp.
E) for the irreducible representations of 4 and A’ (resp. B and B'); see the
comments after the proof of Proposition 7.4.8.

Following [49], we say that B € A and A" C BB’ form a seesaw pair.

Theorem 7.5.10 (Seesaw reciprocity [49], [48]) The inclusion matrix
MB', A') for the pair A C B’ is the transpose of the inclusion matrix
M(A, B). In other words, for )\ € A and p € B, the multiplicity of Y, in
Resgl W,. is equal to the multiplicity of Z; in Resi, U,.
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Proof First note that A’ ® B is a subalgebra of both A’ ® A and B’ ® B. In
particular, O(A’ ® B) is a x-algebra of operators on V, that is, A’ ® B acts on
V via Res’y g ®A9 (note that Resﬁ%‘é leads to the same representation).

Suppose that Resg Wi, = @ ,.5m5.,Y, and that Res{,U, = @, 5112
that is, M(A, B) = (m1.p)re 2 pes and MB', A) = (1.1) peBred-

If the irreducible representation Z,, ® Y,,, Ao € A and o € Bof A ®B
appearsin V, thenitis necessarily contained bothin Z,, ® W), andinU,, ® Y,
(cf. Theorem 7.3.4 and (7.21), (7.22)). Then, we may compute the multiplicity
of Z;, ® Y, in V in two ways. First of all,

Resyop(Zi, ® Wi,) = Z;, ® Resi Wy,
=P mio(21,®Y,)

oeB
and therefore, the multiplicity is equal to m,, ,, .
On the other hand, from
Resi/%lé(Upo ® Y,On) = (Resi/’ U,On) ® Ypo
= @npo,)\(z)t ® Ypo)
reAd
we get that the multiplcity is also equal to 7, 5.

We have shown that m;, ,, = n,, ,, and this ends the proof. |

In the following exercise, we connect Theorem 7.5.10 with the results in
Subsection 7.5.2. C(A, B) denotes the centralizer of 13 in A and 6 is the repre-
sentation of A’ ® Aon V.

Exercise 7.5.11
(1) Show that

CA,B) =CB,A)=[6(A B

(2) Show that the spaces Homg(Y,, ReséWA), Homy (Z;, Resffl/,Up)
and Homyugp(Z, ® Y,, V) are isomorphic as irreducible C(A, B)-
representations. Construct explicit isomorphisms.

(3) Set X,., = Homp(Y,, Resj Wy). Show that

V=P Pix., 028V,
red peg

is the (multiplicity-free) decomposition of V into irreducible (C(A, B) ®
A’ ® B)-representations.
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Corollary 7.5.12 Let G be a finite group and H < G a subgroup. Let
MG, H) = (M3 p)scG.peii be the corresponding inclusion matrix. Let (o, V)
be a unitary representation of G. Then the inclusion matrix of the pair
Endg(V) € Endy[ResG V] is the transpose of (G, H).

Exercise 7.5.13 (Jones’ basic constuction) Let A and B3 be two finite dimen-
sional x-algebras on the same space V, and suppose that B  A. Consider the
representation 6 of B on A defined by setting

O(T)S) =TS

forall T € B and S € A. Note that, in the notation of Section 7.4.5, we have
6 = Res“g)», where A is the left regular representation of 4. Set C = Endg(.A)
and consider A4 as a subalgebra of Endz(.A) by identifying A € A with p(A) €
Endg(A), where p is the right regular representation of 4 (use Proposition
7.4.13). Observe that C is the commutant of 6(13) in End(.A), so that there is a
natural bijection between C and B. Show that

M, A) = M(A, B).

Hint. Use Proposition 7.4.13 to show that p(A) C C and 6(B) C A(A) is a
seesaw pair.

7.5.4 A reciprocity law for induction

In this section, we present a reciprocity law for induction of representations of
finite groups.

Let G be a finite group and H < G a subgroup. If (6, N) is a (unitary)
representation of H, we show that there is a natural inclusion Endg(N) —
Endg [IndgN ] and we show that the inclusion matrix for these algebras is a
submatrix of the inclusion matrix of L(H) C L(G).

We first need a preliminary result. Let G = [ [,_¢ s H be the decomposition
of G into right cosets of H (we may suppose 15 € S). Let (6;, N;),i =1, 2,
be two (unitary) representations of H and set V; = Indf, N; and o0; = Indf,@i,
i =1, 2. In view of (1.48) (see also Lemma 1.6.2) we may suppose that N; is
a subspace of V;,

V; = P o). (7.23)

seSs
and that o;(h)u = 0;(h)u, forallh € H,u € N;,i =1, 2.
Given T € Hompy (N, N;), we define an operator T : V| — V; by setting

fal(s)u =02(s)Tu

forall u € Ny, s € S, and using (7.23) to extend T to the whole V1.
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Proposition 7.5.14 ~
(1) The definition of the operator T does not depend on the choice of the

representative set S.

(i) For every T € Hompy(N;, N;) we have T e Homg (Vy, V) and the map
T + T is linear and injective.

(iii) If Ny = N,, and therefore Vi = V,, then {T : T € Endy(Ny)} is a subal-
gebra of Endg (V1) isomorphic to Endgy (Ny).

Proof (i) Fors € S,h € H and u € N; we have
Tcn(sh)u = Tal(s)[al(h)u]
= 02(s)T[61(h)u]
= 0,2(5)0,(W)Tu
= oy(sh)Tu,
and this shows that using s as arepresentative for s H, we get the same operator
on oy(s)N;.

(ii)Letg € G,s € Sandu € N;.Lett € Sandh € H be such that gs = th.
We then have

Toy ()01 (h)u]
o2(1)T 01 (h)u

Toi(g)[o1(s)ul

= 02(1)6r(W)Tu
= 02(8)oa(s)Tu
= 02()T o1 (s)ul
and this shows that T € Homg (Vy, Vo).
(ii1) This is obvious. a

Note that in [19] we denoted the operator T by Indf,T. It was called
the operator obtained by inducing 7 from H to G (or, simply, the induced
operator).

Let now (6, N) be a (unitary) representation of H and set V = Ind(,_;,N .
We introduce the following notation: A = Endg(V) and B = {T : T e

The following proposition is obvious.

Proposition 7.5.15 We have that B={A € A: AN C N}.
Let
N=Pa,y, (7.24)
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be the decomposition of N into irreducible representations, where R C H and
a, > 0 for all p € R. By Theorem 7.4.14, we also have the decomposition of
N into irreducible Endy (N) ® L(H) representations

N=PWU, ey,
PER
where U, = Homg(Y,, N).

Set ﬁp = {T : T € Homy(Y,, N)}. Then, by Proposition 7.5.14, we have
ﬁp - HomG(Indf,(Yp), Indf,(N )). The algebra B acts on l7p in the obvious
way: ifB e B (sothat B € Endy(N)) and T € ﬁp (sothatT € Homy(Y,, N)),
then

BT = BT
yields a representation of 55 on U » which is a translation, by means of the
isomorphism B = Endy(N), of the irreducible representation U, (compare
with (7.7)). In other words, {U, : p € R} is a complete set of irreducible and

pairwise inequivalent representations of B and B = P End(U, 0)-
Let now

PER

v=EPbw (7.25)

reA

be the decomposition of V into irreducible G-representations, with A C G and
b, > 0 forall A € A. Moreover,

V= @(ZA ® W)
LeA
as in Theorem 7.4.14.
Theorem 7.5.16 (Reciprocity law for induction) The multiplicity of U, in
ResﬁZl is equal to the multiplicity of W, in Indf, Y, (and therefore, by Frobe-
nius reciprocity Theorem 1.6.11, to the multiplicity of Y, in Resf, W,.). In other

words, the inclusion matrix (A, R) (where A = Aand R = B) is a submatrix
of MG, H) (taking A € G,R C H).

Proof Let{l,1,1,5,...1,4,} beabasisfor U,, p € R so that (7.24) becomes
ap

N=PP1L., (7.26)
PER j=1

(compare with (1.9) and (7.4); we may also suppose that the decomposition is
orthogonal).
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Inducing up to G, (7.26) becomes

V=mdjN =PI, nd5y, (7.27)

peR j=1

and, in particular, {I~p,1, ’I;,z, ... 7;,%} is a basis for ﬁp, for all p € R.
For A € A and p € R, letm,_, be the multiplicity of W) in Indg Y, and take
abasis {J) .1, Jap2, .- Jx,p,mw} of Homg(W,, Indg(Yp), so that

my,p

nd3Y, = PP Ji.piWs (7.28)

reA i=1

is a decomposition of Ind% Y, into irreducible subspaces (and we may again
suppose that it is orthogonal). From (7.27) and (7.28) we get

my p dp

V= DBDDT

rEA peR i=1 j=I

which is a more explicit and structured version of (7.25). Note that, in particular,
the compatibility equations
Z m, pa p = b;\

PER

for all A € A must be satisfied. Moreover, for every A € A, the set
(I jhipiiPER j=1,2,.. a,i=12 . m,)

is a basis for Z;.
But foreach p € Rand foralli =1, 2,...,m,_,, the subspace

Ty idhpij=1,2,...,a,)

is B-invariant and clearly equivalent to U » as a B-representation. Therefore

ReséZ,\ = @mx,pﬁp

PER

and the theorem is proved. O
Note that we have proved that the map
T : Homg (W, Ind$ Y,) — Homp(U,, Resp Z;),

given by T(J)T = fJ, forall T e l7p and J € Homg(W;,, IndeP), is a linear
isomorphism.
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Example 7.5.17 We now present an example which constitutes the main appli-
cation of Theorem 7.5.16. It will be used both in the next subsection and in the
next chapter.

Let (o, V) be a (unitary) representation of G. Set X = G/H and let xop € X
be a point stabilized by H. Let us apply the construction that has led to Theorem
7.5.16t0 N = ResZV. By Corollary 1.6.10 we have that

Ind% N = Ind§ (Res% V) = V ® L(X).
Now (7.23) coincides simply with

Ve LX) =PV @)
xeX

Moreover, if T € Endy(Res V), v e V, g € G and x = gxo € X, then

Tv®8,)=T{O(lo(g s,
=0()[To(g v ® 8]
= [0()To(g Wl ® 8,

where 6 = Ind$;[Res% o], that is, 0(g)(v ® 8,) = 0 (g)v ® 8,

Note also that if A = Endg[Ind§N] and B = {T : T € Endy(N)} C A,
then Proposition 7.5.15 yields the following characterization of :

B ={A € Endg[V ® L(X)] : A(V ®@6,,) =V ®6,,}. (7.29)

7.5.5 Iterated tensor product of permutation representations

In this subsection, we anticipate, in an abstract form, a general construction that
leads, as a particular case, to the Partition Algebras, which will be treated in the
next chapter (see [58], [89] and [54]). Since this construction is an immediate
application of the theory developed in this section, we found it natural to place
it at the end of this chapter.

Let G be a finite group and H < G a subgroup. Denote by X = G/H the
corresponding homogeneus space and let xo € X be a point stabilized by H.
Also denote by A the permutation representation of G on X: [A(g) f](x) =
f(g7'x)forall g € G and x € X. Set

LX)®* = LX) QLX) ® -+ ® L(X)

k-times

and Ay =AQAQ--- QA
—— ——

k-times
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The linear isomorphism

L(X)®* —S LXxXx--xX)
— ——
k-times (730)
(Sx] ® 8):2 QR Sxk = S(quxz ----- Xr)

is also an isomorphism of G-representations, since
)\k(g)[sxl ® 8)(2 ® tet ® 3)%] = 88X1 ® 58-"2 ® e ® 38X1<‘

We now make the assumption that H is a multiplicity-free subgroup of G
(see Section 2.1.2). It is not essential but it rather simplifies the notation and
the statements of the results. In Exercise 7.5.20 we leave to the reader the easy
task of generalizing these results when the subgroup H is not multiplicity-free.

Using Corollary 1.6.10 (see also Example 7.5.17) we decompose L(X)®*
in the following way. First of all, note that

L(X)® = L(X)®* D ® L(X) = Ind%[Res$, L(X)®*~1]

where the equality follows from Corollary 1.6.10. Therefore, to construct
L(X)®, we may start with the trivial representation Wy of G and then, for
k times, alternatively restricting from G to H and inducing from H to G. We
thus write formally

L(X)® = [Ind%Res 1* W,

where [Ind%Res$ ¥ = Ind% Res%Ind%Res - - - Ind% Res.

k-times
At any stage, we may use the fact that H is multiplicity-free: if W is an irre-

ducible representation of G contained in L(X)®*~, then Resg W decomposes
without multiplicities. On the other hand, if Y is an irreducible representation
of H contained in Res$ W, then Ind$, Y decomposes again without multiplic-
ity. Starting from L(X) which is multiplicity-free, say L(X) = @ c; W;, where
W; e G are pairwise inequivalent, we construct paths of representations as
follows. Given j; € J, we choose Y;, € H which is contained in Res§ W;,.
Then, we choose j, € J such that W}, is contained in Indg Y;,. And so on, thus
obtaining a path

pWo—=>Yo—>W;, =Y, ->W,—->Y,—> =W =Y

2 Jk—1 lk—1

g ij
(7.31)
where Wy (resp. Yp) is the trivial representation of G (resp. H) and Y;, (resp.

MH) is an irreducible H-sub-representation (resp. G-sub- representatlon) of
Resf; W, (resp. IndY;,), € = 1,2, ...,k — 1.
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Denoting by W, the last representation in the path p, (in other words,
W, = W, in (7.31)), we have the following orthogonal decomposition:

L(X)® = QB W,

where the sum runs over all paths p as above.

In order to formalize this procedure, we introduce a suitable Bratteli
diagram. The levels of the diagram are parameterized by the numbers
0,4, 1,14+ 4,2,2+1,...}. For an integer k > 0, the kth level is formed
by those 1rredu01b1e representations of G that are contained in L(X)®¥, while,
the (k + )nd level is formed by those irreducible representations of H that
are contalned in Res H[L(X VK If W; e G belongs to the kth (resp. (k + 1)st)
level and Y; € H belongs to the the (k + 2)nd level, then we draw an edge
connecting W; and Y; if ¥; is contained in Res HW (resp. if W; is contained
in IndG Y;). The Oth (resp. 2st) level is formed only by the trivial representa-
tion Wy € G (resp. Yy € 2] ). Clearly, a representation W; € G (resp. Y; € H )
belongs to the kth (resp. (k + 2)nd) level if and only if there exists a path p
as in (7.31) starting with Wy — Y, and ending in W; (resp. Y;). Thus, a good
parameterization of G and H and a clear description of the branching rule for
Indf, and Resf,, may lead to an explicit description of the Bratteli diagram (see
Example 7.5.19 below).

Let now algebras come into the play. Set

Ay = Endg [L(X)®]
and
Ayt = Endy {Resf; [LOO®T] .

Then, clearly Ay is a subalgebra of A, 1 On the other hand, by Proposition
7.5.14, we may identify A, 1 with a subalgebra of

Aes1 = Endg [L(X)®*™V] = Endg {Ind§Res§ [L(X)®¢]}.
Therefore, we have a chain (or tower) of algebras
.A()EA% C A EAH_% CAC---CA gAk+% C A1 C©--- (7.32)

Al
which is multiplicity-free. Indeed, Res Aiﬁ (resp. Resj”'] ) is multiplicity-free
Kty

by virtue of Theorem 7.5.10 (resp. Theorem 7.5.16). Note that, in order to apply
these theorems, the kth level of the Bratteli diagram may be identified with A4,
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(cf. the comments after the proof of Proposition 7.4.8 and Theorem 7.4.14).
Moreover, by Theorem 7.4.14,

L™ = Pz, o W)
)\E.Zk
and

A = (D End(Z,)

)»E.Zk

(where {Z; : A € A\k} are the irreducible representations of ,zl\k and {W, : A €
Ay} are the irreducible representations of G contained in L(X)®*).
Similarly, the (k + %)nd level may be identified with A, +1 and we have:

Lx*= @ W,eV,

pEAk-%—%

and

A1 = € EndU,)

pEA 1

(where {Uﬁ 1p € ,zl\k +%} are the irreducible representations of le\k +1 and
{Y,:pe A 1 } are the irreducible representations of H contained in
Res% [L(X)®¥]).

In the following theorem, we summarize and conclude the discussion above.
We recall that a path is a sequence as in (7.31).

Theorem 7.5.18
(1) The chain (7.32) is multiplicity-free.
(ii) For A € .,zl\k, the dimension of Z,, which is also the multiplicity of W, in
L(X)®*, is equal to the number of paths starting from u’4\0 and ending at ).
(iii) For p € ZkJr%, the dimension of U,, which is also the multiplicity of Y,
in Resg[L(X)®k], is equal to the number of paths starting from .,Zl\o and
ending at p.

—~ -~ Al
(iv) If » € Ay and p € AH% then Z, is contained in Resjjz U, if and only if

. . . G
Y, is contained in Resy, W,.

) Ifx € -Zk+1 and p € A1 then U, is contained in Res ' Z; if and only
k+5 p A
}

+3
if W, is contained in Indg Y,.

Clearly, (iv) follows from Theorem 7.5.10, while (v) follows from Theorem
7.5.16. In view of (iv) and (v), the diagram constructed above will be called the
Bratteli diagram of the chain (7.32).
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LTI T]

(L]

VN

N

N
Y

%
7

Figure 7.3 The Bratteli diagram for n = 4.
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Example 7.5.19 The canonical example for the construction developed in the
present subsection is the following. Take G = &,,, H = &,_, so that X =
{1,2, ..., n} and (with the notation in Section 3.6.2) L(X) = M"~"!. Then

Ai(n) = Endgn {[Mn—l,l](X)k}
and
Ak+%(”) = Endg, , {Resgz_l [M"“~‘]®k} )

Moreover, from the branching rule for the pair G,,_; < &,, (see Corollary
3.3.11) we immediately get

A= Fnin—xr <k
and
Apymy={0bn—1:n—2 <k}

Indeed, the corresponding Bratteli diagram may be constructed by means of the
branching rule for G,,: .Zl\k +1 (n) is the set of all partitions that may be obtained
by removing a box from some partition in A\k(n), and .ZH 1(n) is the set of all
partitions that may be obtained by adding a box to some partition in .Zk +%(n).
These rules also determine the edges in the diagram (see Corollary 3.3.11 for
the branching rule for G,,). We illustrate this in the case n = 4 (see Figure 7.3).

Exercise 7.5.20 Generalize Theorem 7.5.18 to the case when the subgroup H
is not multiplicity-free.



8
Schur—Weyl dualities and the partition algebra

The Schur—Weyl duality is a cornerstone of the representation theory. It estab-
lishes a connection between the representation theory of finite groups and
the theory of (continuous) representations of classical Lie groups. We examine
the commutant of two representations of the symmetric groups &, and &,
on the iterated tensor product V® V ® --- ® V, where V = C".

k-times
In the first case, the commutant is spanned by the operators of the natural

representation of the general linear group GL(n, C) and this yields an important
class of irreducible representations of this group. We shall not discuss the Lie-
theoretical aspects, but we shall rather examine in detail a few topics such
as the branching rule and the Littlewood—Richardson rule for the irreducible
representations obtained in this way.

In the second case, the commutant is an algebra called the partition algebra
because it is described in terms of partitions of the set {1, 2, ..., 2k}. We limit
ourselves to presenting a brief (though detailed) introduction to the partition
algebra, focusing again on the properties of the irreducible representations
obtained by means of the Schur—Weyl construction.

8.1 Symmetric and antisymmetric tensors

In this section, V is a fixed n-dimensional vector space over C and {ey, ey, . ..
...,ey} 1s a basis of V. We shall also suppose that V is endowed with a
Hermitian scalar product (-, -)y and that {ej, e, ..., e,} is an orthonormal
system, even though this requirement will not be always necessary. Actually,
we may identify V with C" and take {e, e;, ..., e,} as the standard basis. Our
treatment is based on the monographs by Goodman and Wallach [49], Sterberg
[115], Simon [111], Fulton and Harris [43] and Clerc [21].

357
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8.1.1 Iterated tensor product

In this section, we introduce the basic object of the present chapter: the iterated
tensor product V®* =V ® V ® --- ® V. We have already introduced tensor
—_—

k-times
products in Section 1.1.7 (see also Section 7.5.5). Here, we treat more closely

the space V® and we give three different (though equivalent) descriptions of
it. We set V¥ =V x V x ... x V (direct product of k copies of V).
—— ——

k-times
The first one, that we call analytic coincides with that one in Section 1.1.7

(which is taken from [111, Appendix A]): V® is the vector space of all
bi-antilinear maps B : VK C.If vy, vy, ..., v € V the simple (or decom-
posable) tensor product v; @ vy ® - - - ® vy is defined by setting

k
VIV - Q@urL, U, ..., Ux) = H(Mh vi)v,
i=1

for all (ul, uz, ..., uk) € VXk.
The space V& may be endowed with the Hermitian scalar product defined
by setting

k
(Ml®M2®"'®Mk,vl®v2®"'®vk>=H<Mi,vi>v
i=1

andthe set {e;, @ e;, ® --- ®e;, 1 i1,02,...,0 €{1,2,...,n}}isan orthonor-
mal basis for V&,

The second definition is algebraic (or categorical). We recall that if U is
another vector space, a map ¢ : V¥ — U is multilinear if it is linear in each
variable, that is,

Vove oW, vy, .oy Upo1, U, Vpgty ..., Up) €U
isalinear map forevery h € {1,2, ..., k}andallvy, va, ..., Up—1, Vpt1s .-, Un
€ V. Then, the tensor product V& may be also defined in the following way.
It is a vector space equipped with a multilinear map

@Vt Y

with the following universal property: if U is a vector space and ¥ : V*k — U
is a multilinear map, then there exists a unique linear map 6 : V& — U such
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that 6 o @ = W, that is, such that the diagram

v xk _® y &k

RN

U

is commutative. We leave it to the reader the easy task to verify that the
tensor product defined in the first way satisfies the requirements of the second
definition and that it proves the existence of V& (even if the use of a scalar
product is not very natural in this approach) and to also prove the uniqueness
of the tensor product defined in the second way. For more on the algebraic
approach of the tensor product, we refer to [43], [76] and, especially, to [115,
Appendix B] which is very detailed and friendly.

There is also a third and very elementary description of V®*, that
we call combinatorial. We have already described it in Section 7.5.5.
Set [n]={1,2,...,n} and identify V = C" = L([n]). Set also [n]F =
[n]x[n]x ---x[n]. In other words, [n]* is the set of all ordered k-tuples

k-times
(i1, 12, ..., 1) of integers in {1, 2, ..., n}. Then we have the natural isomor-

phisms
Ve = L(n)®* = L([n]") (8.1)

(cf. (7.30)). The isomorphism between the left- and right-hand sides of (8.1) is
given by the map

e, ®ei, - Qei > 8i,in...ix)»

for all (i1, ia, ..., i) € [n]~.
We also have

[End(V)]®* = End (V&) (8.2)

as in Section 1.1.7: given Ay, Ay, ..., Ax € End(V), the tensor product A; ®
Ay ® - -- ® Ay may be seen as the operator on V& defined by setting

(AI®RAR - AV QR - Qu) =A1v1 ® A, ® -+ ® Agyg

for all decomposable tensors vi ® v» ® - -+ ® vg, and then extended it by
linearity.

In the combinatorial description of V®, the isomorphism (8.2) may be
derived by (1.22):

End(L([n]") = L([n]* x [n]*) = L([n]") ® L(In]")
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and this yields a matrix type description of End(V®*). Indeed, with each F €
L([n]* x [n]¥) we may associate the linear map T € End(L([n]*)) defined by
setting

Tr(ei, ®e, ® - ®e)
= Z F(ji, jas oo Jistiny i, ooy ik)ej, ®ej, @ Qe (8.3)

Jisd2s-es jk=1

8.1.2 The action of &, on V&

The symmetric group & acts on V& in the obvious way: by permuting the
coordinates. That is, we may define an action o} of &; on V& by setting

Gk(n)(vl UK ---® Uk) = Ur-1(D) X Urg-1(2) R Q Vr-1(k)

for all m € &; and all decomposable tensors v| @ v, ® - - - ® v. It is easy to
check that oy is indeed a (unitary) representation of & on V&,

From the combinatorial description point of view, the definition of o} can be
given in the following clearer way. Consider the action of & on [n]* given by

T, 02y v s i) = (r-1(1)s ix=12)s + -+ 5 Lx=1(k))- (8.4

Now, identifying [n]* with [n]™ ={0:(1,2,...,k} = {1,2,...,n}},
by [n]*136 < (6(1),6(2),...,0(k) € [n]*, then (8.4) becomes m(0) =
6 o w~!. Then, oy is the corresponding permutation representation of &; on
L([1n]¥). Compare also with the construction in Section 3.7.4.

The combinatorial description of V® easily leads to the decomposition
of V@ into irreducible S;-sub- -representations. Denote by C(k, n) the set of
all compositions of k in n parts, where each part is > 0 (cf. Section 3.5.3).

With each a = (ay, aa, . . ., a,) € C(k, n) we associate the orbit Q, C [n]* of
&y consisting of all (i, i, ..., i) € [#]* such that {j :ij = h}| = ay, for all
h=1,2,...,n.Clearly,
n]* = ]_[ Q. (8.5)
aeC(k,n)

is the decomposition of [n]¢ into the S-orbits. Consequently, we have the
following decomposition of V®* as a direct sum of permutation representations:

Y&k @ M* (8.6)
aeC(k,n)

where M“ is the Young module associated with the composition a (cf. Section
3.6.2).
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In the tensor product notation, &, permutes the vectors of the basis {e;, ®
e,® --®e,:1=<i; <n,1=<j<k}, and the stabilizer of the vector

1®eR - Re @R Va® - Re®e @ ---Qe (8.7)

aj-times ap-times ay-times

is the Young subgroup S,;, x Sz, X - - x S,,. The Gy-translates of (8.7) span
M.

Lemma 8.1.1 We have

k—1 k—1
|C(k,n>|=<"j;_1 )E(Hk )

Proof Givenintegers 1 < h < m, we denote by Q2(m, h) the set of all 4-subsets
of [m]. We sketch two proofs. In the first proof, witheacha = (a;, az, ..., a,) €
C(k, n) we associate the following (n — 1)-subset of [n + k — 1]:

OQs={lai+l,ai+ar+2,...,a1+a+---+a,_1 +n—1}.

It is easy to see that the map C(k,n)>a - Q, € Qn+k—1,n—1)isa
bijection. In the second proof, with the sequence

aQ,1,...,1,2,2,...,2,...,n,n,...,n) = (i1, 02, ..., ik)

a;-times ap-times a,-times

we associate the k-subset of [n + k — 1]
R, ={i1,io+1,...,ix +k—1}.
Again, the map C(k,n) >a — R, € Q(n +k — 1, k) is a bijection. O

Note that, in the second proof above, we have counted the number of k-
multisets of an n-set: see the monographs by Aigner [2], Cameron [16] and
Stanley [112].

8.1.3 Symmetric tensors

The symmetrizing operator on V®F is the linear map Sym : V& — y &k
defined by setting

1
Sym := T Z ox (),

7f€6k
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where oy, is the representation of G; on V®* defined in Section 8.1.2. In other
words,

1
Sym(v; @2 ® -+ Q@ v) = al Z Ur=1(1) @ V1) @« & Vn-1(k),

. HEGk

for every decomposable tensor v; @ v, ® - - - ® vr. Lemma 1.3.5 ensures that
Sym is the orthogonal projection on V® onto the isotypic component of the
trivial representation of &y (see also Corollary 1.3.15). The image of Sym, that
we simply denote by Sym(V®*), is called the space of symmetric k-tensors
over V or the kth symmetric power of V. In other monographs, it is denoted
by S¥(V). We also set Sym(V®%) = C. In other words, a tensor T € V&
belong to Sym(V®k) if and only if oy ()T = T for all # € ;. For instance,
Vw4 w®v is a tensor in Sym(V®2) for all v, w € V. From (8.6) and
Lemma 8.1.1, it follows immediately that

k—1
dimSym(V®) = (" + ) ) (8.8)
Given vy, vy, ..., vt € V, following the monograph by Fulton and Harris
[43], we set
VU =k Sym(v; @2 @ - - @ )
= Z V(1) @ Vn2) @+ & Vn(h-
JTEGk
Clearly, theset{e;, - e;, - ... e, : 1 <i} <iy <--- <i <n}isanorthogonal

(not normalized) basis for Sym(V €¥).
An alternative basis is the following: {e, = D ; . iycq. €, @€, ® - ®
ei, 1 a € C(k,n)}, where 2, is as in (8.5). Clearly, if (i1, i2, . .., ix) € 2, then

e, €y, ...-e, =aplay!---aile,. (8.9)

Consider the multilinear map

Q: y <k —  Sym(V®K)
(U1, U2y oo, Ug) > V1 - V2 v ot g
Note that ¢ is symmetric, that is, @(Vx (1), Vr(2)s - - - » V) = @(V1, V2, ..., Vk)
for all m € & and vy, vy, ..., vx € V. This map is universal in the following

sense. If W is another vector space and ¥ : V*k — W is a symmetric mul-
tilinear map, then there exists a unique linear map ¥ : Sym(V®) — W such
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that the diagram

R

w

commutes (that is, ¥ = ¥ o ¢). Indeed, we may set

Yup-va-..ov) =W, v, .., ).

Note that ¢ is well defined (because W is symmetric) and it is the unique map
that makes the diagram in (8.10) commutative. It is easy to check that this
universal property characterizes Sym(V ).

Suppose now that V = V| @ V,, with dimV; = m, and choose the basis
{ei1,er,...,e,} of V in such a way that the first m vectors are in V; and
the remaining n — m vectors are in V,. For 0 < h < k consider the linear
map

Sym(vl®h) ® Sym(V2®(k7h)) —> Sym [(V] @ V2)®k] (8 11)
(Wi vz 0R) @ (Vpgt " Vpg2 + oo nVK) > VU2 g .
where vy, va, ..., v, € Vi and vy41, Upga, ..., Uk € V.

Proposition 8.1.2 The map (8.11) determines an isomorphism

k
Sym[(V} @ V2)®k] >~ @ [Sym(Vl®h) ® Sym(V2®(k7h))i| '
h=0
Proof Just note that if 1 <ij<ir<---<ip<m and m+1<i, <
imt2 < -+ <i; < n,then we have

(6,'] -eiz-...-eih)®(eih+] -eih+2~...~eik)r—>e,-] C€iy e €y [

Note that from Proposition 8.1.2 and (8.8) we get an algebraic proof of the
combinatorial identity
Xk: mAh+1\(n—m+k—h+1\  (n+k—1
m—1 n—m—1 N n—1 )’
h=0
which is a variation of the Vandermonde identity (see the book by Graham,
Knuth and Patashnik [51]).

Now we state and prove a technical but fundamental result on Sym(V ®%)
which constitutes the essential tool for development of the duality between the
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symmetric group &; and the general linear group GL(#, C). For v € V, we set

v®k=v®v®~-~®v.
e e’

k-times

We suppose that V = C” is endowed with the standard topology.
Theorem 8.1.3 Let U C V be a nontrivial open subset of V. Then the set
(u® :u e U}
spans the whole of Sym(V ®F).
Proof Let ¢ : Sym(V®) — C be a linear map such that
ow®) =0 (8.12)

forallu e U.Ifu = 37, x;e;, then we have

™)=Y x“ple.)

aeC(k,n)
where e, is as in (8.9) and x* = x{'x5? - - - x%. In other words, p(u®¥) is a
homogeneous polynomial of degree k in the variables xj, x2, ..., x,. Since

by (8.12) such a polynomial vanishes on a nontrivial open set of C", then
necessarily it is the zero polynomial; equivalently its coefficients must be all
equal to zero. Thus ¢(e,) = 0 for all a € C(k, n), thatis ¢ = 0, and this shows
that the set {u®* : u € U} spans the whole of Sym(V ®). O

As an example, we have

1
VU + QU = 5[(01 +v2) ® (V1 + v2) — (V1 — v2) ® (v — v2)]

(see also (8.14) in the exercise below).

In the following exercise, we sketch an alternative more constructive proof of
a weaker version of Theorem 8.1.3. It is taken from the book by Goodman and
Wallach [49, Lemma B.25]; see also the monograph by Bump [15, Proposition
38.1].

Exercise 8.1.4 (1) Let C5 ' ={(y2, 3, ..., vo): i € {(—1,1},i=2,3, ...k}
be the product of (k — 1) copies of the (multiplicative) cyclic group C, =

{—1, 1}. Identify the dual group Cg_' with the collection of all subsets of
{2,3,...,k} by setting, for J C {2,3,...,k},

X =[]w

jes
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forally = (y2, 93, ..., Y&) € CIZ‘_]. Show that the Fourier transform on C'Z‘_l
and its inversion formula are given by

Fh= Y fomx'm
yeCs!

and

1 -~
FW =5 20 '),

—

Jeck!

forall f e L(Cs™).
2)Let d: Sym(V®k) — C be a linear map. Given vy, vy, ...v, € V set

f) = @[ + a0+ -+ yo)®] (8.13)
forall y € C5~'. Set Jy = {2, 3, ..., k}. Show that
FJo) = 2" k10 [Sym(v; @ 1, ® - - ® vp)] .
(3) Deduce from (2) the following polarization identity:

Sym(vi @ v ® -+ Q@ vr)

1

k
= g Z l—[)/j 1+ v+ + e (8.14)

yeCs™t \Jj=2

(4) Deduce from (3) that if U C V is a dense subset, then {u®* : u € U}
spans the whole of Sym(V &),

Hint. (2) Expand the tensor product in (8.13) and consider the simple tensors
of the form v;, @ v;, ® - - - ® v;,, with iy, iy, ..., i distinct.

(3) Write down the expression for f(]o) and use the fact that the map @ is
arbitrary.

8.1.4 Antisymmetric tensors

Let oy be again the representation of &; on V® defined in Section 8.1.2. The
alternating operator on V® is the linear map Alt : V& — V@ defined by
setting

1
Alt := = Z e(m)ow ()

|
. 7f€6k
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where ¢ is the alternating representation of G;. In other words,

1
Alt(v; ®2 @ -+ @ »p) = X Z E(T)Vr-1(1) ® V1) B+ ® V-1t

. NEGk

for every decomposable tensor v; @ v, ® - - - ® V.

From Corollary 1.3.15 it follows that Alt is the orthogonal projection of V¥
onto the isotypic component of € in V®*. The image of Alt, namely Alt(V ),
is called the space of antisymmetric (or alternating) k-tensors over V. It is also
called the kth exterior power of V and it is often denoted by /\k V. Finally, we
set Alt(V®%) = C.

Clearly, a tensor T € y &k belongs to Alt(V®*) if and only if ox(7)T =
e(@)T, forall m € &y.

Given vy, vy, ..., v, € V, we set

VIAUVA- AV =kl Alt(v; ® @ - ® 1)
= Z M7y ® Vr2) @« -+ @ Uiy

ﬂEGk

(here we follow the monograph by Fulton and Harris [43]; in the book by Simon
[111] thereis a Vk!in place of k!, while in the book by Goodman and Wallach
[49] there is no normalizing factor in front of Alt).

Proposition 8.1.5 The set
fei, Nepy, Ao ne il <y <y <o <ix <n}

is an orthogonal basis for Alt(V®"). In particular, dimAl(V®) = (}) for
0 < k < n and Al(V®) = {0} for k > n.

Proof Let a = (a;,ay,...,a,) € C(k,n) and suppose that a; € {0, 1} for
all i =1,2,...,n. Then there exist 1 <i| <i, <--- <iy <n such that
aj, =a;, =---=a; =landa; =0ifi ¢ {i}, i», ..., ix}. Moreover, the vec-
tors e, ® e, @ - Q e, with € & form a basis for the correspond-
ing permutation module M in (8.6). But Alt(e;,, ® e, @ - Qe;,,) =
e(m)e;, ANeiy N+ Nej,. Therefore M* = M 1" contains the alternating rep-
resentation of G, with multiplicity one and the corresponding space is spanned
byeil Nep N N\éej.

Now suppose that a; > 2 for some index j. If (i1, is, ..., i) € Q,, then
iy = i, = j for a pair of distinct indeces s and ¢, and therefore

Alt(e,-l ® €j2 ® cee ® eik) = 0
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Since the set {e;, ® e, ® --- D e;, : (i1, 62, ..., i) € 4} 1s a basis of M, this
shows that M“ does not contain the alternating representation of & and this
ends the proof. O

Note that in the above proof we have derived again a particular case of the
Young rule (Corollary 3.7.11), namely the case u = (1, 1, ..., 1).
Let W be another vector space. A multilinear map

I 4 (8.15)
is alternating (or skew-symmetric, or antisymmetric) if

DP(Vr (1), Vr@)s - -+ » V) = (@) P(vy, v2, ..., Vi),

forallm € Sy and vy, vy, ..., v; € V. By virtue of the elementary polarization
identity

a(vy + vz, v1 + v2) — a(vy, V1) — @(v2, v2) = a(vy, V2) + a(vz, V1)

valid for all bilinear maps o : V*> — W, we have that the map @ is alternating
if and only if ®(vy, v2, ..., vr) = 0 wheneverv; = v; forsome 1l <i < j <k.
We define an alternating multilinear map

Y y <k — Alt(V®F)
(W, Vo, o, V) > VLAV A AU

This map is universal in the following sense. If @ is an alternating multilinear
map as in (8.15), then there exists a unique linear map ¢ : Alt(V®*) — W such
that ® = ¢ o ¥). Indeed, we may set

Py Ay A A) = PV, v, ..., V).

It is easy to check (exercise) that this universal property characterizes
Alt(V &),

Suppose now that V = V| @ V,, with dimV; = m, and choose the basis
{er,er,...,e,} of V in such a way that the first m vectors are in V; and
the remaining n — m vectors are in V,. For 0 < h < k consider the linear
map

Al(VE") @ Al(V,25 ) — Alt[(V) @ V2)®]
(VI AVIA - AV) @ (Ut AVppa A s = AUR) > VLAV A A
(8.16)
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where vy, vy, ..., vy € V| and vp4q, Upta, - .-, Uk € Vo, In particular, if 1 <
hh<ihh<---<ip<mandm+1<i,y <ipiz <--- <iy <n,wehave

(6,‘] N €jy N+ Ae,-h)®(e,-h+] N €y N Aeik) = ej, Nejp, N Néej,.
We then get the following analogous of Proposition 8.1.2.

Proposition 8.1.6 The map (8.16) determines an isomorphism

k

Alt[(V; @ V)] = @ [Alt(Vl®h) ®A1t(vz®(k7h))] ‘

h=0

From the algebraic identity above the usual Vandermonde identity for the
binomial coefficients follows (see (5.6)).

8.2 Classical Schur—Weyl duality

In this section we examine the classical Schur—Weyl duality between S, and
GL(n, C). However, we do not go deeply into the representation theory of
GL(n, C), nor do we discuss the representation theory of the unitary group
U(n) and SU (n). For a thorough dicussion of these topics, that requires tools
like Lie algebras and representation theory of compact, locally compact and
algebraic groups, we refer to the books by Simon [111], Goodman and Wallach
[49], Sternberg [115], Bump [15], Clerc [21], Fulton and Harris [43] and the
recent book by Procesi [103]. These monographs are the sources of most of the
material presented in this section.

Our aim is mainly the study of the action of &; on V® and the repre-
sentation theory of its commutant, which is, in any way, the milestone in the
study of the Schur—Weyl duality. Then we limit ourselves to show that the irre-
ducible representations of the commutant of & yields a family of irreducible
representations of GL(n, C). We also show how to use the machinery devel-
oped in Chapter 2 to describe these irreducible representations of GL(n, C) and
introduce a related Young poset.

8.2.1 The general linear group GL(n, C)

The general linear group GL(n, C) is the group of all invertible n x n, com-
plex matrices. We identify it with GL(V) the group of all invertible linear
transformation on V = C". If {ey, e5, ..., e,} is a basis of V as in Section
8.1, the isomorphism GL(n, C) = GL(V) associates with the invertible matrix
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g = (8i,j)i.j=12,..n € GL(n, C) the linear transformation given by

e; (ad Zgi,jei. (817)
i=1

For g € GL(V) and v € V, we denote by gv the g-image of v so that we also
write (8.17) in the form

ge; =) g jei. (8.18)
i=1

A linear representation (o, W) of GL(V) is a group homomorphism o :
GL(V) — GL(W). A x-representation is a linear representation o such that
o(g*) = o(g)* for all g € GL(V). Two representations (o, W) and (p, U) of
GL(V) are equivalent if there exists a linear bijection 7 : W — U such that
To(g) = p(g)T for all g € GL(V). A subspace U < W is o-invariant if
o(gw € W for all we W, g € GL(V). We say that (o, W) is irreducible
when W has no nontrivial invariant subspaces.

Example 8.2.1 For k > 1 we define a *x-representation p; of GL(V) on y &k
by setting

k@I O R - QU) =gV QgL - gug,

for all g € GL(V) and all decomposable tensors v; @ v, ® --- Q v € Yk,
In terms of (8.2) we have px(g) =g R g ® - ® g, thatis p; = p?k if the
k-iterated internal tensor product of representations of GL(V) is defined as in
Section 1.1.7. The representation p; is also called the defining representation
of GL(V).
From (8.18) we immediately get the following matrix representation of
Px(8), 8 = (8i,j)i,j=1,2,...n € GL(n, C) = GL(V):

o(ge;, ®ej;, ®---®ey)

n
= z 8i1.j18irj ** it jvCi, ®ei, ® - B e,
=1

01,0200k

The representations p; of GL(V) and o} of &; (defined in Section 8.1.2)
commute:

Pk()or(mr) = or () pr(8), (8.19)

forall g € GL(V)and & € &;.
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Example 8.2.2 The subspace Sym(V®F) (see Section 8.1.3) of V& is p;-
invariant. Indeed, forall 1 < j; < j, <--- < jr < n we have,

Pi(g)ej, e, - ... -e;) = pr(gk! Sym(e;, ®e;, ® -+~ R ej)
(by (8.19)) = k! Sym[p(g)(e;, ®ej, @ ---Qej,)]
n
= k! Sym[ Z 8irj18ir.ja " B
i1yi2,ensig=1
e, ®e, Q- el
n
= Z 8i1,j18izj2 """ ik, ik €ir " Cin e G
i] ,iz ..... ik=1
(8.20)
In the next subsection, we show that the restriction of the representation p; of
GL(V) to the invariant subspace Sym(V ®¥) is irreducible. For the moment, we
present an isomorphic representation.

Let W¥ denote the space of all homogeneous polynomials of degree k with
complex coefficients in the variables x;, xs, ..., x, (see Section 4.1.2). There
is an obvious linear isomorphism of vector spaces between Sym(V®*) and W¥,
given by the map

Tyt > XXy Xy, (821)

foralll < j; < j, <--- < ji < n.Wedefine a representation 6; of GL(V) on
Wk by setting

n n n
OP)x1, Xay oo Xa) = PO it Xis Y 8idXir s Y 8inXi)
i=1 i=1 i=1

forallg € GL(V)and p € W,’l‘ . It is easy to see (exercise) that 6y is a represen-
tation of GL(V). Note that in the jth coordinate of p thereis ) ._, g; jx; and

.....

and the polynomial p as a function on the row vector (xy, x», .. ., x,), we have

O(@)P)(x1, X2, . xp) = pl(x1, X2, ... X0)g]-
Then, 6 is isomorphic to the restriction of p; to Sym(V®): if x; x,, -+ - x;, is
as in (8.21), then

Ou( @)X, -+ X)) = (Y & jikin) - () i ¥in) - () BigoieXia)

i1=1 ir=1 ir=1

n
= E 8ir,j18in,jo g, juXin Xiy * +* Xiy
=1

11,02,y ix

that coincides with (8.20), modulo (8.21).
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Example 8.2.3 The subspace Alt(V®*) (see Section 8.1.4) is also pj-invariant.
Indeed, forall 1 < j; < j, < --- < ji <n we have,

or(g)ej, Nejp A ANej) = pr(gk! Alt(ej, ®ej), @---Qej,)
(by (8.19) = k! Alt[oi(g)(e), @ e, @ - ® ;)]

= 2 : 8ir,j18ir.jo " i jx iy N\ €iy Nt N €y

iinseig=1

which equals

§ : E : 8(ﬂ)giﬂ(l)ajlgi7r(2)aj2 © ik | € ANy N N e

1<iy<iy<--<ix<n \weS;

In the next subsection, we show that the restriction of the representation p; of
GL(V) to the invariant subspace Alt(V®*) is irreducible.

The character of arepresentation (o, W) of GL(V) is defined in the obvious
way: x°(g) = trlo(g)]. Clearly, equivalent representations have the same char-
acter. In particular, suppose xy, x,, ..., X, are the solutions of the characteristic
equation of det(g — Al) = 0, that is, the eigenvalues of g (where each eigen-
value is counted according to its multiplicity as a solution of the characteristic
equation). Then

x(@) =x1+x2+-+x, =1r(g)
and, more generally, as it immediately follows from (1.18),
X"(Q) = (x1 +x2+ -+ x) = tr(g)

for all g € GL(V).

Following the monograph by Simon [111, Lemma A.1] we now give an
important generalization of these identities. We start with an elementary lemma
which is a particular case of the so called Spectral mapping principle (see, for
instance, [34, Theorem 20.13]).

Lemma 8.2.4 Let A € M, ,(C) and denote by x1, x2, ..., x, the eigenvalues
of A. Then, for every integer h > 1, the numbers x{’, xé‘, e, x,’[ are the eigen-

values of A". In particular,

tr(Ah) =xf’ +x§Z +-~-+x£’.
Proof Let w = exp(2mi/h) be a primitive hth root of 1. Then we have

I — A" = (I — AT — wA)--- (0] — "1 A)
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and therefore

h—1
det(\"'1 — A") = det ]‘[(u —w/A)
Jj=0
h—1
=[] detas — o’ 4)
Jj=0
h—1 n

=[]]]*—e'x)

i=0i=1
n

=" —xh. 0
i=1

Consider the representation 1 of GL(V) x &, on V@ defined by setting
n(g, ) = pr(g)ox () for all g € GL(V) and w € &;. In other words,

g TV @V® - ®@U) = gUr1(1) B GV 12) @ - R gUr11k), (8.22)
for all g € GL(V), w € 6; and vy, vy, ..., vy € V. Moreover, 7 is a repre-
sentation because p; and op commute. We now compute the character x”
of n.

Proposition 8.2.5 Ler g € GL(V) and & € Sy. Suppose that w belongs to the

Gy-conjugacy class C,, where .. = (A1, A, ..., Ap) b k (cf. Proposition 3.1.3),
and let x1, x2, ..., X, be the eigenvalues of g. Then

x"(g, ) = pa(x1, X2, ..., Xn), (8.23)

where p;, is the power sum symmetric polynomial associated with the partition
A (cf. Section 4.1.3).

Proof Let o € Gy. Since
X"(g, omo™") = x"[(, 0)(g, 7)Un, 0~ )] = x"(g, 7),
we may suppose that

T=01->A—=>A—-1> - 22>DAM+1> A+l —> > A +2—> X
+1) k=l k—k—1—> - > k—1+2—>k—1,+1).
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We then have:

n

trn(r, g)l = Z (n(r, g)ej, ®e;, ® - ®ej)ej, Qej, ®- - Qej)ver
JiaJzseejk=1

= Z (8€),-10 €1V A8€ 1yr €i)v - (8€) Ly €V
JtsJzseen k=1

h n
=Y D (gen.en)vigen en)v - (gen. e )y

r=11t1,t,....t;, =1

h n
= E E 81,080,658, .0

r=1t1,t,....t, =1

h
= trlgh]
r=1

h
= > Gy e al)

r=1

= (X1, x2, ..., X)),

where =, follows from Lemma 8.2.4. O

Corollary 8.2.6 Denote by x5 (resp. x*) the character of the restriction of the
representation py of GL(V) on Sym(V ®¥) (resp. Alt(V®X)). Then we have

x5(g) = hi(xi, xa, ..., Xy)
and
x2(g) = ex(x1, X2, ..., X)),

where x1, X3, . . ., X, are the eigenvalues of g, and hy and ey are the complete
and elementary symmetric polynomials (cf. Section 4.1.3).

Proof We have
x°(g) = tr [ pe(g)Sym]

1
= 1Y o)l

JTGGk

1
= trn(m, g)]
ﬂEGk
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1
(by Propositions 4.1.1 and 8.2.5) = E —pa(x1, X2, ooy X))
FoN
M-k

(by Lemma 4.1.10) = hy(xy, x2, . .., Xp).

The proof of the second identity is similar: we replace Lemma 4.1.10 with
Remark 4.1.14 (cf., in particular, (4.15)). |

The group algebra of GL(V), denoted by C[GL(V)], is the space of all
functions f : GL(V) — C whose support supp(f) :={g € GL(V) : f(g) #
0} is finite. It is an associative algebra where the multiplication of two elements
f1, f» € C[GL(V)] is their convolution f| * f, defined by

fixph@= Y AWAG'
heSupp(f1)

for all g € GL(V). Equivalently, we may identify an element f € C[GL(V)]
with the (finite) formal sum ) eecrLvy S (8)g. Then the convolution becomes
formal multiplication:

fix o= Z fi(g1)g Z f(g2)82

g1€GL(V) 826GL(V)
= Z f1(81) /2(82)8182
81.826GL(V)

= Y. Y AWAGT s,

geGL(V) | heSupp(fi)

where the last equality follows by setting g = g;g, and h = g;.
Clearly, C[GL(V)] is infinite dimensional.
Let (o, W) be a *-representation of GL(V) and f € C[GL(V)]. We set

o(f)= Z Sf(h)o(h) € End(W).
heSupp(f)

Then o (C[GL(V)]) is a finite dimensional *-algebra of operators on W. More-
over, (o, W) is GL(V)-irreducible if and only if it is o (C[GL(V)])-irreducible.

8.2.2 Duality between GL(n, C) and &,

We recall that we have identified the algebras End(V®*) and End(V)®* by
means of the isomorphism (8.2).
Define a representations 6 of &; on End(V ®) = End(V)®* by setting

R(T(AI®A® - Q@A) =Ar11)® A1) ® - Ar-1p
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forall m € Sy and Ay, Ay, ..., Ay € End(V). It is clearly the analogue of oy
with V replaced by End(V).

Proposition 8.2.7 For every T € End(V®) and w € &y, we have
0 ()T = op(m)T o (). (8.24)

Proof Given the decomposable tensors 7 =A1® A, Q- Q Ay €
End(V)®* = End(V®) and v, @ v, @ - - - @ vx € V& we have
[6i(m)(A® A Q- @ADIWVI Qv Q- - ® i)
= A (hV1 @ A2 ® - - Ap-1() Uk
= ok (T)(A1Vr(1) @ A2V 2) @ -+ @ ApVr(i))
[ok(T)(AI® A2 ® - ® AYor(m DI @12 ® -+ ® vp).
O

We are now in position to prove one of the main ingredients of the classical
Schur-Weyl duality: the characterization of the commutant Endg, (V®*) of
V®k with respect to the representation oy.

Theorem 8.2.8 With respect to the isomorphism (8.2), we have

Endg, (V®) = Sym[End(V)®*] = o1 (C[GL(V)]),

where Sym = % _— Ok () is the symmetrizing operator on End(V)®* with

respect to the Gy-representation 6y.

Proof The first identity is an immediate consequence of Corollary 1.2.22,
Lemma 1.3.5 and Proposition 8.2.7: Endg, (V&) coincides with the isotypic
component of the trivial representation with respect to the representation 6 of
G, on End(V ®F) (see (8.24)) and Sym is the projection operator onto the trivial
representation.

The second identity is a consequence of Theorem 8.1.3: GL(V') is anontrivial
open set in End(V) (J € End(V) belongs to GL(V) if and only if det(J) # O,
and det is a continuous function: it is a polynomial in the coefficients of the
operator J). Therefore, the set

> f(8)8® : f € CIGL(V)]

geGL(V)
coincides with Sym[End(V)®*], and )" gy (v, [(2)g®* = ox(f). O

Remark 8.2.9 Theorem 8.2.8 may be formulated in the following equivalent
way: the commutant of o3[ L(S;)] in End(V ®%) coincides with p; {C[GL(V)]}.
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Therefore we can apply the double commutant theory (Theorem 7.3.4). How-
ever, we shall state the results in terms of representations of the groups &, and
GL(V).

For A - k, set
U = Home, (§*, V), (8.25)

where S* is the irreducible representation of & canonically associated with A
(see Definition 3.3.8). As in Theorem 7.3.4, we may consider the representation
0. of GL(V) on U* defined by setting

[0.(ONT) = pr()T

for all g € GL(V) and T € U” (the right-hand side is the composition of
T : S* — V& with pr(g) : V& — V) We also recall that x* denotes the
character of S*, d, the dimension of S* and s, is the Schur polynomial (in the
variables x1, X7, ..., x,) associated with A (see Section 4.3.1). The character
of (px, U*) will be denoted by ¢* and its dimension by m;. We will also use
the Young seminormal units {e; : T € Tab(k)} introduced in Section 3.4.4.

Theorem 8.2.10 (Classical Schur—Weyl duality)
(i) The set {U* : Ak, £(0) <n,k=1,2,3,...} is a set of irreducible,
pairwise inequivalent representations of GL(V).

(i1) Setting heoy+1 = Agpy+2 = -+ = Ay = 0, we have
L K .
mj, = dimU* = %ﬁn(j —i+m= ] ks Bt —;,:J —
i=1 j=1 I<i<j<n
(iii) The character ¢* of (p;, U*) is given by
9H(8) = s.(x1, X2, ., Xn),
where X1, X2, ...,Xx, are the eigenvalues of g € GL(V) (as in Lemma

8.2.4).
(iv) We have that

V®k ~ @ (U)» ® S)»)
Abk:
L(A)<n
is the (multiplicity-free) decomposition of (n, V®¥) into irreducible
(GL(V) x G&y)-representations (cf. (8.22)).
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(v) We have that

is the decomposition of (oy, V®*) into irreducible Sy-representations.
(vi) We have that

vek= @ au*
Abk:
(\)<n

is the decomposition of (px, V&) into irreducible GL(V )-representations.
In particular,

Yok =~ EB EB or(er) Ve (8.26)

M-k: TeTab())
£0)<n

is an orthogonal decomposition of (px, V&) into irreducible GL(V)-
representations, with oi(er)V® = U* for all T € Tab()\) and d, U* =

k
@TeTab(A) or(er)V e

Proof First of all, recall the decomposition (8.6). We may then apply the Young
rule (Corollary 3.7.11; actually, the weaker version in Theorem 3.6.11 suffices
and applies in an easier way): the & -representation S* appears in V* if and
only if it appears in M“ for some a € C(k, n) and therefore if and only if
£(A) < n. With this remark in mind, and taking into account Theorem 8.2.8 and
Remark 8.2.9, we may apply the double commutant theory (Theorems 7.3.4
and 7.4.14) to the representations py and oy, yielding (iv) and the irreducibility
and pairwise inequivalence of the U*’s.

From (iv) and an obvious generalization of Proposition 1.3.4 (iv) and (vii),
we get the following expression for the character of n:

X" m) =Y ¢ @x () (8.27)
M—k:
eV=<n
for all g € GL(V) and 7 € &;. Comparing (8.27) and (8.23) we get that if
X1, X2, ..., X, are the eigenvalues of g and w € C,, where p I k, then
Pulr, o, x) = ) @M@ ().
A=k
)=<n
Since {s; : AFk,€(A) <n} and {p, : -k, €(u) <k} are bases of the
vector space A’,; (cf. Theorem 4.3.1 and Theorem 4.1.12, respectively),
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Theorem 4.3.9 and the orthogonality relations in Corollary 1.3.7 ensure that
©*(g) = s5.(x1, X2, ..., X,), and this proves (iii).

Then (ii) follows from Theorem 4.3.3 and (4.39).

Moreover,if A = kand u = h with k # h, then p, 7 p,, as the corresponding
characters are different and this gives (i).

Finally, (v) and the first part of (vi) follow from Theorem 7.3.4, while the
second part of (vi) follows from Theorem 7.4.14 and the definition of ey (see
(3.58)). O

Observe that, since Sym is the projection onto the isotyopic component of
the trivial representation (see also Exercise 3.4.13.(1)), we have

U® = Sym(V®) (8.28)

as GL(V)-representations, and the computation of the character %3 in Corol-
lary 8.2.6 agrees with that in Theorem 8.2.10.(iii)); indeed, from the Jacobi—
Trudi identity (Corollary 4.3.18), it follows that sy = hy. Similarly, as GL(V)-
representations,

U1 = Al(v e

and the two computations of the characters agree; the details are left to the
reader. Finally, it is clear that UV = V.

8.2.3 Clebsch—-Gordan decomposition and branching formulas

We recall the definition of the Littlewood—Richardson coefficients: for A - k
and 1 <h <k — 1, these are the nonnegative integers cﬁ’ u involved in the
decomposition

Resg! o, S = €D ¢, [8" B $"] (8.29)

vkh,
ubk—h

(cf. Definition 6.1.25.(3) and Corollary 6.1.35 (the Littlewood—Richardson
rule)).

We have devoted the entire Chapter 6 to the combinatorial description of
the coefficients cﬁ’ . and to a deep analysis of (8.29). In the present section,
we only use (8.29) because we have to show that the same coefficients govern
two different rules involving the irreducible representation U* of GL(V) (cf.,
(8.25)), that is, we do not need the explicit results in Chapter 6.

In what follows, we regard &;, x G;_;, as the stabilizer of {1, 2, ..., h}. Let
v h,ukk—hand£(v), £(u) < n. We consider the external tensor product
of U and U, that we denote by U" X U* (with a slight modification of
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our convention in Section 1.1.7), which is a representation of GL(V) x GL(V).
We also consider the internal tensor product U’ ® U* = Resg{x;XGL(V)(U "X
U"), where GVL(V) is the diagonal subgroup {(g, g) : g € GL(V)} < GL(V) x

GL(V).

Theorem 8.2.11 (Clebsch—-Gordan decomposition) For v - h, u = k—h
and £(v), () < n the GL(V)-representation U" @ U" has the following
decomposition as a direct sum of irreducible representations:

v n o~ A A
veut= @ d,Un
Ak
o=n
Proof Consider the representation ), ® oy_, of &, x &;_j, on V& = V& g
Vek=h_ We set

B =0} ® 0k [L(S), x Gi—p)] = 04[L(G4)] Q 04—n[L(S_p)]

that is, B3 is the subalgebra of End(V®*) = End(V®") ® End(V ®*~™) spanned
by all operators 0;,(7) ® oy—,(t), 7 € S; and T € Sy_y,. From Theorem 8.2.8
it follows that the commutant of B is given by:

B’ = (pr ® pr—){CIGL(V) x GL(V)]} = o {C[GL(V)1} ® pi—in{C[GL(V)]}

which is spanned by all operators of the form p;(g1) ® pr—n(g2), &1, 82 €
GL(V). Clearly, B C A := ox[L(S;)] and B’ 2 A" := p {C[GL(V)]}, where
A and A’ are the algebras used in the proof of Theorem 8.2.10. Note also
that, applying Theorem 8.2.10 both to V®" and to V®*~" and taking into
account Proposition 7.3.1, we deduce that the decomposition of V@ into
B ® B'-irreducible representations is:

veb= B P I RUMHR (SRS (8.30)

ubh: vEk—h:

Lp)<n Lv)=n
This is also the decomposition into irreducible (GL(V) x GL(V) x &), x
Gj_p)-representations, and this also proves that U X U* is (GL(V) x
GL(V))-irreducible. We now apply the seesaw reciprocity theorem (Theorem
7.5.10): the multiplicity of U* in Resa") V(v ® U») is equal to the

GL(V)
multiplicity of §” X S§# in Resgixek_h S*. It is also clear that Resg{E“jZXGL(V) =

Res A O

As a particular case of Theorem 8.2.11 we get the following remarkable rule
(recall that V = UM).
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Corollary 8.2.12 For u =k — 1, £(u) < n, we have:

vrev= g U

M-k:
L(A)<n
A=

where . — ( is the notation for A covers  introduced in Section 3.1.6.

Proof For h = k — 1 the Littlewood—Richardson rule reduces to the branching
rule (Corollary 3.3.11). O

It is worthwhile to examine more closely Corollary 8.2.12 because it leads
to a remarkable connection with the Okounkov—Vershik theory developed in
Chapter 2. For example, if £k = 2 we have the decomposition:

VeV =U®eU' =Sym(V®?) @ Al(V®?). (8.31)

Starting from (8.3 1) and iteratively applying Corollary 8.2.12 we can easily get
an (orthogonal) decomposition of V® into irreducible GL(V )-representations
(and we will show that it coincides with (8.26) in Theorem 8.2.10). For instance,
for k = 3, we have

VeVVEUuPeUu 1oV

8.32
~ WP e U e Wt e U, (8.32)

and we may continue this way. In order to formalize this, we need some
more considerations. Note that, by the branching rule for &;, we have, for
Ak, LN <n,

Resg " Sl (S*RUM = P (s"®UP
pek—1:
A=
and, applying this decomposition to Theorem 8.2.10.(iv), we get the following
(multiplicity-free!) decomposition of V® under S;_; x GL(V):

Y&k ~ @ @ (S* K U). (8.33)

M-k p-k—1:

e0)=n" asp
We can get (8.33) in the following alternative way. Consider the repre-
sentation of &;_; x GL(V) x GL(V) on V& = y®k-D &V where &;_,
permutes the first k — 1 coordinates and GL(V) x GL(V) acts via py_1 X p;.
Then, decomposing V®*~D ® V as in (8.30) and applying Corollary 8.2.12,
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Gk 1 XGL(V)XGL(V)

that is considering Res _ xGL(V)

we get:

vekzyetlgy= (B (*RU R V)

@ @ (S“ R UM, (8.34)

pFk=1: Abk:
Upw)<n l(/\)<n
A p
Note that we have just reproduced, in a particular case, the arguments in the
proof of Theorem 8.2.11 (and those in the proof of Theorem 7.5.10 on which the
former is based). Let us apply these considerations to get a different description
of the decomposition (8.26) in Theorem 8.2.10).
We first need to modify the Young poset introduced in Section 3.1.6. Given
a positive integer n, the n-truncated Young poset Y, is obtained from the usual
Young poset Y by considering only the partitions A such that £(A) < n. For
instance, the bottom of the 3-truncated Young poset Y3 is shown in Figure 8.1

(cf. Figure 3.12):

A

(TT11] —

/\ /Y

Figure 8.1 The bottom of the 3-truncated Young poset Y3.

LetA - kand A = A0 — A*=D - 2 k=2 ... 5 3@ = (1) be a pathin
Y,,let T € Tab(A) be the corresponding standard tableau and w7 the associated
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GZ-vector (cf. Section 3.4.2). Clearly, in (8.26) in Theorem 8.2.10, we have
or(er)V® = Cwy K U,

The subspace Cwy X U* may be reached by an iterative use of the branching
rule for G,,, by means of the following chain of subspaces:

SRU*2 s "RUY D MV RU D2 MY KU D wr KU
(8.35)

We now formalize the construction in (8.31) and (8.32). Let A = A% —
AE=D 5 p k=) A0 = (1) be the same path that has led to (8.35).
Consider the following cham of subspaces: w*" .= v®. W** is chosen in
Yok x 82 @ yok-2) > (D g U1 @ VK2 a5 follows:

e [UmeveEn e — )
T Ul,l ® V®(k*2) lf)\,(z) = (1, 1)

Iteratively, W*" is the subspace U*" @ V&&= of

wH = gAY ® V®k=h+D)
~ (U)»("_]) ® V) ® V®(k7h)
@ U"*® V®(k—h))_

ubh:

Lp)=n
PRSI

The chain ends with a subspace isomorphic to U*:
V®k — Wx(l) 2 W)L(Z) 2 L 2 W)L(k) ~ U)\.

We set W7 := W*” | and clearly, V& = Qe W is an (orthogonal)
decomposition of V®* into irreducible GL(V)-representations. We show that it
coincides with the decomposition (8.26) in Theorem 8.2.10.

Proposition 8.2.13 We have WT = oy(er)V .

Proof We proceed by induction on k. The case k = 1 is obvious. We have
wr" = y**" ® v, and, by the inductive hypothesis, in V®*~1 the subspace
U**™" is given by the chain

Ak=D A=1) 261

=sPhxU

2

U :(CU)T|Z|U

‘Z U}\(k—l) g . g S}\(k—l) (k—1)

c st X U* (8.36)
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as in (8.35) (T is the tableau obtained by removing from 7' the box containing
k, as in Section 3.4.4). Tensoring (8.36) on the right by V, and decomposing
U R Y by means of Corollary 8.2.12 we get the desired result. O

Exercise 8.2.14 Give an alternative proof of Proposition 8.2.13 by

(1) using the fact that e is a factor of ey (cf. (3.59));
(ii) using the spectral analysis of the YJM elements applied to V*.

We end this section by giving the Littlewood—Richardson rule for GL(V).
We still use the symbol X for the external tensor products even for vector
spaces.

Theorem 8.2.15 Let V =V, ® V, with dimVy =m, 1 <m <n — 1. Con-
sider the subgroup GL(V;) x GL(V3) of GL(V) associated with this decompo-
sition. Then, for every A =k, £(A) < n, we have

GL(V) " Py
ResGrvyxaLomlU” = @ UM BT,
vk
L(v)<m
L(v)<n—m

where the coefficients clﬁ‘ coincide with those in (8.29) (for the symmetric

group Gy).

v

Proof We follow the indications for the solution of [43, Exercise 6.11]. We first

need some notation. Denote by €2;, the space of all k-subsets of {1,2,...,k}
and, for each A € Q;,, choose 04 € & such that o4({1,2,... ... ,h}) = A.
This way,

Sy = ]_[ oA(S) x Gr_p)

Ae,

is the decomposition of S into left (&), x &;_j)-cosets.

Consider the basis {ey,ez,...,e,} of V.=V, @& V, in such a way that
{ei, e, ..., ey} spans Vi and {ey 11, €mio, ..., ey} spans V,. For 0 < h <k,
consider the subspace W, of VO = (V| @ V,)®k spanned by the (basis)-vectors
e, e, @ - ®e¢, with [{r:i; € {1,2,..., m}| = h. Clearly, we have (see
Lemma 1.6.2)

Wi = P oa(vVE @ v )

Ae,

=~ IndS

®h ®(k—h)
Gr,XGk_h[Vl ' lz V2 ]’
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Therefore,

k
k= (V@ Vy)® = @Wh

S xS

k
=Pmdg ¢, V"RV
h=0

@Indghx@ ) P urrsy v @ U'RS)

ukh: vk—h:
L(p)<m L(v)<n—m

= EB P D [vrvrEng.. " 8]

=0 ukh: vk—h:
L(uw)<m L(v)<n—m

>, @EB @ @c* [UFXU" K S

h=0 pkh:  vkk—h: Ak
Lp)<m L()<n—m L(A)<n
where =, follows from Theorem 8.2.10.(iv) and =, follows from (8.29) and
Corollary 1.6.12. This is the decomposition of V& into irreducible (GL(V;) x
GL(V,) x G;)- representations.
On the other hand, we may start from Theorem 8.2.10.(iv) and apply

Resgﬁ‘\fl)fxii(vz)x o, - Comparing the two results, the statement follows. ad

Exercise 8.2.16 Show that the decomposition in Proposition 8.1.2 and Propo-
sition 8.1.6 are particular cases of Theorem 8.2.15.

In [49, Theorem 9.2.3] it is shown that using seesaw reciprocity one may
connect Theorem 8.2.11 and Theorem 8.2.15. This is one of the results in the
remarkable paper [60].

8.3 The partition algebra

This section is devoted to another kind of Schur—Weyl duality. In the preceding
section we studied the commutant of the action of &; on V®* obtained by per-
muting tensors; we showed that GL(#, C) spans this commutant and we deduced
several properties of a remarkable class of representations of GL(n, C). In the
present section, we consider the action of &, on V& obtained by resticting the
representation of GL(n, C) to the subgroup formed by all permutation matrices,
which is clearly isomorphic to G,,. From another point of view, Ve = [([n]")
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and G,, acts on L([n]*) by tensoring k-times the permutation representations on
the Young module L([n]) = M"~!:!. We show that the commutant Endg, (V &)
is an algebra (called the partition algebra) described in terms of partitions of
{1,2,...,2k} in a nice pictorial way (actually, for n < 2k the commutant of
Endg, (V) is a quotient of the partition algebra, while for n > 2k they are
isomorphic). The partition algebra was introduced, indipendently, by V. F. R.
Jones [67] and P. Martin [86, 87]. Our main source is the paper by Halverson
and Ram [58]. We have also benefited from the introductory part of the paper
[8]. However, our treatment is more elementary and in some sense we are more
interested in Endg, (V®¥) than in the structure of the partition algebras, so that
we have omitted several results such as semisemplicity of the partition algebras,
the role of the basic constructions, the presentations of the partition monoids
and the explicit expression of the YJM elements. For them we refer to [58].
Other important references on the partition algebras and related constructions
are: [9, 13, 14, 30, 37, 38, 48, 56, 57, 88, 89, 90, 91, 92, 126].

8.3.1 The partition monoid

A monoid is a set with a binary operation which is associative and has an
identity. In this subsection, for each positive integer k > 1, we construct a
finite monoid Py, that we call the partition monoid. The elements of P are the
partitions of the set {1, 2, ..., k, 1’,2/, ..., k’}, that we consider as the disjoint
union of two copies of {1,2,...,k}. Given d € Py, d = {A, Aa, ..., An},
a diagram representing d is any (simple, undirected) graph (without loops)
with vertex set {1,2,...,k,1,2/,...,k'} and whose connected components
are precisely the parts (or blocks) Ay, As, ..., A, of the partition d. This
means that two vertices of the graph are connected by a path if and only if
they belong to the same part of d. In most cases, such a graph is not unique,
but our constructions do not depend on the particular chosen graph. A diagram
representing an element of P, will be drawn in the form of a two-row array:
in the top row we put the elements 1,2, ..., k and in the bottom row we put
1',2,..., k', in both cases respecting the natural order.
For example, for k = 9 the diagram in Figure 8.2

12 3 4 5 6 7 8 9

I\' A=t ot ¢ ,3<:
e o o e e o
123 4 5 6 7 8 9

Figure 8.2
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represents the partition
{{1, 1,4}, {2}, {3,6,2'}, (5,9}, {7, 8,9}, {3, 6'}, {4, 5}, {7}, {8'}}.

In general, we will define a partition d € P, giving a diagram representing it.
Note also that d induces a partion of {1, 2, ..., k} whose parts are called top
blocks and a partition of {1’,2', ..., k’} whose parts are called bottom blocks.
Morever, a top/bottom block may be isolated or connected respectively with
exactly one bottom/top block.

An edge connecting two vertices i, j (or i/, j') may be drawn as a straight
lineif j =i+ 1(j' =i+ 1) or, in general, as an arc which is curved inside
the box delimited by the vertices; the latter representation is useful when the
arc belongs to the middle row of a three-row diagram (see below) and we want
to indicate the graph (the upper or the lower) to which it belongs.

Suppose that di, d, € P;. We define their product d; o d, by showing how
to construct a diagram representing it. The construction is in three steps (see
Figure 8.3).

° o o e e
1/ 2/ 3/ 4/ 5/ 6/ 7/ 8/

1 2 3 4 5 6 7 8
[ ]
we 72N
[}
V2 3 45 ¢ 7 8
1 2 3 4 5 6 7 8

23 4 5 ¢ .7’ 8

1 2 3 4 5 6 7 8
° °

123 4 5 ¢ .7’ g
Figure 8.3

o First of all, we draw a diagram of d; above a diagram of d», and we identify
the bottom row of d; with the top row of d5. In such a way we get a graph G
with three rows, that we call the intermediate diagram.
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e Then we delete all the connected components of G that are entirely contained
in the middle row.

e Finally, we eliminate all the other vertices in the middle row and we draw
a graph G’ whose vertex set consists of the top and bottom rows and that
satisfies the following property: two vertices of G’ are connected by a path if
and only if they were connected by a path in G. Then d; o d; is the partition
represented by G'.

It is easy to check that this product is associative: when we compute d; o
(dy o d3) or (d) o d;) ods, in both cases we can start constructing a four-row
diagram, placing d; above d;, and d, above d3. Then we can follow the above
procedure, deleting the second and the third row simultaneously. It is also clear
that the identity element is the partition identified by the diagram in Figure 8.4:

1 2 3 4 k

=111 I

1 23 4 K
Figure 8.4

The propagating number pd(d) of a partition d = {A, Ay, -+, An} €
Py is the number of parts A; such that both A; N {1,2,...,k} and A; N
{1',2/, ..., k’} are nontrivial. The set of all d € Py such that pd(d) = k coin-
cides with the symmetric group on k elements, and thus it will be denoted by
&y Indeed, if pd(d) = k then d must of the form {{iy, 1'}, {i2, 2}, ..., {ix, k'}},
where iy, iy, ..., iy is a permutation of 1, 2, ..., k, and therefore we can asso-
ciate it to the element 7 € & defined by setting: 7 (j) = i;. Itis also clear that
in this identification the product o coincides with the composition of permuta-
tions, that is the symmetric group & is a submonoid of P;.

Fori =1,2,...,k—1and j =1, 2, ..., k, we define the special elements
of P, (see Figure 8.5).

i i+l

Figure 8.5
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We also set py = p1= 1. Now we give a set of relations satisfied by these
elements.

Proposition 8.3.1 The following relations hold (for simplicity we omit the
product symbol o):

() Fori,j=31,14+4%2,....k— 1 k we have:
Pl =pi. PiPiLipi=pi
and, when |i — j| > %,
pibj = DjPpi-
(i1) Fori =1,2,...,k — 1 we have:
5T =1, $iSic18i = Si+15i5i41
and, when |i — j| > 1,
SiS; = 8;S;.
@iii) Fori =1,2,...,k — 1 we have:
SiPiPi+1 = PiPi+15i = PiDi+1,
SiPiy) = Pip18i = Diyls
SiSi+1Piq 1 Si+185i = Dig3s
SiPiSi = Pi+1
and, when j #i — A i i+ L i+ 1,0+ 3,
SiPj = PjSi-

Proof These relations are easy to verify; in particular, those in (ii) corre-
spond to the usual relations for the adjacent transpositions in &, (see (3.33)).
As an example, we draw the diagram (Figure 8.6) that proves the relation

SiSi+1Diy 1Si418i = Pig3t

i+l i+2

SiSi+1 i i+l i+2

e el 1T ]

Si+15i

Figure 8.6
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Proposition 8.3.2 The elements pq, Piyls P2oees Dits Pis S1.82, - Sk
generate the partition monoid Py.

Proof We begin by introducing a definition: a special planar partition is a
partition d € Py of the form:

d:{{1,2,...,i1, 1,2, ..., jih,
{i1+1’ il+27 ceey i29 (j1+1)/’ (jl+2)/1 LRI ,]é}?
o+ L+ 2, Gt + D G +2) 50 i
{il + 17 it + 27 ceey il-‘r]}a {it+] + 17 it-‘r] + 27 LRI il+2}’
. {iS71 + 1,i571 +29 "-1i5}1
G+ D G2, G Y AGien + 1 Gt +2) o G )
A=t + D Grmr +2) s G
where i) <iy <---ip <ipyp <o <ig=k and jj < j,<---j <j,
< .-+ < jl=k.Tt will be represented by a diagram which is a sequence
of trapezoids followed by a sequence of horizontal lines, in the top and bottom
row. We give an example: for t =2, s =4, r =6, 1) =4, i, =8, i3 =10,
iy =13,j1=3,j5=6,j=9,j,=1l", j; = 12" and j; = 13’ the diagram

is shown in Figure 8.7.

1 2 3 4 5 6 7 8 9 10 11 12 13
[ *——o *—o—o
1:::7 *—o—0 *——o [ ]

23 4 5 6 7 & 9 10 11 12’ 13

Figure 8.7

We claim that every special planar partition may be written as a product
of the elements py, p, 415 P2seees Pty Dk It suffices to analyze the above
example: its expression as a product of py, p 3., Pk may be obtained step
by step as indicated in Figure 8.8 (again, we omit the symbol o).

10 11 12 13

P3PsPips
2 2 2
PaPIP11 P13 P15 PTPs
2 2 2 2
P19.P2s P25 PTPSPOPIO

[ ]
pupiepispispizpa 17 2/ 3 4 5 ¢ 7’ g 9 10’ 11" 12/ 13’

Figure 8.8
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All the other special planar partitions may be handled in the same way. To end
the proof of the proposition, it suffices to note that every d € P, may be written
in the form: d = d| o d, o d3, where d|,d; € &; and d, is a special planar
partition. Then we may simply invoke the fact that the elements sy, ..., sg—;
generate Gy. O

Remark 8.3.3 In [58] it is shown that the generators in Proposition 8.3.2
together with the relations in Proposition 8.3.1 form a presentation of the
partiton monoid.

Remark 8.3.4 The submonoid generated by the elements PL D1 Piyts
P2ss Pty Pk is called the planar partition monoid. 1t is formed by all
partitions that may be represented by a diagram which is planar, that is, no two
edges intersect. There are planar diagrams that are not special (in the definition
introduced in the proof of Proposition 8.3.2): Figure 8.9 is a simple example

1 2 3 4 5 6
o o
I o o e e
203 4 5 6
Figure 8.9

that may be obtained as a product of the p’s as indicated in Figure 8.10 (as
usual, for simplicity, we omit the symbol o):

1 2 3 4 5 6
e o

P4aps
psp2psprpopiL
2 2 2 2 2
P3p4p5p6pgpgp%p4p5pg
o o e e
1/ 2/ 3/ 4/ 5/ 6/

Figure 8.10

The planar partition algebra is isomorphic to the famous Temperley—Lieb
algebra; we refer to [48] for more details on the latter algebra and to [58] for
details on the isomorphism.

It is convenient to introduce a particular submonoid of P ;. If k is a positive
integer, P, 41 is the submonoid of Py, formed by all partitions d such that
k+ 1and (k + 1)’ belong to the same part. We also set Py = P1 = {1}.
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Exercise 8.3.5 Show that P, 1 is generated by the elements p;, p, 41, P2,

--,pk_%,pk, pk+%,s1,S2, ey Sk—1-

We end this subsection considering again the Stirling numbers of the second
kind (see Section 4.4.3).

Proposition 8.3.6 For a couple of integers satifying 0 < h < m, the number
of partitions of {1, 2, ..., m} into h parts is equal to the Stirling number of the
second kind S(m, h).

Proof Let §(m,h) be the number of partitions of {1,2,...,m} into h
parts. It suffices to check that S(m,0) =0, S(m, 1) = 1 (both obvious) and
that

Sm+1,h) = S(m, h — 1) + hS(m, h); (8.37)

see Exercise 4.4.11. The identity (8.37) has a natural combinatorial proof: a
partition of {1,2,...,m + 1} into h parts may be obtained adding the part
{m + 1} to a partition of {1,2,...,m} into h — 1 parts or adding m + 1 to a
part of a partition of {1, 2, ..., m} into h parts. O

The Bell numbers are the positive integers B(m) defined by setting
B(m)="Y_S(m.h).
h=1

From Proposition 8.3.6 it follows that B(m) is equal to the number of partitions
of {1,2,...,m}. In particular, the cardinality of the partition monoid P is
given by:

1 1
|Pel = BQk)  for k=11+2.22+7.....

Exercise 8.3.7 Show that the Bell numbers have the following exponential
generating function:

o0 Zh
> B(h) o = exp(e’ — 1).
h=0

Hint. Use 4. in Exercise 4.4.11.

8.3.2 The partition algebra

Foreachk € {0, % 1,1+ % ...Jandn € N, we define an (abstract) associative
algebra Py(n), called the partition algebra of parameters k and n. As a vector

space, it is formed by all formal linear combinations of elements of the partition
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monoid Py, that is, an element of Py(n) is of the form ) deP, f(d)d, where
f : Pr = C. In other words, P; may be identified with a vector space basis
of Pi(n). In order to complete the definition of Py (n), it suffices to define
an associative product on the basis elements. It is a slight modification of
the product d; o d> in the partition monoid, and it is denoted simply by d;d,
(juxtaposition). For dy, d, € P; let G be the intermediate diagram constructed
to define d; o d; (see Section 8.3.1). Then we set

d1d2 = ncdl o} dz,

where c is the number of connected components of G that are entirely contained
in the middle row. For example, if d; and d are as in Figure 8.3(a), then

d]d2 = n2d1 o d2.
For k = 0, 1 we have: Py(n) = P1(n) = C, since Py = Py = {1}.
Example 8.3.8 For k = 1, P = {1, p,}, 1 is the identity and we have:

pPip1r =npg.

Given two partitions d;,d, € P;, we say that d; is coarser than d, (or
that d, is a refinement of d;) when each block of d, is contained in a
block of d; (equivalently, each block of d; is the union of some blocks
of d,). For instance, dy = {{1, 2}, {3,4, 1, 2'}, {3', 4}} is coarser than d) =
{1}, {2}, {4}, {3, 1, 2'}, {3/, 4'}}. We write d| < d» when d, is coarser than d>.
Note that < is a partial order on the set Py. It is convenient to extend < to a
total order. It is simple: put the B(2k) partitions in P into a sequence

dl < d2 < d3 << dB(Zk)—l < dB(2k) (838)

in which the number of parts of d is less than or equal to the number of parts
ofdit1,i=1,2,...,B2k)—1.Clearly d; ={1,2,...,k,1',2/,...,k'} and

dpory = {{1}, (2}, ..., (k}, (U}, (2}, ..., {K}).
Then we get a total order < such that
dd ebP,d<d=d=<d.

We can use this order to define a set of elements {x; : d € P} of Pr(n) by
means of the following relations:

d=3"x. (8.39)

Indeed, clearly x4, = d; (whered, = {1,2,...,k, 1',2/, ..., k’}) and then we
can compute Xg,, Xgs, - - - » Xdpu,» that are uniquely defined (da, ds, .. ., dpy)
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are as in (8.38)). From the relation d; = x4, + ) _,_ & Xd' and induction on i,
it follows that the matrix that represents the x,,’s in terms of the d;’s is lower
triangular with 1’s on the diagonal. Therefore we have proved the following
proposition.

Proposition 8.3.9 The set {x; : d € Py} is a basis of Pr(n).

Example 8.3.10 For k = 1 (see Example 8.3.8) we have d; = 1, d, = p; and
xg, = 1 and x4, = p; — 1, so that

(Xd2)2 = (n — Dxg, + nxg,.

For k € N, there is a natural inclusion Pk+%(n) C Pr+1(n), because Pk+% is
defined as a submonoid of P, ;. But we can also define an (injective) inclusion

Pk — Pk+%

8.40
d — d ( )

where the partition d’ is obtained from d € P, by adding the isolated part
{k + 1, (k + 1)'}. This leads to an inclusion of Py(n) in P,H%(n), that is P,H%(n)
contains a subalgebra isomorphic to Pi(n) and we identify Pi(n) with this
subalgebra. This way, we get a chain (or tower) of algebras:

Po(n) € Py(n) € Py(n) € Py y(n) € -+
- CPUn) S Py 0) € Pt () € oo+ (841)

where Py(n) = 7?% (n) = C by definition.

8.3.3 Schur—Weyl duality for the partition algebra

Let V and V®* be as in Sections 8.1 and 8.2. In particular, n = dimV and
{e1, ez, ..., e,} is an orthonormal basis of V. We define a representation p; of
the symmetric group &, on V®* by setting

pr(m)e, ®e, @ - ®e,) = exi) @ exi) @ - ® exiy

for all # € G, and all basis vectors ¢;, ® ¢;, ® - - - @ e;,. Note that for k = 1,
it is just the permutation representation in Example 1.4.5 (and in the notation
of Section 3.6.2 it is the Young module M"~!!). Note also that p; may be
considered as the restriction of the representation (denoted again by o) of
GL(V) on V® presented in Section 8.2.1 to the subgroup of GL(V) consisting
of the permutation matrices (in the basis {ej, s, ..., e,}). For instance, the
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0 0 1
matrix [ 1 0 0 | represents the permutation
0 1 O

1 0 0 1
Ol—-11]—=10]l—=10]1,
0 0 1 0

thatis (1 - 2 — 3 — 1). If we identify V& with L([n]*) (cf. (8.1)) then py
coincides with the tensor product of permutation representations considered in
Example (7.5.19). As in that example, we set V = M"~ 11 v®0 =y the
trivial representation of G,, and

Ai(n) = Endg, (V®) k=0,1,2,...,
Asr(n) = Ends, ,(Resg’ V&) k=0,1,2,...,

The aim of the present section is to show that A;(n), k € {0, é, 1,1+
1

3 -+ » } is isomorphic to P (n) for certain values of k and n, or to a quotient on
Py (n) for the other values. First of all, we introduce a notation for End(V ®¥).

An operator A € End(V®*) is determined by a matrix Ai:,’fz’,""ikik, where the
indices (i1, iz, ..., i) and (iy, iy, ..., i) range in [n]*. More precisely, we
set
A, ®e,®---®e)= ) Ao, ®e,®--0¢,
(i i oomrip )l
(8.42)

for all basis vector ¢;, @ e;, ® - - - ® ¢;,. In the notation of (8.3),
11,02, 00sig . . . . . .
Aii;,?zr,___,kik, = F(ll’v Dy ooy s Uy 12,000y lk)

and A = Tr. We can define a representation ®; of P;(n) on V &k by specifying,
foreachd € Py, the matrix representing the operator ®,(d). We need a notation:

for d € Py, we write s it to denote that s,t € {1,2,...,k,1,2/,...,k'}
belong to the same part of d (they are equivalent for the relation associated
with d). Then we set

(8.43)

(ST 2N T

. d . .
[Dp(d)] 2 = 1 ifs~t =iy =i
0 otherwise

for all d € P,. This is another description of [<I>k(d)]" el Taken

BRIt

(i1, i, ..oy ik, i, iy, ..., ip) € [n]* x [n]¥, define a partition & by taking the
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subsets on which the function
{1,2,...,k,1,2,... KY>sr— i

is constant. Then [d>k(d)]ﬁi,’ffz’/':_'_’_ifik, = 1 if d’ is coarser then d and it is equal to
0 otherwise.

A third description of @ (d) is the following. Let G be a diagram representing
d. Then

(D@5 =T T8
where the product is over all s,¢ € {1,2,...,k,1’,2/,...,k’} that are con-

nected by an edge in G. For instance, if d is represented by the diagram of
Figure 8.2, then

[Du()] 25 = 8 i 81y is8iy isOis i

(ST T 2%

8iy is Ois.ig8ir.ig0

i3, Oy ,is Ois,igQiy,ig Oig,ig -
We also give the expression of ®; on the generators in Proposition 8.3.2: on

each basis element ¢;, ® ¢;, ® - - - @ ¢;, we have:
de(sj)(e,-, ®e,®--- & eik)
= e, Qe ®"'®ei/—l ®ei;‘+1 ®ei;‘ ®eij+2®"'®eik

Pu(py)e ® e, ® -+ B ey,)

n
= E 6, Qe,Q Qe Qe,Qe,, Qe
=1

ch(pj+%)(eil e, ® - Qe;)
=8iine, e, Q- Ve, Qe ® Qe
Lemma 8.3.11 & is indeed a representation of Pi(n) on V.

Proof Ttsuffices to check that, ford, d’ € Py, we have ®y(dd") = ®;(d)®(d).
For

L . .. . k
N P "y g e ey
(i1, iy ooy 0k, (17, 22 ix) € [n]

we have:
CACILACR) e SR L GO M LR
iy it i =1
(8.44)
Suppose that dd’ = n°d” and let G be the intermediate diagram that is con-

structed to compute d” = d od’ (see Section 8.3.1). When we compute the
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right-hand side of (8.44), in each isolated block in the middle row, the cor-
responding i, are all equal and they can take all the values 1, 2, ..., n. This
gives a factor n¢ (¢ = number of those isolated components). The values of
those 7, that do not correspond to an isolated part are determined by the values
of those i1, i, ..., Ik, i17, l2, ..., [y to wWhich are connected in G. Moreover,
the values of those iy, i>, ..., ik, {17, i, ..., iy» that correspond to a block of
d" = d o d’ must be equal (for instance, if r < £ and ¢’ < s” theni, = iy and
ipr = iy force i, = iy»). The above considerations lead to the conclusion that
the right-hand side of (8.44) is equal to [@(d”)]!"">** . and this ends the

[SVR PN 1Y)

proof. O
We now compute &, (x,), d € Py.

Lemma 8.3.12 For each d € P, we have:
()

d
I ifs~t&ij=i
Dp(xq) = f O
otherwise
when the number of parts of d is < n.

(1) Pr(xg) = 0 when the number of parts of d is > n.

Proof Compare the definition of ®;(d) (see (8.43)) with (i): s £ t=>ig =1
has been replaced by s ~ t < iy = i;. This means that [d>k(xd)]ﬁi,’ffz’,':ffik, =1
if and only if the subsets on which the function {1,2,...,k,1',2/,...,k'}
r +— i, is constant are precisely the blocks of d. Therefore (i) is an immediate
consequence of the definition of x; (see (8.39)) and of ®;(d), with an obvi-
ous inductive argument (using the order in (8.38)). Note also that (i) implies
(i1): if the number of parts of d is > n, then we cannot construct a function
{1,2,...,k,1,2,...,k'y 5r— i, €{1,2,...,n} such that the subsets on
which it is constant are exactly the blocks of d. Alternatively, the inductive
argument, used in the first part of the proof, leads easily to the conclusion that
q)k (xd) =0. O

This is an alternative and fundamental description of ®;(x,) . Consider the
following action of &,, on [n]* x [n]*:
b A (AT 2N PO ST £ TN 1))
= (7w (ir), 7 (@2), ..., w(x), w(iv), w(iz), ..., w(i)). (8.45)

Denote by P.(< n) the set of all d € Py that have at most n blocks. With each
d € P,(< n) we associate the set Q4 of all (iy,is, ..., 0k, i, 0i,...,0p) €
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[n]* x [n]* such that the subsets on which the functions {1,2,...,k, 1,2, ...
..., k'} 3 r — i, is constant are exactly the blocks of d. Then
nlf x =[] @ (8.46)
dePi(<n)

is the decomposition of [n]¥ x [n]* into &,-orbits. Indeed, the orbit of &,
containing (i, iz, ..., i, iy, iy, ..., iy)is determined by the equivalence rela-
. d . . . . .
tion s ~ t < iy = i;. Moreover ®;(x;) is exactly the operator associated with
the characteristic function of the orbit 2; (see (8.3) or Section 1.4.1). These
considerations, together with Lemma 8.3.12, lead to the Schur—Weyl duality
for Pr(n),k =0,1,2,....

Theorem 8.3.13 (Schur—Weyl duality for P, (n)) Fork € N, the map ®; is a
surjective homomorphism of Py(n) onto Ay (n). Moreover, for n > 2k it is also
an isomorphism: Pr(n) = Ay(n), while for n < 2k we have

Ker®, = (x; : d € Py and it has more than n parts).

Proof Indeed, by Proposition 1.4.1, Lemma 8.3.11, Lemma 8.3.12 and (8.46)
the set {®y(xy) : d € P.(< n)}is a basis for Ag(n), while ®;(x;) = 0 if d has
more than n parts. U

Now we examine the Schur—Weyl duality for P, +%(n), k=0,1,2,... We
define a representation ®, +1 of P, +1(n) on V@ by setting, for d € P, (S
Pyy1) and

(12, ok dy iy o) € [n]' x [0,
inigsenit iV ainseeipnt
(Prp 1 (@D 50 = [Prp @i 57 5 e (8.47)
In other words, the value of <I>k+%(d) for the indices (i1, i, ..., ik, i1, 0o, ...
..., i) is equal to the value of ®;;(d) for the indices (i1, i>, ..., ik, 1, iy, 2,

..., lp,n), that is, ix41 = {41y = n. There is an alternative description of
D, 1 (d): the space V®* is isomorphic to V& ® e,, and the last space is
invariant under the action of ®;(d) whend € P 1 and (k + 1) and (k + 1y
belong to the same part of d ,'ar.ld therefore ifip ) = 71, then we must also have
iks1y =n to get [q>k+1(d)];1,’f§2’,';;jff;k’/<f;:ll)/ =1 (see (8.42) and (8.43)). Then
D, +%(d) coincides with the restriction of ®;,(d) to V® ® e,. This second
description immediately yields the following as a consequence of Lemma

8.3.12.

Lemma 8.3.14 @, 1 is a representation of Py 1 (n) on V&,
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We now describe the orbits of G,_; on [n]* x [n]*. Denote by P, (=0
the set of all partitions d € P, +1 with at most n blocks. Toeachd € Py1(< n)
we associate a subset Q,; C [#]* x [#]F in the following way: wy is the set of
all (i1, iay ..., ik, iy iy, ..., i) € [n]F x [n]* such that the subsets on which
the function {1, 2, ..., k,1’,2', ..., k'} > r — i, is constant, with the constant
value different from n, are the blocks of d not containing {k + 1, (k + 1)'},
while the subset {i, : r = n} coincides with B \ {k + 1, (k + 1)'}, where B is
the block of d containing {k + 1, (k + 1)’'}. Then

n x =[] <

dGPk+%(§n)

is the decomposition of [n]* x [1]* into &,_;-orbits. Indeed, the orbit of &,,_;
containing (i1, ia, ..., ix, i1, iv, ..., ix) € [n]F x [n]F is determined by the
equivalence relation s < t & iy = iy, together with the distinguished block
B = {r :i, = n}. From Lemma 8.3.12.(i), (8.47) and the subsequent discus-
sion, it follows that @, 1 (xq), for d € P, 1 (< n), coincides with the inter-
twining operator associated to the G,_;-orbit €2,. This yields the Schur—Weyl
duality for P, +1 (n).

Theorem 8.3.15 For k € N, the map ® 1 is a surjective homomorphism of
Pk+%(n) onto Ak+%(n). Moreover, for n > 2k + 1itisan isomorphism

,PkJr%(n) = Ak+%(”)v
while for n < 2k 4+ 1 we have:
Kerq)k+% =(xqg:d € Pk+§ and it has more that n blocks).

Remark 8.3.16 For the values n > 2k in Theorem 8.3.13 and n > 2k + 1 in
Theorem 8.3.15 we also deduce that Py (n) is semisimple (see Remark 7.4.6
and Theorem 7.4.7). In [58] it is proved that Py (n) is semisimple if and only
itk <! wheren € {2,3,...,}andk € {0, 3, 1,1+ ,...,}. This resultis
based on previous work of Martin: [88] and [91].

In order to complete the connection between the representation theory of
the partition algebras and the representation theory of the algebras Ay (n) (see
Section 7.5.5), we need to check the compatibility between the representation
®;, and the inclusions in the towers of algebras of the Ay’s and the P;’s.
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Proposition 8.3.17 The following diagram

Pr(n) — Pry1(n) —— Pryi(n)

l Dy i (DH% l Dt

A(n) —— A 1 (1) —— A4 (n)

where the horizontal maps are the inclusion in the towers (7.32) and (8.41), is
commutative.

Proof First we prove the commutativity of the first part of the diagram. Letd €
Py and letd’ = d [ J{(k + 1), (k + 1)’} be its image in the inclusion Py(n) <
Pk+%(n) (see (8.40)). It suffices to check that ®;(d) = (Dk_%(d/) as operators
on V& But this fact follows from the Definition (8.43) and from the fact that
now in (8.47) (appliedto d”) {k + 1, (k + 1)’} is an isolated part. We now prove
the commutativity of the second part of the diagram. We show that, for all
de Pk+%, @1 1(xy) is the image of CIDH%(xd) in the inclusion AH% — Aii1.
This fact is clear: &, +%(xd) is, by definition, the restriction of ®;,(d) to
V@ & e,, and this is exactly the inclusion .4, s Ay described in an
abstract form in Proposition 7.5.15 (see also Example 7.5.17) and (7.29)). O

We now want to reformulate the results in Theorem 7.5.18 (and Exam-
ple 15.19) in the setting of partition algebras. For k = {0, %, 1,1+ %, cees )
let Ay (n) be the dual of A;(n), as defined in Example 7.5.19. Construct the
Bratteli diagram as in that example and for A € ,zl\k(n) let Z,ﬁ be the irreducible
representation of ,zl\k (n) associated to A. From Theorem 7.5.18, Example 7.5.19,
Theorem 8.3.13, Theorem 8.3.15 and Proposition 8.3.17 we deduce immedi-
ately the following theorem.

Theorem 8.3.18 (Double commutant theory for partition algebras) Let k =
0,1,2,...

(i) Define a representation 1y of Pr(n) ® L(S,) on y &k by setting
r;k(d, )= q)k(d)pk(ﬂ), de Pt eG,. Then

veh= P (zi®sh
red(n)

is the decomposition of ni into irreducibles Pr(n) @ L(S,) represen-
tations. Moreover, Z,f is an irreducible representation of Pi(n) and its
dimension is equal to the number of paths starting at .Zk (0) and ending at
A in the Bratteli diagram of the chain Ag(n) C A%(n) C.-.
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(ii) Define a representation My ! of Pk+%(n) ® L(G,_1) on V& by setting
nk+%(d, ) = CIDk%(d)pk(n),foralld € Pk+%, €S,y Then

®k ~ n
Ve = EB (ZH%@S”)

MEXH%(H)

is the decomposition of V®* into irreducible (Pk+%(n)®L(6,,_1))—

representations. Moreover, Z! | is an irreducible representation of

k l
Py 1 (n) and its dimension is equal to the number of paths starting at .Zl\k 0)

and ending at p in the Bratteli diagram of the chain Ay(n) C Al nyc---

-~ -~ Pe1(m)
(iii) If» € Ay(n) and p € A, 1 (n) then Respk:nz) decomposes without

u
k+ l

multiplicity and it contains Z;- if and only if S* is contamed in ResG” S*.
@iv) Ifr € Ak+1 (n)and u € .Ak 1 1 (n) then Resp“'l(:',?)Z,i‘ 1 decomposes without

multiplicity and it contains Z" . ifand only lf S* is contained in Indg:_] SH.

In the remark below, we briefly descibe how to obtain a GZ-basis for the chain
of the A, (n)’s and a related set of YJM elements.

Remark 8.3.19 It is possible to define a Gelfand—-Tsetlin basis for the modules
Z} in the following way. With each p in the Bratteli diagram

pop® S op® oM 0k
.= u® = X (orending in — u*+2 = 1) (8.48)

we associate the vector v, obtained as in Section 2.2.1 for group algebras:

A, 1)
at each stage, the restrictions Resj‘(")(n) and Res Azzn) are multiplicity-free.

Therefore, as in (2.13), we have
Z =Pz,
p

where Z, are one-dimensional subspaces (representations of .4y(n)) and the
sum is over all paths p starting at 4© = (n) and ending at A. Then we can
choose v, € Z, ||v,|| = 1 (defined up to a constant of modulus one). We can
also define a set of YJIM elements. Let 7, be the sum of all transpositions in
S, (see the proof of Corollary 3.2.7). Then px(7,) belongs to the center of
Ai(n) and pr(T,_;) belongs to the center of A, + (n) (see Proposition 7.3.10).
Moreover, since T, = ) j_, X; (where X are the YJM elements for &, (see
again Corollary 3.2.7), from the spectral analysis in Section 3.3 it follows that

Zr ®S* (resp. z; L ® SH)
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is an eigenspace of pi(T,,) (resp. px(T,,—1)) and the corresponding eigenvalue is

Z c(b) (resp. Zc(b)),

ber ben
where the sums are all over all boxes b of the Young frame A (resp. 1) and ¢(b) is
the content of b. Now set M; = ok(Ty) — pr—1(T,—1) (using Ak,,(n) C Ai(n))
and Mk+1 = pi(T,_1) — pr(Ty,). Then the elements Mo, M1 .. Mk 1 Mk
commute (see Exercise 3.2.9). Moreover, from the spectral analy51s of ,ok(T )
and p(T,—) it follows that if p is as in (8.48) then

v 1 ~
My, = c/u* ), (resp. Myp1vp = —e(u® /1))

where c(A /) is the content of the box b when X is obtained from p adding b.
Therefore, as in Section 3.3 we can associate with v, the vector of eigenvalues

(—e(u®/u D), c(u®/pnD), —cu®/pH), ).

It follows that the GZ-vectors v, are determined by the eigenvalues of the
YIM elements M’s. Therefore, the YIM elements constitute a basis for the
GZ-algebra associated with the GZ-basis {v,}.

Exercise 8.3.20 Check all the details in Remark 8.3.19.

In [58], the authors construct explicit elements M € Pi(n) such that
O (M) = 1\7Ik for all the values of n (in their paper n is allowed to belong
to C) such that Py(n) is semisimple (actually, they use a slightly different
expression for the 1\7Ik).



References

(1]

(2]
(3]
(4]
(5]

[6]

(7]

(9]
[10]
(11]

[12]

[13]

[14]
[15]

L. V. Ahlfors, Complex Analysis. An Introduction to the Theory of Analytic
Functions of One Complex Variable. Third edition. International Series in Pure
and Applied Mathematics. McGraw-Hill Book Co., New York, 1978.

M. Aigner, A Course in Enumeration. Graduate Texts in Mathematics, 238.
Springer, Berlin, 2007.

J. L. Alperin and R. B. Bell, Groups and Representations, Graduate Texts in
Mathematics, 162. Springer-Verlag, New York, 1995.

G. E. Andrews, R. Askey and R. Roy, Special Functions. Encyclopedia of Math-
ematics and its Applications, 71. Cambridge University Press, Cambridge, 1999.
W. Arveson, An Invitation to C*-algebras. Graduate Texts in Mathematics,
No. 39. Springer-Verlag, New York-Heidelberg, 1976.

W. N. Bailey, Generalized Hypergeometric Series. Cambridge Tracts in Math-
ematics and Mathematical Physics, No. 32 Stechert-Hafner, Inc., New York
1964.

Ph. Biane, Representations of symmetric groups and free probability, Adv. Math.
138, (1998) 126-181.

M. Bloss, G-colored partition algebras as centralizer algebras of wreath products.
J. Algebra 265 (2003), no. 2, 690-710.

R. Brauer, On algebras which are connected with the semisimple continuous
groups, Ann. Math. 38 (1937), 854-872.

M. Brender, Spherical functions on the symmetric groups. J. Algebra 42 (1976),
no. 2, 302-314.

M. Brender, A class of Schur algebras. Trans. Amer. Math. Soc. 248 (1979), no.
2,435-444.

D. M. Bressoud, Proofs and confirmations. The Story of the Alternating Sign
Matrix Conjecture, MAA Spectrum, Mathematical Association of America,
Washington, DC; Cambridge University Press, Cambridge, 1999.

W. P. Brown, An algebra related to the orthogonal group, Michigan Math. J. 3
(1955), 1-22.

W. P. Brown, Generalized matrix algebras, Canad. J. Math. 7 (1955), 188-190.
D. Bump, Lie Groups. Graduate Texts in Mathematics, 225. Springer-Verlag,
New York, 2004.

402



[16]
(17]
(18]
(19]

(20]

(21]
[22]
(23]
[24]
[25]
[26]

[27]

(28]

[29]

[30]
[31]
[32]
[33]
[34]
[35]
[36]

(37]

References 403

P. J. Cameron, Combinatorics: Topics, Techniques, Algorithms. Cambridge
University Press, Cambridge, 1994.

P. J. Cameron, Permutation Groups. London Mathematical Society Student
Texts, 45. Cambridge University Press, Cambridge, 1999. no. 3, 503-527.

T. Ceccherini-Silberstein, A. Machi, F. Scarabotti and F. Tolli, Induced represen-
tations and Mackey theory, J. Math. Sciences (N.Y.) (to appear).

T. Ceccherini-Silberstein, F. Scarabotti and F. Tolli, Trees, wreath products and
finite Gelfand pairs, Adv. Math., 206 (2006), no. 2, 503-537.

T. Ceccherini-Silberstein, F. Scarabotti and F. Tolli, Harmonic analysis on finite
groups. Representation theory, Gelfand pairs and Markov chains. Cambridge
studies in advanced mathematics 108, Cambridge University Press, 2008.

J.-L. Clerc, Les répresentations des groupes compacts, les cours du CIMPA,
Analyse Harmonique, 1982.

A. Connes, Noncommutative Geometry. Academic Press, Inc., San Diego, CA,
1994.

J. B. Conway, A course in Operator Theory. Graduate Studies in Mathematics,
21. American Mathematical Society, Providence, RI, 2000.

S. Corteel, A. Goupil and G. Schaeffer, Content evaluation and class symmetric
functions, Adv. Math. 188, (2004) 315-336.

Ph. Delsarte, Hahn polynomials, discrete harmonics and ¢—designs, SIAM J.
Appl. Math. 34 (1978), 154-166.

P. Diaconis, Group Representations in Probability and Statistics, IMS Hayward,
CA. 1988.

P. Diaconis, Patterned matrices. Matrix theory and applications (Phoenix, AZ,
1989), 37-58, Proc. Sympos. Appl. Math., 40, Amer. Math. Soc., Providence, RI,
1990.

P. Diaconis and C. Greene, Applications of Murphy’s elements, Stanford Uni-
versity Tech. Report no. 335 (1989).

J. Dixmier, C*-algebras. Translated from the French by Francis Jellett.
North-Holland Mathematical Library, Vol. 15. North-Holland Publishing Co.,
Amsterdam-New York-Oxford, 1977.

W. Doran and D. Wales, The partition algebra revisited, J. Algebra 231 (2000),
265-330.

Ch. F. Dunkl, A Krawtchouk polynomial addition theorem and wreath products
of symmetric groups, Indiana Univ. Math. J. 25 (1976), 335-358.

Ch. F. Dunkl, An addition theorem for some g-Hahn polynomials. Monatsh.
Math. 85 (1978), no. 1, 5-37.

Ch. F. Dunkl, An addition theorem for Hahn polynomials: the spherical functions,
SIAM J. Math. Anal. 9 (1978), 627-637.

H. Dym, Linear Algebra in Action. Graduate Studies in Mathematics, 78. Amer-
ican Mathematical Society, Providence, RI, 2007

H. K. Farahat and G. Higman, The centres of symmetric group rings, Proc. Roy.
Soc. London Ser. A 250 (1959) 212-221.

D. R. Farenick, Algebras of Linear Transformations, Universitext, Springer-
Verlag, New York, 2001.

J. Farina and T. Halverson, Character orthogonality for the partition algebra and
fixed points of permutations, Adv. Applied Math. 31 (2003), 113-131.



404

(38]
[39]
[40]
[41]

[42]

[43]
[44]

[45]

[46]
(47]

(48]

[49]

[50]

[51]

(52]

(53]

[54]
[55]

[56]

References

D. Fitzgerald and J. Leech, Dual symmetric inverse monoids and representation
theory, J. Aust. Math. Soc. Ser. A 64 (1998), 345-367.

L. Flatto, A.M. Odlyzko and D. B. Wales, Random shuffles and group represen-
tations, Ann. Probab. 13, (1985), no. 1, 154-178.

J. S. Frame, On the reduction of the conjugating representation of a finite group,
Bull. Amer. Math. Soc. 53, (1947), 584-589.

J. S. Frame, G. de B. Robinson and R. M. Thrall, The hook graphs of the
symmetric groups, Canadian J. Math. 6, (1954), 316-324.

W. Fulton, Young Tableaux. With Applications to Representation Theory and
Geometry. London Mathematical Society Student Texts, 35. Cambridge Univer-
sity Press, Cambridge, 1997.

W. Fulton and J. Harris, Representation Theory. A First Course, Springer-Verlag,
New York, 1991.

A. Garsia, Young’s Seminormal representation and Murphy elements of S,
Lecture Notes in Algebraic Combinatorics, preprint 2003.

A. Garsia, Young seminormal representation, Murphy elements and content eval-
uations. Lecture notes (march 2003), available at www.math.ucsd.edu/~garsia/
recentpapers/.

A. Garsia and J.B. Remmel, Breakthroughs in the theory of Macdonald polyno-
mials. Proc. Natl. Acad. Sci. USA 102 (2005), no. 11, 3891-3894.

G. Giambelli, Risoluzione del problema degli spazi secanti. Mem. R. Accad. Sci.
Torino (2) 52 (1903), 171-211.

F. Goodman, P. de la Harpe and V. F. R. Jones, Coxeter Graphs and Towers
of Algebras, Mathematical Sciences Research Institute Publications, vol. 14,
Springer-Verlag, New York, 1989.

R. Goodman and N. R. Wallach, Representations and Invariants of the Classi-
cal Groups, Encyclopedia of Mathematics and its Applications, 68. Cambridge
University Press, Cambridge, 1998.

A. Goupil, D. Poulalhon and G. Schaeffer, Central characters and conjugacy
classes of the symmetric group, in: D. Krob, A. A. Mikhalev (eds.), Proceed-
ings 12th International Conference, FPSAC 2000, Moscow, 2000, pp. 238—
249.

R. L. Graham, D. E. Knuth and O. Patashnik, Concrete Mathematics. A Foun-
dation for Computer Science. Second edition. Addison-Wesley Publishing Com-
pany, Reading, MA, 1994.

C. Greene, A. Nijenhuis and H. S. Wilf, A probabilistic proof of a formula for
the number of Young tableaux of a given shape, Adv. in Math. 31, (1979), no. 1,
104-109.

A. S. Greenhalgh, Measure on groups with subgroups invariance proper-
ties, Technical report No. 321, Department of Statistics, Stanford University,
1989.

C. Grood, The rook partition algebra, J. Comb. Theory, Ser. A 113 (2006), 325—
351.

I. Halperin and P. Rosenthal, Burnside’s theorem on algebras of matrices, Amer.
Math. Monthly 87 (1980), no. 10, 810.

T. Halverson, Characters of the partition algebras, J. Algebra 238 (2001), 502—
533.



[57]

(58]
(591

[60]

[61]
[62]

[63]

[64]
[65]

[66]

[67]

[68]
[69]
[70]
[71]
(72]

(73]

[74]

[75]

[76]

References 405

T. Halverson and A. Ram, Murnaghan-Nakayama rules for characters of Iwahori-
Hecke algebras of classical type. Trans. Amer. Math. Soc. 348 (1996), no. 10,
3967-3995.

T. Halverson and A. Ram, Partition algebras. European J. Combin. 26 (2005),
no. 6, 869-921.

I. N. Herstein, Topics in algebra. Second edition. Xerox College Publishing,
Lexington, MA-Toronto, Ont., 1975.

R. Howe, Perspectives on invariant theory: Schur duality, multiplicity-free actions
and beyond. The Schur lectures (1992) (Tel Aviv), 1-182, Israel Math. Conf.
Proc., 8, Bar-Ilan Univ., Ramat Gan, 1995.

T. W. Hungerford, Algebra. Reprint of the 1974 original. Graduate Texts in
Mathematics, 73. Springer-Verlag, New York-Berlin, 1980.

R. E. Ingram, Some characters of the symmetric group. Proc. Am. Math. Soc. 1,
(1950) 358-369.

K. G. J. Jacobi, De functionibus alternantibus earumque divisione per productum
et differentiis elementorum conflatum. J. Reine Angew. Math. 22 (1841), 360—
371. Werke 3, 439-452.

G. D. James, A characteristic free approach to the representation theory of S,,
J. Algebra 46 (1977), 430-450.

G. D. James, The Representation Theory of the Symmetric Group, Lecture Notes
in Math., 682, Springer-Verlag, Berlin/Heidelberg/New York, NY, 1978.

G. D. James, and A. Kerber, The Representation Theory of the Symmetric Group,
Encyclopedia of Mathematics and its Applications, 16, Addison-Wesley, Read-
ing, MA, 1981.

V. F. R. Jones, The Potts model and the symmetric group, in: Subfactors: Pro-
ceedings of the Taniguchi Symposium on Operator Algebras (Kyuzeso, 1993),
River Edge, NJ, World Scientific Publishing, 1994, pp. 259-267.

Ch. Jordan, Calculus of Finite Differences. Third Edition. Chelsea Publishing
Co., New York 1965.

F. Jouhet, B. Lass and J. Zeng, Sur une généralisation des coefficients binomiaux.
Electron. J. Combin. 11 (2004), no. 1, Research Paper 47.

A.-A. A. Jucys, Symmetric polynomials and the center of the symmetric group
ring, Rep. Math. Phys. 5 (1974), no. 1, 107-112.

A.-A. A. Jucys, The algebra of subclasses of a finite group. (Russian) Litovsk.
Fiz. Sb. 27 (1987), no. 4, 391-402.

J. Katriel, Explicit expressions for the central characters of the symmetric group.
Discrete Appl. Math. 67 (1996), 149-156.

A. Kleshchev, Linear and Projective Representations of Symmetric Groups. Cam-
bridge Tracts in Mathematics, 163. Cambridge University Press, Cambridge,
2005.

T. H. Koornwinder, A note on the multiplicity free reduction of certain orthogonal
and unitary groups. Nederl. Akad. Wetensch. Indag. Math. 44 (1982), no. 2, 215—
218.

S. Lang, Linear Algebra. Reprint of the third edition. Undergraduate Texts in
Mathematics. Springer-Verlag, New York, 1989.

S. Lang, Algebra. Revised third edition. Graduate Texts in Mathematics, 211.
Springer-Verlag, New York, 2002.



406

(771

(78]

[79]
[80]

[81]
[82]

[83]

[84]

[85]

[86]

[87]

(88]

[89]

[90]

[91]

[92]

(93]

[94]

References

A. Lascoux, Symmetric Functions and Combinatorial Operators on Polynomials.
CBMS Regional Conference Series in Mathematics, 99. Published for the Con-
ference Board of the Mathematical Sciences, Washington, DC; by the American
Mathematical Society, Providence, RI, 2003.

A. Lascoux, Notes on interpolation in one and several variables. Available at
http://igm.univ-mlv.fr/~al/.

M. Lassalle, A new family of positive integers, Ann. Comb. 6 (2002), 399-405.
M. Lassalle, Jack polynomials and some identities for partitions, Trans. Am.
Math. Soc. 356 (2004), 3455-3476.

M. Lassalle, An explicit formula for the characters of the symmetric group, Math.
Ann. 340 (2008), no. 2, 383-405.

G. Letac, Cours de 2éme année d’université (licence en mathématiques), algeébre
linéaire. www.lIsp.ups-tlse.fr/Fp/Letac/deug105.pdf.

I. G. Macdonald, Symmetric Functions and Hall Polynomials, Il Edition. With
contributions by A. Zelevinsky. Oxford Mathematical Monographs. Oxford Sci-
ence Publications. The Clarendon Press, Oxford University Press, New York,
1995.

I. G. Macdonald, Symmetric Functions and Orthogonal Polynomials. Dean
Jacqueline B. Lewis Memorial Lectures presented at Rutgers University, New
Brunswick, NJ. University Lecture Series, 12. American Mathematical Society,
Providence, RI, 1998.

L. Manivel, Symmetric Functions, Schubert polynomials and Degeneracy Loci.
Translated from the 1998 French original by John R. Swallow. SMF/AMS
Texts and Monographs, 6. Cours Spcialiss [Specialized Courses], 3. Ameri-
can Mathematical Society, Providence, RI; Socit Mathmatique de France, Paris,
2001.

P. Martin, Potts Models and Related Problems in Statistical Mechanics, Series on
Advances in Statistical Mechanics, vol. 5, World Scientific Publishing, Teaneck
NJ, 1991.

P. Martin, Temperley-Lieb algebras for nonplanar statistical mechanics — the
partition algebra construction, J. Knot Theory Ramifications 3 (1994), 51-82.

P. Martin, The structure of the partition algebras, J. Algebra 183 (1996), 319-358.
P. Martin, The partition algebra and the Potts model transfer matrix spectrum in
high dimensions, J. Phys. A 33 (2000), 3669-3695.

P. Martin and G. Rollet, The Potts model representation and a Robinson-
Schensted correspondence for the partition algebra, Compositio Math. 112
(1998), 237-254.

P. Martin and H. Saleur, Algebras in higher-dimensional statistical
mechanics — the exceptional partition (mean field) algebras, Lett. Math. Phys. 30
(1994), 179-185.

P. Martin and D. Woodcock, On central idempotents in the partition algebra,
J. Algebra 217 (1) (1999), 156-169.

G. Moran, The center of Z[S,+] is the set of symmetric polynomials in n
commuting transposition-sums. Trans. Amer. Math. Soc. 332 (1992), no. 1, 167—
180.

F. D. Murnaghan, On the representations of the symmetric group. Am. J. Math.
59 (1937), 739-753.



[95]
[96]
(971
(98]
[99]

[100]

[101]

[102]
[103]
[104]
[105]
[106]
[107]

[108]

[109]

[110]

[111]
[112]

[113]

[114]

References 407

F. D. Murnaghan, The Theory of Group Representations. Dover Publications,
Inc., New York 1963.

G. E. Murphy, A new construction of Young’s seminormal representation of the
symmetric groups, J. Algebra 69 (1981), no. 2, 287-297.

G. E. Murphy, The idempotents of the symmetric group and Nakayama’s con-
jecture, J. Algebra 81 (1983), no. 1, 258-265.

A. Okounkov and G. I. Olshanski, Shifted Schur functions, Algebra i Analiz 9
(2) (1997), 73—146 (translation in St. Petersburg Math. J. 9 (1998), 239-300).
A. Okounkov and A. M. Vershik, A new approach to representation theory of
symmetric groups. Selecta Math. (N.S.) 2 (1996), no. 4, 581-605.

A. Okounkov and A. M. Vershik, A new approach to representation theory of
symmetric groups. II. (Russian) Zap. Nauchn. Sem. S.-Peterburg. Otdel. Mat.
Inst. Steklov. (POMI) 307 (2004), Teor. Predst. Din. Sist. Komb. i Algoritm.
Metody. 10, 57-98, 281; translation in J. Math. Sci. (N.Y.) 131 (2005), no. 2,
5471-5494.

G. L. Olshanski, Extension of the algebra U (g) for infinite-dimensional classical
Lie algebras g, and the Yangians Y (gl(m)). (Russian) Dokl. Akad. Nauk SSSR
297 (1987), no. 5, 1050-1054; translation in Soviet Math. Dokl. 36 (1988),
no. 3, 569-573.

M. Pieri, Sul problema degli spazi secanti. Nota I, Rend. Ist. Lombardo (2) 26
(1893), 534-546.

C. Procesi, Lie Groups. An Approach through Invariants and Representations.
Universitext. Springer, New York, 2007.

P. Py, On representation theory of symmetric groups. J. Math. Sci. (N.Y.) 129
(2005), no. 2, 3806-3813.

E. D. Rainville, Special Functions. Reprint of 1960 first edition. Chelsea Pub-
lishing Co., Bronx, N.Y., 1971.

A. Ram, Representation Theory Lecture Notes: Chapter 1. www.math.wisc.
edu/ ram/Notes/chap11.1.01.pdf

J. Riordan, An Introduction to Combinatorial Analysis. Dover Publications, Inc.,
Mineola, NY, 2002.

B. E. Sagan, The Symmetric Group. Representations, Combinatorial Algorithms,
and Symmetric Functions. Second edition. Graduate Texts in Mathematics, 203.
Springer-Verlag, New York, 2001.

J. P. Serre, Linear Representations of Finite Groups, Graduate Texts in Mathe-
matics, Vol. 42. Springer-Verlag, New York-Heidelberg, 1977.

G. E. Shilov, Linear Algebra. Revised English edition. Translated from the Rus-
sian and edited by Richard A. Silverman. Dover Publications, Inc., New York,
1977.

B. Simon, Representations of Finite and Compact Groups. Graduate Studies in
Mathematics, 10. American Mathematical Society, Providence, RI, 1996.

R. Stanley, Enumerative Combinatorics. Vol. 1, Cambridge Studies in Advanced
Mathematics, 49, Cambridge University Press, Cambridge, 1997.

R. Stanley, Enumerative Combinatorics. Vol. 2. With a foreword by Gian-Carlo
Rota and appendix 1 by Sergey Fomin. Cambridge Studies in Advanced Mathe-
matics, 62. Cambridge University Press, Cambridge, 1999.

D. Stanton, Harmonics on Posets, J. Comb. Theory Ser. A 40 (1985), 136-149.



408

[115]

[116]

[117]

[118]
[119]

[120]

[121]
[122]

[123]

[124]
[125]

[126]
[127]

References

S. Sternberg, Group Theory and Physics, Cambridge University Press, Cam-
bridge, 1994.

E. Strahov, Generalized characters of the symmetric group. Adv. Math. 212
(2007), no. 1, 109-142.

A. Terras, Fourier Analysis on Finite Groups and Applications. London Math-
ematical Society Student Texts, 43. Cambridge University Press, Cambridge,
1999.

D. Travis, Spherical functions on finite groups. J. Algebra 29 (1974), 65-76.

N. Trudi, Intorno ad un determinante pil generale di quello che vuol dirsi deter-
minante delle radici di una equazione, ed alle funzioni simmetriche complete di
queste radici. Rendic. dell’Accad. (Napoli) (1864), 121-134; see also Giornale
di Mat. 2 (1864), 152—-158, 180-186.

A. M. Vershik, A new approach to the representation theory of the symmetric
groups. III. Induced representations and the Frobenius-Young correspondence.
Mosc. Math. J. 6 (2006), no. 3, 567-585.

A. M. Vershik and S. V. Kerov, Asymptotic theory of characters of symmetric
groups, Funct. Anal. Appl. 15 (1981), 246-255.

A. J. Wassermann, Automophic actions of compact groups on operator algebras,
Thesis, University of Pennsylvania (1981).

H. E. Weinberger, A First Course in Partial Differential Equations with Complex
Variables and Transform methods. Corrected reprint of the 1965 original. Dover
Publications, Inc., New York, 1995.

E. P. Wigner, Restriction of irreducible representations of groups to a subgroup.
Proc. Roy. Soc. London Ser. A 322 (1971), no. 1549, 181-189.

E. P. Wigner, Symmetry principles in old and new physics. Bull. Amer. Math.
Soc. 74 (1968), no. 5, 793-815.

C. Xi, Partition algebras are cellular, Compositio Math. 119 (1) (1999), 99-109.
A. Young, The Collected Papers of Alfred Young (1873—1940). With a foreword by
G. de B. Robinson and a biography by H. W. Turnbull. Mathematical Expositions,
No. 21. University of Toronto Press, Toronto, Ont., Buffalo, NY., 1977.



Index

*-algebra, 315

action
doubly transitive, 29
symmetric, 30

algebra, 14
s-anti-homomorphism, 15
*-anti-isomorphism, 15
s*-homomorphism, 15
*-isomorphism, 15
-sub, 341
Abelian, 14
commutative, 14
completely reducible,

338

direct sum, 15
finite dimensional, 15
isomorphism, 334
Jacobian radical, 335

left regular representation, 338

partition, 385, 392

right regular representation, 338

semisimple, 335
simple, 333, 335
Temperley—Lieb, 390
unital, 14
alphabet, 274
alternating
k-tensor, 366
multilinear map, 367
operator, 365
representation, 3
antisymmetric
k-tensor, 366
multilinear map, 367
axial distance, 112

Bell number, 391
Bernoulli numbers, 208
box
addable, 81
removable, 81
branching graph
of a multiplicity-free chain of groups,
69
of an inclusion of algebras, 342
Bratteli diagram, 75, 342, 353

centralizer of an algebra, 343
character, 20

central, 267

virtual, 184
characteristic map, 189
class symmetric functions, 267
column stabilizer of a tableau, 294
commutative algebra, 14
completely reducible algebra, 338
composition, 126
conjugate

partition, 136
convolution, 37
Coxeter

generator, 83

length, 83

relations, 104
cycle, 79
cyclic vector, 10

dominance relation for partitions,
135

exponential generating function,
208

409



410

faithful representation, 318
Fourier transform, 25
inversion formula, 45
of an algebra, 336
of central functions, 25
on L(G), 42
Frobenius
coordinates, 239
function, 238
quotient, 238
function
H-conjugacy invariant, 59
K -invariant
bi-, 47
left, right, 47
central, 20
class, 20
conjugacy invariant, 20

Garsia, A. M., 215,218
Gelfand pair, 31, 49
symmetric, 31
weakly symmetric, 49
Gelfand-Tsetlin
algebra, 71
basis, 70
tree, 309
reduced, 311
general linear group, 368
linear representation, 369
character, 371
equivalence, 369
invariant subspace, 369
irreducible, 369
generalized
polytabloid, 295
Specht module, 296
Giambelli, G. Z., 193
Greenhalgebras, 65
group
algebra, 37
of GL(V), 374
ambivalent, 50
general linear, 368
symmetric, 3

Hasse diagram, 90
hook, 116
height, 116
length, 182
skew, 130
height, 130

Index

idempotent

primitive, 45
inclusion matrix, 342
induced operator, 348
intertwining operator, 4, 319
invariant subspace, 2, 318

Jacobi, K. G.J., 193
Jacobi-Trudi identity, 193, 195, 196
dual, 193, 196, 197

kernel of an algebra representation,
318
Kerov—Vershik formula, 271

lattice permutation, 274
left regular representation of an algebra,
338
lemma
Gelfand, 49
symmetric case, 30
Wielandt, 29
length
hook, 182
of a partition, 157

matrix units, 331
minimal central projection, 18
monoid, 385
partition, 385
planar partition, 390
sub-, 387
multiplicity-free
chain for a pair, 75
chain of subgroups, 69
for a pair, 75
representation, 17
subalgebra, 343
subgroup, 64
multiset, 361

orbit
symmetric, 30

partition, 80
algebra, 385
conjugate, 136
dominance relation, 135
lenght, 157
monoid, 385
propagating number, 387
special planar, 389



partition algebra, 392
permutation

conjugate, 80

cycle, 79

cycle structure, 80

marked, 93
planar

partition monoid, 390
Plancherel formula, 45
polytabloid

generalized, 295
primitive idempotent, 45
propagating number of a partition, 387

Radon transform, 28, 145
representation

of GL(V), 369
character, 371
equivalence, 369
invariant subspace, 369
irreducible, 369

of a group, |
K -invariant vectors, 19
conjugate, 6
adjoint, 6
alternating, 3
character, 20
commutant, 16
contragredient, 6
direct sum, 5
equivalence, 4
extension, 66
irreducible, 2
isotypic component, 13, 321
left regular, 3
multiplicity, 13
multiplicity-free, 17
permutation, 2
restriction, 2
right regular, 3
skew, 124
sub-, 2
trivial, 2
unitarizable, 3
unitary, 2
unitary equivalence, 4

of an algebra, 318
*-, 320
commutant, 320
faithful, 318
irreducible, 318
kernel, 318

Index 411

multiplicity, 321
restriction, 341
tensor product, 324
trivial, 318
right regular representation
of an algebra, 338
rim hook tableau, 133
row stabilizer of a tableau, 294

Schur’s lemma, 11
seesaw pair, 345
semistandard tableau, 145
shape of a Young frame, 81
shifted symmetric function, 237
simple algebra, 333
simple tensor, 8, 358
skew
hook, 130
height, 130
representation, 124
shape, 121
connected, 122
disconnected, 122
totally disconnected, 122
skew-symmetric
multilinear map, 367
Specht module, 296
generalized, 296
special planar partition, 389
spectrum of YJM elements, 102
stabilizer, 30
Stirling numbers, 211
subalgebra, 341
submonoid, 387
symmetric
k-tensor, 362
group, 3
multilinear map, 362
orbit, 30
power, 362
symmetrizing operator, 361

tableau
associated with a composition,
293
column stabilizer, 294
rim hook, 133
row stabilizer, 294
semistandard, 145
tabloid, 294
tag, 93
Temperley—Lieb algebra, 390



412

tensor product
of operators, 9

of representations
internal, 10
outer, 9

of vector spaces, 8
tower of algebras, 353, 393
trace, 19
transform
Radon, 28
transposition
adjacent admissible, 89
adjacent, 83
admissible, 83, 104, 123
Trudi, N., 193
Jacobi-Trudi identity, 193, 195, 196
dual, 193, 196, 197

unit, 14

virtual character, 184

Index

weight of a Young basis vector, 101
word, 274

YIM elements, 92
Young
(branching) graph, 90
basis, 101, 126
diagram
hook, 116
frame, 81
covers, 90
poset
n-truncated, 381
reduced, 148
seminormal units, 119
subgroup, 126
tableau, 81
content of, 85, 123
standard, 82
Young—-Jucys—Murphy elements, 92
spectrum, 102



	Cover
	Half-title
	Title
	Copyright
	Dedication
	Contents
	Preface
	1 Representation theory of finite groups
	1.1 Basic facts
	1.1.1 Representations
	1.1.2 Examples
	1.1.3 Intertwining operators
	1.1.4 Direct sums and complete reducibility
	1.1.5 The adjoint representation
	1.1.6 Matrix coefficients
	1.1.7 Tensor products
	1.1.8 Cyclic and invariant vectors

	1.2 Schur's lemma and the commutant
	1.2.1 Schur's lemma
	1.2.2 Multiplicities and isotypic components
	1.2.3 Finite dimensional algebras
	1.2.4 The structure of the commutant
	1.2.5 Another description of HomG(W, V)

	1.3 Characters and the projection formula
	1.3.1 The trace
	1.3.2 Central functions and characters
	1.3.3 Central projection formulas

	1.4 Permutation representations
	1.4.1 Wielandt's lemma
	1.4.2 Symmetric actions and Gelfand's lemma
	1.4.3 Frobenius reciprocity for a permutation representation
	1.4.4 The structure of the commutant ofa permutation representation

	1.5 The group algebra and the Fourier transform
	1.5.1 L(G) and the convolution
	1.5.2 The Fourier transform
	1.5.3 Algebras of bi-K-invariant functions

	1.6 Induced representations
	1.6.1 Definitions and examples
	1.6.2 First properties of induced representations
	1.6.3 Frobenius reciprocity
	1.6.4 Mackey's lemma and the intertwining number theorem


	2 The theory of Gelfand-Tsetlin bases
	2.1 Algebras of conjugacy invariant functions
	2.1.1 Conjugacy invariant functions
	2.1.2 Multiplicity-free subgroups
	2.1.3 Greenhalgebras

	2.2 Gelfand-Tsetlin bases
	2.2.1 Branching graphs and Gelfand-Tsetlin bases
	2.2.2 Gelfand-Tsetlin algebras
	2.2.3 Gelfand-Tsetlin bases for permutation representations


	3 The Okounkov-Vershik approach
	3.1 The Young poset
	3.1.1 Partitions and conjugacy classes in Sn
	3.1.2 Young frames
	3.1.3 Young tableaux
	3.1.4 Coxeter generators
	3.1.5 The content of a tableau
	3.1.6 The Young poset

	3.2 The Young–Jucys–Murphy elements and a Gelfand-Tsetlin basis for Sn
	3.2.1 The Young-Jucys-Murphy elements
	3.2.2 Marked permutations
	3.2.3 Olshanskii's theorem
	3.2.4 A characterization of the YJM elements

	3.3 The spectrum of the Young–Jucys–Murphy elements and the branching graph of Sn
	3.3.1 The weight of a Young basis vector
	3.3.2 The spectrum of the YJM elements
	3.3.3 Spec(n) = Cont(n)

	3.4 The irreducible representations of Sn
	3.4.1 Young's seminormal form
	3.4.2 Young's orthogonal form
	3.4.3 The Murnaghan-Nakayama rule for a cycle
	3.4.4 The Young seminormal units

	3.5 Skew representations and the Murnhagan-Nakayama rule
	3.5.1 Skew shapes
	3.5.2 Skew representations of the symmetric group
	3.5.3 Basic properties of the skew representations and Pieri's rule
	3.5.4 Skew hooks
	3.5.5 The Murnaghan-Nakayama rule

	3.6 The Frobenius-Young correspondence
	3.6.1 The dominance and the lexicographic orders for partitions
	3.6.2 The Young modules
	3.6.3 The Frobenius-Young correspondence
	3.6.4 Radon transforms between Young's modules

	3.7 The Young rule
	3.7.1 Semistandard Young tableaux
	3.7.2 The reduced Young poset
	3.7.3 The Young rule
	3.7.4 A Greenhalgebra with the symmetric group


	4 Symmetric functions
	4.1 Symmetric polynomials
	4.1.1 More notation and results on partitions
	4.1.2 Monomial symmetric polynomials
	4.1.3 Elementary, complete and power sumssymmetric polynomials
	4.1.4 The fundamental theorem on symmetric polynomials
	4.1.5 An involutive map
	4.1.6 Antisymmetric polynomials
	4.1.7 The algebra of symmetric functions

	4.2 The Frobenius character formula
	4.2.1 On the characters of the Young modules
	4.2.2 Cauchy's formula
	4.2.3 Frobenius character formula
	4.2.4 Applications of Frobenius character formula

	4.3 Schur polynomials
	4.3.1 Definition of Schur polynomials
	4.3.2 A scalar product
	4.3.3 The characteristic map
	4.3.4 Determinantal identities

	4.4 The Theorem of Jucys and Murphy
	4.4.1 Minimal decompositions of permutations asproducts of transpositions
	4.4.2 The Theorem of Jucys and Murphy
	4.4.3 Bernoulli and Stirling numbers
	4.4.4 Garsia's expression for chilambda


	5 Content evaluation and character theory of the symmetric group
	5.1 Binomial coefficients
	5.1.1 Ordinary binomial coefficients: basic identities
	5.1.2 Binomial coefficients: some technical results
	5.1.3 Lassalle's coefficients
	5.1.4 Binomial coefficients associated with partitions
	5.1.5 Lassalle's symmetric function

	5.2 Taylor series for the Frobenius quotient
	5.2.1 The Frobenius function
	5.2.2 Lagrange interpolation formula
	5.2.3 The Taylor series at infinity for the Frobenius quotient
	5.2.4 Some explicit formulas for the coefficients…

	5.3 Lassalle’s explicit formulas for the characters of the symmetric group
	5.3.1 Conjugacy classes with one nontrivial cycle
	5.3.2 Conjugacy classes with two nontrivial cycles
	5.3.3 The explicit formula for an arbitrary conjugacy class

	5.4 Central characters and class symmetric functions
	5.4.1 Central characters
	5.4.2 Class symmetric functions
	5.4.3 Kerov-Vershik asymptotics


	6 Radon transforms, Specht modules and the Littlewood–Richardson rule
	6.1 The combinatorics of pairs of partitions and the Littlewood–Richardson rule
	6.1.1 Words and lattice permutations
	6.1.2 Pairs of partitions
	6.1.3 James' combinatorial theorem
	6.1.4 Littlewood-Richardson tableaux
	6.1.5 The Littlewood-Richardson rule

	6.2 Radon transforms, Specht modules and orthogonal decompositions of Young modules
	6.2.1 Generalized Specht modules
	6.2.2 A family of Radon transforms
	6.2.3 Decomposition theorems
	6.2.4 The Gelfand-Tsetlin bases for Ma revisited


	7 Finite dimensional *-algebras
	7.1 Finite dimensional algebras of operators
	7.1.1 Finite dimensional *-algebras
	7.1.2 Burnside's theorem

	7.2 Schur's lemma and the commutant
	7.2.1 Schur's lemma for a linear algebra
	7.2.2 The commutant of a *-algebra

	7.3 The double commutant theorem and the structure of a finite dimensional *-algebra
	7.3.1 Tensor product of algebras
	7.3.2 The double commutant theorem
	7.3.3 Structure of finite dimensional *-algebras
	7.3.4 Matrix units and central elements

	7.4 Ideals and representation theory of a finite dimensional *-algebra
	7.4.1 Representation theory of End(V)
	7.4.2 Representation theory of finite dimensional *-algebras
	7.4.3 The Fourier transform
	7.4.4 Complete reducibility of finite dimensional *-algebras
	7.4.5 The regular representation of a *-algebra
	7.4.6 Representation theory of finite groups revisited

	7.5 Subalgebras and reciprocity laws
	7.5.1 Subalgebras and Bratteli diagrams
	7.5.2 The centralizer of a subalgebra
	7.5.3 A reciprocity law for restriction
	7.5.4 A reciprocity law for induction
	7.5.5 Iterated tensor product of permutation representations


	8 Schur-Weyl dualities and the partition algebra
	8.1 Symmetric and antisymmetric tensors
	8.1.1 Iterated tensor product
	8.1.2 The action of Sk on…
	8.1.3 Symmetric tensors
	8.1.4 Antisymmetric tensors

	8.2 Classical Schur-Weyl duality
	8.2.1 The general linear group GL(n, C)
	8.2.2 Duality between GL(n,C) and Sk
	8.2.3 Clebsch-Gordan decomposition and branching formulas

	8.3 The partition algebra
	8.3.1 The partition monoid
	8.3.2 The partition algebra
	8.3.3 Schur-Weyl duality for the partition algebra


	References
	Index



